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GEOMETRY IN THE LARGE! 


SHIING-SHEN CHERN 


1. Introduction. Differential geometry in the large is concerned 
with relations which exist between the local properties of a geometric 
being? given in a manifold and the proper e of the manifold as 'a 
whole. The manifold is differentiable in the'sense that it is covered 
by a set of coordinate neighborhoods, each having the same number 

_of coordinates, and that two different systems of coordinates in a 
common region are related by a differentiable transformation of class 
not less than 1. The latter assumption allows the use of differentiation 
in studying the local geometry and thus leads to a number of geo- 
metric properties the study of which was initiated by Euler, Gauss, 
and Monge. 

To give an example of a problem of this nature we consider a closed 
surface S, differentiably imbedded (of class not less than 2) in a 
Euclidean space of three dimensions. Let K be the Gaussian curva- 
ture and dA the surface element of S. Then the classical Gauss- 
Bonnet formula asserts that 


(1) > f f za = 2(1 — b), 


where p is the genus of S. This formula expresses the genus f of S, 
a topological invariant, in terms of a differential invariant. In other 
words, p is completely determined by the local properties of S. 

As another example consider a closed curve C imbedded in the 
Euclidean plane. If C is rectifiable with length / and bounds a region 
of area A, then 


(2) l?— 4rd = 0. 


The equality sign holds only when C is a circle. This so-called iso- 
perimetric inequality has recently been derived in an unexpected 


An address delivered before the Summer Meeting of the Society in New Brunswick 
on September 15, 1945, by invitation of the Program Committee; received by the 
editors June 22, 1945. 

1 Dedicated to Professor Elie Cartan. 

2 The term geometric object was first suggested by Professor Oswald Veblen, who 
now prefers to use geometric being, a translation of the French term “étre géométrique” 
due to Cartan. 
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way in integral geometry, which deals with the integrals of differ- 
ential invariants. ® 
In problems of this nature there are two aspects, a local one and a 
global one. During several decades of intensive work the local aspect 
has been extensively studied and developed, culminating in the doc- 
trine of tensor analysis. While tensor analysis gives an adequate tool 
for handling most local problems, it is natural that the study of 
global problems will necessitate the introduction of new concepts and 
the modifications of the classical treatment which has so far been 
followed. It is the main aim of the present article to emphasize the 
importance, for the global study of manifolds with a geometric being, 
of drawing into consideration new topological spaces associated with 
the manifold. In fact, this idea is important for both local and global 
aspects of differential geometry. For local problems it is certainly 
very familiar to Elie Cartan, who introduced the notion of tangent 
space (“espace tangent”) for his general theory of geometric beings 
(affine connections, projective connections, conformal connections, 
and so on). The tangent space in the sense of Cartan is not always 
the space of tangent vectors and therefore constitutes one of the 
sources of difficulty for the understanding'of kis work. On the other 
hand, recent works on fibre bundles in topology (Stiefel, Whitney, 
Feldbau, Ehresmann, Pontrjagin, Steenrod, and so on) seem to lay 
the foundation for a global theory of the ideas of Cartan. It is a con- 
viction of the author that a mingling of these two streams of thought 
will give the ideas and tools better adaptable to the study of differ- 
ential geometry in the large than hitherto echieved. The present 
article will be devoted to a discussion of different aspects of the 
problem arising from this viewpoint. 
Before going into details, we shall give a brief summary of the 
main points of our discussion. Our problem vill be the study, on a 
differentiable manifold, of a geometric being given in terms of each 
local coordinate system by components which obey a definite trans- 
formation law under change of the local coordinates. We emphasize 
that for each such problem it is in general possible to define in a 
certain sense a natural fibre bundle associated with the manifold. 
The geometric being then defines in a unique way a set of linear 
differential forms in the fibre bundle, which gives all the local proper- 
ties of the geometric being. For Riemannian manifolds the natural 
fibre bundle is the space of all frames on the manifold and the corre- 
sponding linear differential forms give what :s essentially known as 
the parallelism of Levi-Civita. The nature of the fibre bundle to be 
associated is best decided by the solution of the so-called problem of 
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equivalence, which is the form problem in the case of Riemannian 
geometry. With the set of linear differential forms in the fibre bundle, 
differential forms of higher degree can be obtained by operations of 
Grassmann analysis. Such differential forms define cochains and also 
cocycles, when they are exact. A study of the interrelations between 
the cochains and cocycles in the given manifold and the associated 
fibre bundles, which arise from the projection of the latter into the 
former, will give a deeper understanding of the global theory of the 
geometric being. An attempt is made in the following to illustrate in 
the simplest cases the results that can be derived from this idea. 
Although this will be our main concern in the present paper, it does 
not imply that this is the only service that the theory of fibre bundles 
could render to differential geometry. In fact, there are indications 
that other possible applications could be fruitfully made. The whole 
field seems therefore to deserve a more thorough exploitation. 


2. Grassmann algebra. At the fore of the Cartan scheme is the 
so-called Grassmann algebra. In a formal algebraic way this can be 
defined as follows: Let K be a field of characteristic zero and let 
V(n, K) be a vector space of dimensions over K. The Grassmann 
algebra H over V(n, K) is a hypercomplex system over K satisfying 
the following conditions: 

(1) H contains a unit element 1 and all elements of Vin, K) and 
is generated by these elements (by operations of the hypercomplex 
system). 

(2) If x, y belong to V(n, K), their multiplication satisfies the 
alternating rule: i 


(3) sy = — yx. 


(3) The elements of H satisfy no other relations than those de- 
rived from (1) and (2). 

Let &,-**, e, be a set of basis elements of Via K). From the 
above conditions the following conclusion can be drawn: Every ele- 
ment of H can be expressed in one and only one way as a linear 
combination, with coefficients in X, of the elements 1, eur: © ei,, 
Dees Lim în e, 247710, s * - , n. In symbols we write, if x be- 
longs to 2, 


"n 
(4) X = > aC, 
mal 
where 
n 
(5) gm) = ge déi, deit 7 ` 7 Cime 


41, ae -impel ic. D "im 
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The element x is said to be of degree m, if 


yo zt 0, (mtl) = o... = a(n) = 0, 


It is called an exterior form, or simply a form, if x =0, im. The 
degree of an element is independent of the choice of the set of basis 
elements, and the same is true of the property that an element be a 
form. : 

Let W be a vector subspace of dimension m of V(n, K). We take ` 
a set of basis vectors fı, ---, fa in W and fcrm the product 
w=fı - + e fn. It is easy to prove that w is determined by W up to a 
nonzero factor of K. The form v is called the associated form of W. 
If wı and we are the associated forms of two vector subspaces W and 
We, of degrees m and p respectively. then Wi anc Wa have a nonzero 
intersection when and only when wıw2=0. Moreover, if wıw2 0, it is 
the associated form of the ambient vector subspace of dimension 
m—+p of Wi, W2 Such are simple instances of ways in which the 
Grassmann algebra can be applied to the study of the geometry in a 
vector space. 


3. The differential calculus of Elie Cartan. The Grassmann algebra 
was applied with success to the Pfaffian problem by Frobenius and ~ 
Darboux. The so-called bilinear covariant is an exterior differential 
form of degree two. But it was Elie Cartan who started the systematic 
use of a calculus closely related to the Grassmann algebra and per- 
taining to exterior differential forms of higher degree. 

Let M" be a ditferentiable manifold of dimension # and class not 
less than 2. At a point P of M” the contravariant vectors and the 
covariant vectors constitute two vector spaces (over the real field) 
which are dual to each other in the sense that ones is the space of the 
linear forms in the other. The notior of a linear differential form at P 
is identical with that of a covariant vector. For let x!, - - - , x^ be 
local coordinates at P. With respect to the coordinates x‘ a covariant 
vector will have the components X,. The differential form 


(6) w = A. Xa 
i=l 

is then intrinsic in the sense that it is independent of the choice of 
the local coordinate system. Conversely, an intrinsic form w has a set 
of components in each local coordinate system, which constitute a 
covariant vector. 

Over the vector space of linear differential forms at a point P of M” 
we construct the Grassmann algebra. A form of this Grassmann 
algebra is called an exterior differential form or simply a differential 
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form. In a local coordinate system x‘ an exterior differential form can 
be written 


(7) v= D aas Wada - + dain, 


íi aes ni 


where we can assume the coefficients a:...:, to be skew-symmetric 
in their indices. In the terminology of tensor analysis the com- 
ponents da. A are the components of an alternating covariant ten- 
sor of order m. 

In a neighborhood of P in which the local coordinates x* are valid 
let aa. A be of class not less than 2. We define a differential form of 
degree m+1, called the exterior derivative of w, by means of the 
relation 

H 
(8) dau e D, day,..4,dx%-++ div, 


Fre eae mel 


where da4...4, is an ordinary differential. This process of exterior 
differentiation has the following properties, which can be easily 
verified: 

(1) If w, 0 are two differential forms of degrees m and f respec- 
tively, then 


(9) ' d(w0) = de-0 + (— 1) "wd8. 


(2) For any w: | 
(10) d(dw) = 0. 


(3) The process of exterior differentiation is invariant under co- 
ordinate substitutions, by which we mean the following: Let the 
local coordinates x* in a neighborhood of P represent a set of points 
S in an open set D in a Euclidean space of # dimensions. Let an 
open set E in a Euclidean space of r dimensions with the coordinates 
yi, +++, y" be mapped into D by the mapping 


(11) at = fi, $—1,:::,5 


such that S is the image of a set TCE, the functions f? being sup- 
posed to be of class.not less than 2. By the definition 





~ | r Ox! 
F(x), EDT i x”) — F(z!(5), T NP Ag x”(y)), da! — > dy”; 
kei OY* 
this mapping induces in a natural way (that is, with the multiplica- 
tion of the Grassmann algebra preserved) a mapping of a differential 
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form w into a form of the space (y!, sie y"), which we denote by à. 
Then we have | d 


(12) dà = di». 


In particular, when r=m, this signifies that the process of exterior 
differentiation is intrinsic, that is, independent of the local coordinate 
system under which it is performed. 

The exterior differential forms are the forms under the integral 
sign in the theory of multiple integrals. In fact, let w be a form of 
degree m defined on the manifold M”. Let X” be a chain of dimension 
m (in the sense of combinatorial topology) on M”, which is a sum, 
with integral, rational, or real coefficients, of images of simplexes in 
a Euclidean space by mappings which are differsntiable of class not 
less than 2. Then it is possible to define the integral of w over Kr. 
If dk") denotes the boundary of a chain A+! of dimension m 4-1, 
the theorem of Stokes can be written 


(13) Í as Í din 
à gm gt 


To see the connection between this formulation of zhe Stokes’ Theo- 
rem and the usual one, notice that 





óQ aP 
(14a) d(Pdx + Ody) = e: — —) dxdy, 
Ox OY. 
d(Pdx + Ody + Rdz) 
E is a) ae oR) : 
(14b) i dy | As ) ad ðz Ax in 
80 ðP 
—— — — )dxdy. 
H E + í 


v 4, Fibre bundles. A simple example of a fibre bundle is the mani- 
fold formed by all the nonzero vectors tangent to a sphere of three- 
dimensional Euclidean space. It is a topological manifold, but a very 
special one. However, it turns out that manifolds with similar proper- 
ties play an important rôle in the application of topology to differ- 
ential geometry. In the example of vectors tangent to a sphere the 
following three facts deserve attention: l 

(1) The spaces formed by the vectors with the same origin are 
homeomorphic to each other, and therefore to a fixed space which 
we call Fo. 

(2) The tangent vectors drawn at all points of a neighborhood U 
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are homeomorphic to a topological product of U and Fo. In particular, 
if PCU, there is a homeomorphism 7' which carries the tangent 
vectors with the origin P to Fy, J depending on P and U. 

(3) In the notation of (2) let us write T(P, U) for T. If P belongs 
to a second neighborhood V, the mapping T(P, V)T—1(P, U) isa 
homeomorphism of Fp onto itself. It is possible to show that T can be 
chosen so that T(P, V)T-1(P, U) EG, where G is either the rotation 
group or the affine group in Fo. 

The last statement can be demonstrated as follows: Let the neigh- 
borhoods be coordinate neighborhoods, such that U is the set of all 
points whose local coordinates ul, u? satisfy the inequalities 
as <e, i=1, 2. With respect to the local coordinate system z!, ai 
a vector x has the components X!, X?. The vectors with origins in 
U are thus decomposed into a topological product in an obvious way. 
If a point belongs to a neighborhood V with the local coordinates 
yi, v? and the vector g has the components Hi, Y? in the coordinate 
system oi, v?, then it is well known that 

dv} Ov! a" 07° 
y! = — X! + — X?, y? = — X! + — X3, 
ðu! ðu? ðu! Qu? 





which is an affine transformation. 

Guided by this particular example, we shall give the definition of a 
general fibre bundle. For the terms and notation which will be used 
consistently later the following table of reference is given: 


General case Special example Notation 


Fibre bundle Manifold of tangent vectors of a sphere | § 


Point of fibre Tangent vector P 
bundle 
Base space Sphere M 
Fibre Vectors with same origin F 
Projection Mapping of a tangent vector into its | r(P)E M 
origin 
Transformation | Affine or rotation group in space of | G 
group in fibre vectors with same origin 


We define a fibre bundle % as a topological space which has the 
following properties: 

(1) There exists a (continuous) mapping r of F onto another topo- 
logical space M: r(F) = M. The space M is called the base space and 
the mapping 7 is called the projection. The complete inverse image 
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T (5) of a point pEM is called the fibre at p. It will follow from as- 
sumptions made later that all the fibres are homeomorphic to each 
other and hence to a definite topological space Fs. 

(2) There exists a family of neighborhoods which cover M. If U is 
a neighborhood of the family, the inverse image z—1(U) is a topologi- 
cal product, which means that there exists a homeomorphism yy, 
depending on U, such that 


| deel = U X Fo, 
and that for every pC U 
vola-(p)} = p X Fs. 


(3) Let U, V be two such neighborhoods of M, and let bE UOY. 
The mapping Vr iiv (PX Fo) } is a homeomorphism af pX Fo, and 
hence of Fo, into itself. This homeomorphism belongs to a group G 
given in advance in F4. 

For the cases in which we are interested both M and § will be sup- 
posed to be differentiable manifolds of class nct less than 1, and the 
group G will be a Lie group. ~ 

In order to show the scope of the notion of 2 fibre bundle, the fol- 
lowing further examples are given—all pertaining to a differentiable 
manifold M of dimension # and class not less than 1: 

(1) The tangent vectors of M constitute a fibre bundle with M as 
the base space. 

(2) Let &, - -, e d Ep n, be tangent vectors of M with the 
common origin P. The elements (P; €, - - Gel constitute a fibre 
bundle over M. Another fibre bundle is constituted by the elements 
satisfying the condition that e, - - - , e, are linearly independent. 
or fibre bundles have been studied by Stiefel and Whitney [26, 
33 |.? 

(3) We call a scalar density of weight k a geometrical being, which 
has a component in each local coordinate system and whose compo- 
nents f and f* in the local coordinate systems x‘ and x* are connected 
by the relation 


(15) pra pst, 
where | 
(183) ` J = (al, +++, 2)/a(a*l, ++, xt), 


The scalar densities or the nonzero scalar densities in M constitute a 
fibre bundle over M. 


3 Numbers in brackets refèr to the Bibliography at the end of the paper. 
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(4) A general procedure of defining an important class of fibre 
bundles is as follows: Let M be imbedded in a Euclidean space Et} 
of dimension n+ NV. At a fixed point O of E"*N let Hin, N) be the 
Grassmann manifold formed by all the oriented linear subspaces of 
dimension # through O. A mapping T(M)CH(n, N) defines a fibre 
bundle over M such that the fibre at each point P of M is the n-dimen- 
sional linear subspace through P parallel to T(P). 

One of the important results in the theory of fibre bundles is the 
introduction of the so-called characteristic cocycle. To give its defini- 
tion we assume M to be a polyhedron, and let K be a simplicial de- 
composition of M. Let Er be the r-dimensional skeleton of KĄ, that is, 
the subcomplex of K consisting of all simplexes of dimension not 
greater than r. We suppose the fibre bundle to be orientable in the 
sense explained by Steenrod [24]. Let Fy be connected and have an 
abelian fundamental group. Under these assumptions the following 
theorems can be established: 


THEOREM 4.1. Let H*(Fo) be the ith homology group (with integral 
efficients) of Fo. If 


HF) = +--+ = HF) = 0, 


it is possible to define a continuous mapping $ of K” into § such that 


Tl) =p, PER”. 
THEOREM 4.2. With the same notation as in Theorem 4.1, if 
HY(Py) =... = H™\(F) = Q, H” (Eo) < 0, 


there exists a cohomology class (with D'al as the coeficient group) a?) 
of dimension r+1, whose vanishing is a necessary and sufficient condi- 
tion that a continuous mapping of K't! into & can be defined such 
that rp(p) =p, bc Kr. This cohomology class ts a topological invariant 


of à. 


The cohomology class y7*! is called the characteristic cohomology 
class and any one of its cocycles a characteristic cocycle. If M is an 
orientable manifold, the dual of "t+ is a homology class of dimension 
n—r—1and is called the characteristic homology class. In particular, 
if M is a differentiable manifold and § the fibre bundle of nonzero 
tangent vectors of M, the characteristic cocycle y is of dimension 7 
and its value for the fundamental cycle of M is the Euler-Poincaré 
characteristic of M. In this way we see that the theory of character- 
istic class generalizes the classical theory of vector fields on a differ- 
entiable manifold. ? 
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5. Riemannian geometry. In the preceding sections are sketched 
the preliminaries for the theory of a geometric being. As an illustra- 
tion we shall apply the tools so established to Riemannian geometry, 
the “simplest” and most important among the geometric beings. It 
will be seen that the results are essentially those given by Cartan 
and their relations with the now classical treatment by tensor analysis 
will also be indicated; but we have put ourselves in a more general 
viewpoint, which will lead to further developments. 

Let M be a differentiable manifold of dimension # and class not 
less than 4. In M suppose a Riemannian metric be given, which, in 
terms of a local coordinate system zt, is defined b ya positive definite 
quadratic differential form* 


(16) ds? = A. gila") (dada), fij Ei 
$,j 


The manifold M is then called a Riemannian manifold. 

Consider a point P of M and the contravariant tangent vectors of 
M having the origin P. With the differential form (16) (ar the tensor 
£:;) the scalar product of two vectors e, f can be defined, which we 
denote by e-f. A vector e is called a unit vector if e?=1. An ordered 
set of n vectors €, °° * , e, is said to constitute a frame (ennuple), if 


1, £74 


1, = l,e, A 
0, if, d 


A differentiable curve through P is defined by the equations 
(18) ai = x(s), 


where s is the arc length of the curve and the functions are of class 
not less than 1. We denote by dP/ds the unit tangent vector of the 
curve at P. It is easy to show, by referring to a local coordinate sys- 
tem, that there exists a vector (which we shall denote by dP) whose 
components with respect to a frame are linear differential forms and 
which is equal to the product of ds and the unit tangent vector along 
a curve. This vector is intrinsic, that is, independent of the choice of 
coordinates. Referred to a frame &, - - * , êa, we can write 


(19) dP = 101 + T AS + Wren, 
where a, + * * , @, are linear differential forms. Then we have, along 
a curve, (dP/ds)?=1 or 


* The differential form in question is an ordinary and not an exterior differential 
form. As a means of distinction, we insert a parenthesis about the differentials when 
the former is the case. 


^" 
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(20) ds? = (w1)? + - + + + (on)? 


The forms w; 2-1, - - 8, are therefore the forms the sum of whose 
squares is equal to the given (ordinary) quadratic differential form. 

As the origin P runs over M, the frames &, * + * , €, constitute a 
fbre bundle with M as the base space. Each fibre is topologically 
the space of all frames having the same origin. The fibre bundle is 
of dimension n(n+1)/2 and each fibre is of dimension n(n—1)/2. 
The group which operates in each fibre is the group of orthogonal 
transformations. 

There is yet no intrinsic meaning attached to the vectors de;. We 
want to see whether it is possible to define intrinsically certain differ- 
ential forms w;; such that 


(21) de, = >, QC]. 
j 


From (17) it follows that w;; has to be skew-symmetric in its indices: 
(22) Wij + Qj = 0. 
'The answer to our question is given by the following theorem: 


THEOREM 5.1. There exists one, and only one, set of linear differential 
forms w,; in the fibre bundle such that the equation (21) and the equation 


(23) d(dP) = 0 
hold. 
In fact, the condition (23) gives, when expanded, 


(24) de; — A. oun = 0. 
j ^s 


To calculate dw; we make use of a local coordinate system x! and take 
a definite decomposition of ds? as a sum o: squares: 


(25) ds? = (I)? +--+. + (6,)2, 
where 
(25a) 0; = >> alada. 


Since (20) and (25) give two decompositions of the same ordinary 
quadratic differential form as sums of squares, we have 


(26) Qi = > Uijl ja 


where äer are the elements of an orthogonal matrix: 
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(26a) U = (uij, UU' = I = identity matrix. 

Forming the exterior derivative of the equation (26), we get 
ding = 2 dui; + 2, geff: 

which shows that dw; is of the form 

(27) do; = 2, wb ji, 


where ¢,; are linear differential forms in the variables x‘, ze and can 
be explicitly calculated. Substitution into (24) gives 


- 25 wlw — dal = 0, 
which gives in turn 
(28) | wji ri = 25 A ko, A jik = Mug. 


In this equation the forms $;; are known and th» quantities Aji} will 
be determined in order that w;; be determined. SR w;; is Skew-sym- 
metric in its indices, we have 


— (his + pa) = A. Qu + Nass 


This equation shows that ¢,;+@,, is of the form 


(29) pis tH pa —2 Ainon Aix = Agi 
and that then 
(30) Asse As = Ai. 


The quantities X;;r, being symmetric in the first and third indices, 
are then uniquely determined and are given by 


(31) A; k = (— A ix; T Å ki + Assy) /2. 


This proves our theorem. 

The equation (21) may be interpreted as giving a means of trans- 
porting a vector at an infinitesimally near point o? P to a vector at P. 
It is essentially the notion known as the parallelism of Levi-Civita. 

By forming the exterior derivative of (24) and making use of these 
equations themselves, we get 


2 d A. eae; — dass) = 0. 
j k 


It follows easily from this that we can write 


(32) doi; = D ouo; + Dep 
: k 


~~ 
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where Q;; are of the form 


Q;; = A. Ron, Riu + Rij = O, 


33 
G3) Q;; + Q5 = 0. 


We shall call the forms Q;; the curvature forms. 
‚Ina slightly different version our results may be summarized in 
the theorem: 


THEOREM 5.2. Let M be a Riemannian manifold of dimension n and 
let X be the fibre bundle of all frames of M. There is a unique way to 
define in & (of dimension n(n--1)/2) a set of n(n--1)/2 linearly inde- 
pendent linear differential forms wi, w:;, which satisfy the equations (19), 
(21), (24). | 


Let us indicate briefly the relations of these considerations to the 
ordinary treatment by means of tensor analysis. In tensor analysis 
emphasis is laid particularly on the local coordinate system. The pro- 
cedure is as follows: With respect to the local coordinates x? let f; be 
the velocity vector of the coordinate curve x’=const., 7k, with x* 
as the time. Then we have 


(34) "Liss gm 
and 
(35) dP = dx}-fyt-++ + dar fn- 


The components X of a vector r with respect to the vectors f, are 
defined by the equation 


(36) r= XR. 


By an argument analogous to the proof of Theorem 5.1 it can be 
shown that there exists a set of linear differential forms such that 


(37) dj; = Dei, 
and 
d(dP) = 0. 


The vector r--dr is called parallel to x if dr=0, which can be written, 
by using equations (36) and (37), 


(38) dX + REI =0. 


These equations are easily recognized to be the well known equations 
which define the parallelism of Levi-Civita, 
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The important fact in Riemannian geometry is the necessity of 
taking into consideration not only the Riemannian manifold itself but 
the fibre bundle over it. In our approach we consider directly the fibre 
bundle. The usual tensor approach avoids it by laying emphasis on 
the local coordinate system. Quantities of geometrical interest are 
those which obey a simple transformation law under changes of the 
local coordinate systems. For Riemannian geometry the two methods 
are essentially the same, so far as local problems are concerned. It 
is, however, to be remarked that even for local problems their gen- 
eralizations to other geometric beings will lead to different formula: 
tions. We shall give in the next section a systematic way of treating 
the local theory of a geometric being. 


6. Method of equivalence. So far the introduction given in the 
above section of the fibre bundle over a Riemannian manifold M 
seems to be accidental. The underlying reason wili be most clear, if 
we start with the following problem: 

Let two Riemannian metrics be given by the positive definite quad- 
ratic differential forms 


(39) ds? = A. gu) (dada), —— Bi i 
$,j 

(40) ds*? = 2, £j (27) (dx da), gi = gr, 
$,j 


in two coordinate neighborhoods U, U* respectively. We determine 
the conditions that a neighborhood V C U can be mapped by a differ- 
entiable mapping (of sufficiently large class) with nonvanishing func- 
tional determinant into U* such that 


ds*? = ds?, 


This so-called form problem was solved by Christoffel and Lip- 
schitz. It is clear that if the problem has a solution, the local theories 
of the two Riemannian metrics are essentially the same. 

To give a different formulation of our problem we determine two 
sets of linear differential forms 0;(x, dx) and 6*(x*, dx*) such that 


= (Hr BAR, dt = (E es + Däi 


Our problem will have a solution if and only if the differentiable 
mapping in question and the functions #;;(x) can be determined in a 
neighborhood VC JU such that 


(41) 0 (x*, dar) = 25 welt de dx), 


where the matrix 


“Ny 
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(42) U = (wi) 


is an orthogonal matrix. 

In this way our problem, originally formulated in terms of quad- 
ratic differential forms, is reduced to one ia linear differential forms. 
In this formulation the problem is a particular case of a more general 
problem, which was first stated and solved by Elie Cartan. Cartan’s 
problem is as follows: 

Let 0;(x, dx) and 6*(x*, dch) be two sets of n linearly independent 
linear differential forms in the coordinate neighborhoods U, U* of the 
coordinates zt, x**, 4—1, - ++, n. Let I' bea linear group in the vector 
space of n dimensions. We wish to determine the conditions that there 
exists a differentiable mapping with a nonvanishing functional de- 
terminant of a neighborhood VC U into U* such that 


(43) ` Où = P ug; 


where the linear transformation belongs to the given linear group F. 

In our case T is the orthogonal group. 

The discussion of this local problem requires Cartan’s theory of 
Pfaffian systems in involution and is not simple. For details we refer 
to [3]. 

We only remark that if I' consists of the identity only, the solution 
of this problem is relatively simple. The general procedure is to reduce 
the problem to this particular case by the introduction of new varia- 
bles. We shall illustrate this method by considering our form prob- 
lem. Let #;; and ef be two sets of new variables which are elements 
of the orthogonal matrices 


U=(u;;),  U* = (uf), 


and let us put 
(44) wi = Dub, wë = D ušo. 


Our form problem will have a solution if and only if there exists a 
differentiable mapping of a neighborhood VC U into U* and an or- 
thogonal matrix X, whose elements are functions in V, such that 
under this mapping and the mapping between (u;;) and (u;£) defined 
by 


(45) U*X = U, 
we have | 


(46) uf = o. 
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From the last equation we derive 
(47) dwf = do. 


By an argument exactly identical to one used in the last section it can 
be shown that there exists one and only one set of linear differential 
forms w;; in x, Ae, which are skew-symmetric in their indices and 
which satisfy the equations 


de; = gj 


Similarly, we find a set w;* (= —w;,*) of linear differential forms such 
that 


dw; = > GO Mä pu 
When (46) and (47) hold, it is easy to derive 
(48) Gi = Wij. 


Let V be a sufficiently small neighborhood o: U and let O(n) be 
the group manifold of the orthogonal group. We consider the topo- 
logical product VXO(n). Similarly, we have the topological product 
V*xO*(z). In order that our form problem possess a solution it is 
necessary and sufficient that there exista differentiable mapping be- 
tween VXO(n) and V*XO*(m) such that under this mapping the 
equations (46) and (48) hold. It is easy to see that the forms ai, wij, 
whose number 2(2-4-1)/2 is equal to the dimension of VXO(n), are 
linearly independent. Thus our problem is reduced to Cartan's general 
problem with I' consisting of the identity only. 

It can therefore be seen that the discussions of the last section are 
nothing else than a geometrical treatment of the above analytic con- 
siderations. We summarize these results as follows: 

Given a Riemannian manifold M of dimension # with a positive 
definite quadratic differential form dei, To M is associated the Abre 
bundle, with M as its base space, of all sets of linear differential forms 
(that is, covariant vectors) the sum of whose squares is equal to ds?. 
The fibre bundle is of dimension z(n-+1)/2 and there exists in it a 
set of n(n+1)/2 linearly independent linear differential forms oe, «i; 
which are invariant. There exists locally a differentiable mapping 
which carries one ds? into another when and on:y when such a map- 
ping exists in the corresponding fibre bundles under which the forms 
Wi, W; are respectively equal. 

We may; say that the deep reason that this very fibre bundle 
(namely, the one whose fibres are topologically the manifolds O(n)) 
isattached toa Riemannian manifold comes as a result of the solution 


- 
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of the form problem. From the case of the Riemannian manifold it 
is clear that, for the theory of other kinds of geometric beings, the 
solution of a corresponding local *equivalence problem" is a natural 
preliminary step for the establishment of a proper theory in the large. 
In fact, from the solution of the equivalence problem the nature of 
the fibre bundle to be attached to the manifold can be determined. 

There is a great variety of geometric beings which are of interest 
in differential geometry. In order to illustrate our method we shall 
take as a further example the so-called geometry of paths. Let M be 
a differentiable manifold of dimension 7. In a neighborhood with the 
local coordinates x? let there be given a system of differential equa- 
tions of the second order: 


di í dx! dx* dx’ 


(49) + 2 Tala) — Poi D ua 





where the functions Ih, F are supposed to be differentiable of class 
not less than 3. The integral curves of the differential system (49) are 
called the paths. They have the property that through every point 
of M and tangent to every vector through that point there passes one 
and only one path. The independent variable ¢ is a parameter on the 
path. It is irrelevant in the sense that a change of parameter i=d(r), 
where @(r) is differentiable, gives the same path. In short, our mani- 
fold M carries a system of paths which is defined in each local coordi- 
nate system by a differential system of the form (49) and our problem 
is to study the geometrical properties in M arising from the paths. 
An important particular case of this problem is the case that M is 
the projective space of » dimensions and the paths are the straight 
lines in M, which, in a suitable local coordinate system, are defined 
by the system (49), with D. —0. 

Following the spirit of our solution of the form problem we start 
by considering the following problem of equivalence: In another co- 
ordinate neighborhood with the local coordinates x*' let a system of 
paths be given by a differential system analogous to (49). Determine 
the conditions under which a differentiable mapping between the co-' 
ordinates x‘ and x*', which carries one system of paths into another, 
exists. 

To apply the method of equivalence we shall write the system (49) 
in a system of total differential equations. For simplicity let us sup- 
pose that, for the integral curves of (49) under consideration, x” is 
not a constant. We can then take x” to be the parameter along the 
curves, and the system (49) can be written 
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axe a dy? a jk a n jk 
+E Tayy =Fy, Tayy =F, 


de ` ` ` dae 








where the index o runs from 1 to 4 —1 and y"=1. This system can be 
written as a system of total differential equations as follows: 


0 = dx — y dx = 0, 

a a a jk a n Zë n ’ 
e —dy + {P L Ry y —y 2,Ta» y }ex = 0. 
We introduce also the form dx”, so that Ge, dx” constitute a set of 
linearly independent linear differential forms in tae coordinates x*. 
On the other manifold with the local coordinates x*? we shall intro- 


duce in a similar way the new variables y** and the forms Gro, dx*», 
aha, Let us write 


den dr 
is) o-( ele ) 
T? are 
and let us introduce the matrix 
A(1, 1) B(1, x — 1) 0 
(52) dëi 0 C(n — 1, n — 1) 0 ) 


0 Din —1,5 —1) En — 1, 2 — 1) 


(50) 


whose nonzero elements are independent variebles, and where the 
numbers in the parentheses denote the numbers of rows and columns 
of the sub-matrices in question. It is easy to show that our problem 
of equivalence possesses a solution when and only when there is a 
differentiable mapping between two neighbo-hoods (x*, y*) and 
(x*i, y*«) and the elements of U can be determined as functions of 
x$, y*?, such that under this mapping the matrix equation 


(53) Q* = UO 


holds. Now in the linear vector space of 22 —1 dimensions all the 
matrices U form a group. Hence in this formulation our problem of 
equivalence is a particular case of the problem of equivalence of 
Cartan stated above. 

'The problem can be solved by applying Cartan's general procedure. 
We shall not give the details here. The solution of a problem which 
contains this problem as a particular case was given in [12]. 

Our final result can be stated in the theorem: 


THEOREM 6.1. In a differentiable manifold M of dimension n and 


Nur 
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class not less than 3 lei a system of paths be given, defined locally by the 
differential equations (49). It is possible to introduce in a neighbor- 
hood of M with the local coordinates xt, n(n+1) other variables ua, 
A=1,:--,n(n+1), and to define n(n+2) linearly independent linear 
differential forms wg, B —1,- - - , n(n--2), in the variables x*, us, hav- 
ing the following property: A necessary and sufficient condition that a 
local differentiable mappings exists, which carries one sysiem of paths 
into another with the local coordinates x** and the new variables u,*, and 
so on, 4s that there exists a differentiable mapping between two neighbor- 
hoods of the spaces (rei, ua) and (x*i, uč) under which the forms wz and 
wp are mapped into each other. 


With respect to a local coordinate system x the variables x, 44, 
A=1,:--,n(n+1), determine a topological product. We are thus 
led to consider the fibre bundle over M, which is of dimension n(n +2) 
and is locally given by the coordinates zt, 44. In the fibre bundle 
there are defined exactly n(n+2) intrinsic linearly independent linear 
differential forms. The significance of this fibre bundle to the differ- 
ential geometry of paths is evident. It is important to point out that 
in the geometry of paths it is, in view of our Theorem 6.1, this fibre 
bundle, and not the fibre bundle of tangent vectors of M, which plays 
the fundamental róle. 

From the above discussions'of Riemannian geometry and the ge- 
ometry of paths it can be seen that the method of equivalence offers 
the best weapon for a frontal attack on the problem of a geometric 
being. Only from the outcome of the solution of the problem of equiv- 
alence can it be decided the most important kind of fibre bundle to 
be defined over the manifold. It is of course possible to define, in a 
more or less intuitive way, other kinds of fibre bundles over the mani- 
fold, but they will play a minor róle. We wish also to remark that the 
solution of this local problem of equivalence is not always simple. So 
far as the writer 1s aware, the problem of equivalence for a skew-sym- 
metric covariant tensor of order two, for instance, has not been ex- 
plicitly solved (although the solution is theoretically always possible). 


7. Relations between the fibre bundle and its base manifold. We 
have attempted to show in the above, in the cases of Riemannian 
geometry and the geómetry of paths, how the local theory of a ge- 
ometric being leads naturally to the fibre bundle to be associated to 
the manifold on which the geometric being is defined. The fact re- 
mains true of any geometric being, but its proof requires the funda- 
mental theorem on partial differential equations to the effect that 
every system of partial differential equations can be *prolonged" to 
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a system in involution, and we shall not enter into its discussion. It 
is to be remarked that for problems of this sort, as for any problem 
concerned with both pure and applied matherratics, the general re- 
sult and the particular cases offer entirety different problems, one 
being an existence theorem and the other being an explicit solution. 
In our examples we solve the problems explicitly, thereby insuring 
the existence of the solution. 

After defining over the given manifold M < fibre bundle $, the 
next step is to study their relationship. Before proceeding farther, let 
us remark that the fibre bundle § will give rise to new fibre bundles 
over M by identification. Consider, for instance, the case that M is 
a Riemannian manifold. Let Pe; - - - e; be a frame m M. For any 
integer p, 1E p Sn, we shall define a class of frames to be all frames 
Pe&---* e, such that the point P and the vectors &, - - - , e; are iden- 
tical. These classes of frames constitute, with a natural topology, a 
fibre bundle over M, which we denote by $$ (9. G is the fibre bundle 
of all ordered sets of mutually perpendicular unit vectors of M. In 
particular, $® is the fibre bundle of unit vectors of M and $y(? is 
the fibre bundle § itself. For distinction we shall call Ẹ the principal 
fibre bundle of M and all others obtained by icentification the asso- 
ciated fibre bundles. We shall consistently assume that the identifica- 
tion is made only in each fibre, so that the projection of the associated 
bundle onto the base manifold is the one induced by that of the prin- 
cipal bundle. It is seen that this process is very general. 

Let $y be the principal fibre bundle over M and G an associated 
fibre bundle over M. There is a projection ($5) CM and a projection 
T1(9) CM, and also a projection r:(%) CG, defined by assigning to.a 
point of $ the class to which it belongs during the identification. From 
the remark made at the end of the last paragraph it is clear that 
T =T. We also remember that a set of intrinsic linearly independent 
linear differential forms is defined in § by the geometric being, whose 
number is equal to the dimension of §. Our main aim will be to see 
how these differential forms behave under the projections 7, 71, Ta. 

In order to understand this relationship more clearly we shall make 
a digression to recall some elementary facts in combinatorial topol- 
ogy. Let K be a finite complex of dimension #, whose simplexes we 
denote by oj, OSrSn, 1Si<a, Let R be a commutative ring. A 
chain of dimension 7 or an r-chain is a sum 


T ar $ 
(54) C = No, MER. 
im] 


To the chains C* we introduce a boundary operator 0, which is linear: 


wer 
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(55) à(Ci-- C; = dCi Lët — (AC) = BC, ER, 
and-is defined for the simplexes oi by the so-called incidence relations: 


T “ral r T-— 
(56) do; = DE gj S 
ja 
The relations (55) and (56) completely determine the boundary oper- 
ator 0 and the chain IC” of dimension r —1 is called the boundary of 
Cr. It is easy to verify that 


(57) ààC* = 0. 


A chain whose boundary is zero is called a cycle. Equation (57) shows 
that a chain which is the boundary of another chain is a cycle, called 
a bounding cycle. The cycles form an abelian group and the bounding 
cycles a subgroup of it. Their quotient group is called the r-dimen- 
sional homology group of K (with the additive group of R as its co- 
efficient group). 

A cochain ar of dimension r is a linear function of the r-chains. We 
shall denote the function by the notation y*-C*, which has therefore 
the properties: 


(58) y- (C+C) =Y City Ca Y: QC) MC, XR 


From a cochain y” of dimension 7 we define a cochain ôy” of dimension 
f +1, called its coboundary, by means of the relation 


(59) ôy CL = yr. (aC), 
It then follows from (57) and (59) that 
(60) . aby? = 0. 


A cochain whose coboundary is zero is called a cocycle. All the cocycles 
of dimension r form an abelian group, which contains as subgroup the 
group of all cocycles which are coboundaries. Their quotient group is 
called the 7-dimensional cohomology group of K. 

Now, let M be a differentiable manifold of dimension * and class 
not less than 2. Let w be a differential form of degree r in M, whose 
coefficients are of class not less than 2. As we have remarked in $3, 
it is possible to define in a rigorous manner the integral of w over an 
r-simplex and also the integral of w over an r-chain. Moreover, the 
functional ferw is linear in the r-chains Cr. Hence it defines an r-co- 
chain with the ring of real numbers as the coefficient ring. When there 
is no confusion, we shall speak of o as an r-cochain. 

From (13) the Theorem of Stokes can be written in the form 


ertsh4 
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(61) [^ - Í ont 


Comparison with (59) shows that if w defines an z-cochain, then dw 
defines its coboundary. It follows that the r-cochain w is a cocycle if 
and only if dw=0 (in which case w is called exact), and that w is a 
coboundary if there exists a form 0 whose exterior derivative dd is 
equal to w (in which case w is called derived). 

It was de Rham [22] who proved the important theorem that to 
every r-cochain y (with real or rational coefficient group) there exists 
a differential form w of degree r which defines y according to the above 
process. We see from $4 that from the fibre bundles over M there are 
the characteristic cocycles in M which are invariants of the fibre 
bundles. A theorem in the differential geametry in the large will be 
obtained, whenever it is possible to define a chzracteristic cocycle by 
means of a differential form constructed locally from the geometric 
being. 

Suppose now that a simplicial mapping f exists, which maps a com- 
plex K into a complex K*. The mapping f incuces a mapping $ of 
the chains of K into the chains of K*. From o a mapping y of the 
cochains of K* into the cochains of K can be defined. In fact, if y* 
is a cochain of dimension r of K*, we define yy*-o" —y*-óo* for every 
simplex o" of K. This so-called inverse mapping d maps cocycles of 
K* into cocycles of K and cocycles of the same cokomology class into 
cocycles of the same cohomology class. Therefore it induces a map- 
ping of each cohomology group of K* into the conomology group of 
the same dimension of K and it.can be proved that it is a homomor- 
phism. It can also be proved that the homomorphism remains un- 
changed, if f is replaced by a mapping homotopic to f. The result is 
that we can define from a continuous mapping of a polyhedron P into 
a polyhedron P* a homomorphism of a cohomology group of P* into 
one of the same dimension of P. 

In the case of a fibre bundle $$ over M in which we are interested, 
there is a continuous mapping of § into M, namely the projection. 
We assume that both § and M are differentiable manifolds. According 
to the above, the projection induces a mapping cf a cohomology group 
of M into one of the same dimension of Ẹ. Ir particular, an exact 
differential form of M will be mapped into an exact differential form 
of à. 

Consider the case that M is a differentiable manifold in which a 
geometric being is given. Let $y be the principal fibre bundle and © 
an associated fibre bundle over M. It is known thet there is a projec- 
tion 72(%) CO. There are also linear differential forms defined in $y 


Deg 


^ 
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by the geometric being in M. From the linear differential forms it is 
possible to construct, by operations of the Grassmann algebra and 
the Cartan calculus, differential forms of higher degree. For any such 
differential form it is important to decide whether it is the image of a 
differential form of (6 under the inverse mapping induced by 72. There 
are several criterions for this problem. We shall give a criterion for the 
case that M is a Riemannian manifold, but the process can be readily 
generalized to other geometric beings. 

Let $ = and let the forms w; wi; Q; be defined in the principal 
fibre bundle $. Let II be constructed from os, w;;, Q,; by operations of 
the Grassmann algebra. We wish to decide whether II is the image of a 
form in ©. 

For this purpose let us use in this paragraph the following ranges 
of indices: 


\ 


1£aB< p, 4+1isrssn, 1sı kín. 


Let ö be an operation (not coboundary) under which the figure 


Pe +++ ej remains unchanged, so that 
(62) wô) = 0, Wald) = 0. 
We also put 
(62a) Wra(5) = er. 
From (24) and (32) we have 
bw, = 0, ôw, = KS rsa, Wa = 0, ma. = — > Caras, 
(63) 


ô Rap z 0, dl = > € (gs, Oe = > (ez ius = (sers). 
Then we have the following theorem: 


THEOREM 7.1. A form TI is the image of a differential form in § 4f 
and only if 611 =0. 


This theorem is also true for p—0, if we make the convention 

FO — M. 
If a form in $ is the image of a form in $®, we shall say simply 

that it is a form of à). 

It can easily be verified, by means of our criterion, that the follow- 
ing forms are forms of M: 

An = 2, Qiri Riig "7" dE ismas n/ 4, 

(64) , € 
Ao = > Ei.» of Sis MO Qi in if 7 Is even, 


where €4...;, is the Kronecker index, which is +1 or —1, according 
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as 4, * - - , În forms an even or odd permutation of 1, - - - , n, and is 
otherwise zero. 

Important is the case of an exact form of M which is not derived 
in M, but has an image in a fibre bundle which is derived. The form 
A, in (64) has, for instance, an image in §, which is derived. It is 
on this fact that the generalized Gauss-Bonnet formula was proved 
in a simple way [10]. A further example to illastrate this idea will 
be given for Riemannian manifolds of four dimensions. (Compare 


[14].) 


' 8. Theorem of Pontrjagin. From a topological viewpoint Pontr- 
jagin has in two recent notes [20, 21] studied a problem related to 
ours. We shall summarize here his results in a slightly more general 
version which will allow its generalization to complex analytic Her- 
mitian manifolds. 

Let E”+N bea real oriented Euclidean space of dimension n+N. In 
E^*N we consider the Grassmann manifold Dia, N), formed by all 
the oriented #-dimensional linear spaces throug the origin. To each 
submanifold M’ of H(n, N) there is defined in a natural way a sphere 
bundle with M’ as the base space, that is, a fibre bundle whose fibres 
consist of spheres cut on the unit hypersphere about the origin of 
Er+N by the n-dimensional linear subspaces of M’. Given any mani- 
told M, and a mapping f(M) CH(n, N), a sphere bundle can be de- 
fined over M as base space by taking as the fibre attached to a point 
P of M the unit hypersphere in f(P). With a proper definition of 
equivalence of sphere bundles, Whitney and Sieenrod have proved 
the following theorem [25, 33]: 


THEOREM 8.1. To a given bundle of spheres of dimension n —1 over 
a compact manifold M there exists a mapping f(M)CH(n, N), which 
defines a sphere bundle over M equivalent to the given one, provided that 
dim MSN. Two sphere bundles over M defined by the mappings 
J(M)CH(n, N), i=1, 2, are equivalent, wher and only when the 
mappings fı and f» are homotopic. 


From the mapping f(M)CH(n, N) the cocycles of dimension not 
greater than dim M of H(n, N) are mapped by the inverse mapping 
into cocycles of M. The latter part of Theorem: 8.1 asserts that the 
image cocycles of M are cohomologous, if the sphere bundles are 
equivalent. The image of a cohomology class of H(n, N) under the 
inverse mapping is therefore independent of the choice of the mapping 
f, provided that the sphere bundle induced remains equivalent. Such 
a cohomology class in M is called a generalized characteristic class. 
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If M is a differentiable manifold and § the tangent sphere bundle 
over M, we can find the mapping f in question by imbedding M in a 
Euclidean space E** and defining f(P) to be the #-plane of H(n, N) 
parallel to the tangent #-plane of M at P. M has then a Riemannian 
metric induced by the Euclidean metric of Ei, 

In E^*N consider the frames Pei : + - Gay, We use the ranges of 
indices 


1sıksa, n+i<rs<n+N\, 1sA,B,Csn+N, 
and put 

wap = de4'€p. 
Then we have 


dwa = >, wacwcs. 
c 


To each #-plane of H(n, N) we attach the frames Ot * + + €n€ngi* * ° 
Gu such that &, * * - , e, belong to the #-plane. Then the nN linear 
differential forms we, constitute a set of linearly independent forms 
of H(n, N). To represent an integral cocycle of H (n, N) in the sense 
of 87 we define 


(65) Qj = — I wir. 


It is then a consequence of the first main theorem in the theory of 
vector invariants for orthogonal groups [31] that every integral co- 
cycle of dimension not greater than n of H(n, N) can be represented 
by a differential form which is a linear combination, with constant 
coefficients, of the products of the forms An, Ao defined by (64), where 
the Q, are here given by (65). 

The forms Q., defined in (65) are forms of H (n, N). But their images 
in M induced by the mapping f are the curvature forms of M derived 
from the Riemannian metric of M induced by E"tY. In fact, let us 


attach to each point P of M all frames Pe; --- ty such that 
€, 77, €, are tangent vectors. On M we have then 

w, = 0, 
and 


do; = A. GE 
k 


(66) 
dwir = A. genä — 2, Birke = D aam + Qa. 
3 T j 
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From (66) it is seen that the images of the Q; in (65) are the curva- 
ture forms of the Riemannian metric induced on M. 
In this way we can prove the following theorem of Pontrjagin: 


THEOREM 8.2. Let M be a compact orientable differentiable manifold 
imbedded in a Euclidean space and let Uu be the curvature forms derived 
from the induced Riemannian metric. An integral characterisic cocycle 
of M can be represented by a differential form which is a linear com- 
bination, with constant coefficients, of the products of the forms Am, 
Osmsn/A4. 


It is highly probable that the relations asserted in Theorem 8.2 re- 
main true, if the Qj; are the curvature forms of a Riemannian metric 
given intrinsically on M. But so far this has only been established for ` 
the case of the form A, and for a few other cases. The result will 
follow if it can be proved that a Riemannian manifold can be iso- 
metrically imbedded in a Euclidean space. Unfortunately this im- 
bedding question is not settled, even for n =2. 


9. Hermitian geometry. Our results are more satisfactory in the 
case of Hermitian geometry. By an Hermitian manifold M we shall 
mean a complex analytic manifold in which there is given an Hermit- 
ian metric: 


(67) ds? = 25 gi (2, 8) (dz;d24), fik = Ekis 


d, kal 


where 2; are the local complex coordinates and where the bar denotes 
the operation of taking the conjugate complex. | 

As in the case of Riemannian manifolds, the principal fibre bundle 
for an Hermitian manifold is one whose fibres consist of a set of com- 
plex vectors &, - * - , e,, such that 


(68) ei 6; ES óij, 


where the scalar product is understood in the sense of Hermitian 
geometry. Like the Riemannian case, the fundamental formulas of 
Hermitian geometry can be established to be 


(69) ds? — 25 (0,0), dw; = 2: © 40 ji; dox = 2: Qi jO jk + Gi, 
where 


(70) wiz tH Gg — 0, Q;; 4-05, D Qi = D Ri xiii. 
k,l 


From Qj; we construct the differential forms 


7 
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(71) An = Kë . Qi uU E Qr tp 1 < m < nN, 


al, * "Im 


and also the differential forms 
(72) Yn = > (21 SET im; Zi: bw iJm) e nia Qi i 1 s m = N, 


where ôli * * +, m3 I" * * ; Im) is the Kronecker symbol which is 
equal to +1 or —1 according as ji, - - + Ze constitutes, an even or odd 
permutation of à, - - + ‚im, and is otherwise zero, and where the sum- 
mation is extended to all 4, - + - , îm from 1 to x. It is easy to see that 
every V, can be expressed as a polynomial of Ai, - - - , Am with con- 
stant coefficients, and conversely. 

Over the compact Hermitian manifold M we can construct the 
fibre bundle $® such that the fibre over a point P of M consists of 
ordered sets of vectors &, - * * , ¢p, satisfying the relations 


(73) er— es = Bi 15s 5, j SP. 
Then we can prove the following theorem: 


THEOREM 9.1. The characteristic cocycle of § in M in the sense of 
$4 is of dimension 2n—2p+2 and can be defined, up to a constant fac- 
tor, by the form Ya_p41. 


These characteristic cocycles, altogether # of them, corresponding 
to the values f —1,- -- , n, we shall call the basic characteristic co- 
cycles. On the other hand, the imbedding process of $8 can be carried 
over to the present case, resulting in a correspondence between the 
equivalent fibre bundles over M (in the sense of Steenrod) and the 
homotopy classes of mappings of M into H(n, N, C), where H(n, N, C) 
is the Grassmann manifold of all #-dimensional complex linear spaces 
through the origin in a complex Euclidean space of +N (complex) 
dimensions. This allows us to define a generalized characteristic co- 
homology class of M as the inverse image of a cohomology class of 
dimension not greater than 2” of H(n, N, C). But in the complex 
case the first main theorem on vector invariants for the unitary group 
is of simpler form than the corresponding theorem for the orthogonal 
group, and we can prove the following theorem: 


THEOREM 9.2. Every cohomology class of H(n, N, C) of dimension 
not greater than 2n can be obtained by operations of the cohomology ring 
from n basic classes, namely, the classes whose inverse wmages are the 
basic characteristic classes of M. 


It is in this sense that we can say that for complex analytic 
Hermitian manifolds the characteristic classes arising from the con- 
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sideration of the principal fibre bundle are completely determined by 
the Hermitian metric. We also remark that complex analytic Hermit- 
ian manifolds play an important róle in Score geometry and in 
the theory of analytic functions of several comp'ex variables. 

The proofs of the results announced in this section will be pub- 
lished elsewhere. 


10. The kinematic principal formula in integral geometry. In the 
above sections we have discussed the interrelations between local 
differential-geometric properties and topology. There are, however, 
other geometric properties in the large which are equally of interest 
and which are closely related to the ideas set forth above. Moreover, 
they also illustrate the important róle played bv the fibre bundle in 
the theory of a geometric being. 

Let M be a Riemannian manifold of n dinem oss and let $y be its 
principal fibre bundle. We have defined in the space $$ of dimension 
n (n --1)/2 the forms w;, wx. The differential form of degree » (14-1)/2: 


(74) po Il ae La 


can serve as a kind of volume element in $. If M is the Euclidean 
space of n dimensions, $ is called the kinematic density, which was 
first introduced by Poincaré for the case #=2. 

To illustrate how the kinematic density can be utilized in geometri- 
cal problems suppose M to be the Euclidean space of n dimensions. 
Then y is the space of frames in M and is topolozically a product. In 
M we consider two closed hypersurfaces S1, S; of class not less than 2. 
For each S;letr®, . - . al, be the principal curvatures and let 
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(75) 
n—1,k 

where the ue is the kth elementary symmetric function of the 
principal curvatures and dO; is the surface element of S,. Denote by 
V® the volume bounded by S; in M. Let S, be fixed in the space and 
let Sz take all possible positions. For each position of S; denote by 
x(515:) the Euler-Poincaré characteristic of the intersection of S}, Sz. 

Then we have the following so-called kinematic principal formula: 


J, 


(76) : 
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where J, is the kinematic measure about a point in M and is given by 
(76a) Jn = On-10 5-2 TIME Oi, 


O,..1 being the area of the unit sphere in a Euclidean space of p dimen- 
sions. 

The formula (76) was proved by Blaschke for n=2, 3 [2], and was 
established for general # by Yien and the present writer [13]. It has 
numerous interesting consequences. In particular, when »=2 and 
when both Sı and Sz are convex curves, it becomes 


(77) f pU = 2r(Aı + Ax) + Lile, 
S1:83540 


where A; is the area bounded by Se and L; is the length of S,,7=1, 2. 
Formula (77) was first established by Santald and can be used to de- 
rive a sharpening of the isoperimetric inequality (2) [23 ]. It is thus 
through all the round-about discussions on differential geometry and 
topology that we arrived at the relation between the theory of fibre 
bundles and the isoperimetric inequality given at the beginning of 
this article. 
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INSTITUTE FOR ADVANCED STUDY AND 
'TsiNc Hua UNIVERSITY 


MEMORANDUM CONCERNING THE DEFERMENT OF 
GRADUATE STUDENTS, TEACHERS, AND RESEARCH 
WORKERS IN PHYSICAL SCIENCE 


On November 26 two important changes in Selective Service regu- 
lations were announced. These fundamentally affect the situation 
with respect to the deferment of graduate students and teachers of 
physical science and engineering. 

Local Board Memorandum No. 115 is amended so as to read: “A 
registrant age 18 through 25 may be retained or placed in Class II-A 
if the local board finds that he is necessary to and regularly engaged in 
an activity in the support of the national health, safety or interest.” 
This is a liberalization of the previous Memorandum 115 for the re- 
quirement that the registrant be “indispensable and irreplaceable” is 
dropped. Form 42A (Special-Revised) will continue to be used for the 
making of requests for the occupational deferment of registrants ages 
18 through 25, except those found to be disqualified for any military 
service or found to be qualified for limited military service only. For 
this latter group, Form 42 should be used. 

Memorandum 115-M, which is reproduced in full and attached to 
this communication, concerns special consideration for certain stu- 
dents, teachers and research workers in the physical sciences. This 
memorandum represents a recognition by Selective Service of: (1) the 
shortage of scientific personnel, due to the curtailment of advanced 
study in science during the war; (2) the necessity for the resumption 
of study in these fields. 

Selective Service officials believe that these two memoranda, 115 
and 115-M, adequately provide for the deferment of scientific and 
technical personnel. Cases now active where registrants seem to have 
been improperly classified should be reopened at once in the light of 
the new releases. In view of the change in policy, it is advisable that 
the department chairman request re-consideration of such cases. 

T. H. HILDEBRANDT, 
President 
J. R. KLINE, 
Secretary | 
December 10, 1945. 
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LOCAL BOARD MEMORANDUM NO. 115-M. IssuEDp: 11/26/45 
SUBJECT: SPECIAL CONSIDERATION FOR CERTAIN STUDENTS, TEACHERS, AND 
RESEARCH WORKERS IN THE PHYSICAL SCIENCES 
PART I—STATEMENT OF GENERAL POLICIES AND PROCEDURES 


1. General.—The demands of the armed forces and industry during 
the emergency have resulted in a curtailment in acvanced studies for 
men having high technical and scientific: qualifications. Since the ces- 
sation of active fighting, the demands of long range national interest 
require a resumption of these studies in order to fully develop the 
technical and scientific skills which have been acquired and to pro- 
vide adequate teaching facilities for returning veterans who desire to 
resume their studies in these fields. t 

2. Reconversion working commiitee on deferment and selective re- 
lease.—(a) Pursuant to a request from the Director of War Mobiliza- 
tion and Reconversion, the Reconversion Working Committee on 
Deferment and Selective Release has been estab‘ished to assist in the 
accomplishment of this purpose. The Committes is composed of rep- 
resentatives of the (1) Office of Scientific Research and Development; 
(2) Civilian Production Administration; (3) Office of Rubber Re- 
serve; (4) Petroleum Administration for War; (5) War Department; 
(6) Navy Department; (7) United States Employment Service; 
(8) Office of Education; (9) National Roster of Scientific and Special- 
ized Personnel; and the (10) Selective Service System. The Chair- 
man of the Committee will be the Directar of War Mobilization and 
Reconversion, or a staff member designated by him. The functions of 
the Committee are to: E ` 

(1) Indicate to the Director of War Mobilization and Reconversion 
the specific occupations in which shortages of personnel threaten to 
interfere with the national health, safety, or interest. 

(2) Formulate the specific standards indicating that a man is quali- 
fied to engage in a selected occupation. 

(3) Certify to the Director of the Selective Service System those 
individuals meeting the standards established by the Committee. 

(4) Indicate to the War and Navy Departments the categories of 
occupations in which shortages detrimental to the national interest 
could be relieved by release of men from the armed forces. 


PART II-—CERTIFICATION PLAN 


1. Operation of plan.—The Director of the Office of War Mobiliza- 
tion and Reconversion will examine all proposals by the Committee 
relating to deferment and release, and shall transmit to the Selective 
Service System and the War and Navy Departments all approved 
proposals. The Director will transmit the recommendations for de- 
ferment to local boards through the appropriate State Directors. 


Pi 
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2. Classification policies —Pursuant to the provisions of this mem- 
orandum and under the general authority contained in paragraph 5 
of Part II of Local Board Memorandum No. 115, as amended, local 
boards will give serious consideration to the occupational deferment 
of registrants engaged in the technical and scientific fields set forth 
in Part III of this memorandum. 


PART III——STANDARDS AND PROCEDURES 


1. Advanced studies in the physical sciences or engineering.—(a) Any 
registrant who is accepted by an accredited college or university as a 
candidate for a Master's or Doctor's degree in the physical sciences 
or engineering may be certified by the Office of War Mobilization and 
Reconversion to the Director of Selective Service as essential to the 
national interest in a civilian capacity. 

(b) The fact that a candidate for a Master's or a Doctor's degree 
may engage in part-time employment or other activities will not af- 
fect his certification under this paragraph so long as his academic 
standing is satisfactory. 

2. University teaching in the physical sciences or engineering. —Any 
registrant who is to be employed by an accredited college or univer- 
sity as a teacher of physical sciences or engineering may be certified 
by the Office of War Mobilization and Reconversion to the Director 
of Selective Service as essential to the national interest in a civilian 
capacity. 

3. University research in the physical sciences or engineering.— 
(a) Any registrant (1) who is to be employed by or attached to the 
staff of an accredited college or university for research in the physical 
sciences or engineering and (2) who signifies his intention to engage in 
such an activity may be certified to the Director of Selective Service 
as essential to the national interest in a civilian capacity. 

(b) Such a registrant will be certified only if (1) the research to be 
undertaken by the registrant contributes significantly to the national 
interest, and (2) inability of the individual registrant to undertake 
the research will result in its delay. 

4. Submission of information in certain cases —Any registrant who 
wishes to be certified under the provisions of paragraphs 1, 2, and 3 
above, must present to the Office of War Mobilization and Reconver- 
sion, Washington, D. C., the following documents in triplicate: 

(a) A notarized statement of his intention: 

(1) To undertake graduate studies leading to a Master’s or Doc- 
tor’s degree in the physical sciences cr engineering; or 

(2) To engage in the teaching of physical sciences or engineering; 
or 

(3) To undertake advanced research in the physical sciences or en- 
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gineering on the staff of or attached to a college or university. 

(b) A statement from an accredited college or university signed by 
a responsible official of the college or university, indicating that the 
registrant: 

(1) Has been accepted as a candidate for a Master's or Doctor's 
degree in the physical sciences or engineering; or 

(2) Has been accepted as a teacher of physical sciences or engineer- 
ing; or 

(3) Is to be employed by or attached to the staff of the college or 
university for research in the physical scieaces or engineering, to- 
gether with a statement indicating in detail the nature of the research 
to be performed by the registrant, the scope of the registrant's re- 
sponsibilities for the research, and the necessity for securing the 
individual registrant for the work. 

(c) A statement showing the registrant's name, address, age, Selec- 
tive Service local board number and address, classification, and educa- 
tional qualifications. 

5. Study leading toa B.S. or B.A. degree in physical sciences or engi- 
neering.—(a) Any registrant who has satisfactorily completed at least 
three years of work leading to a Bachelor's degree in the physical 
sciences or engineering may be certified by the Office of War Mobiliza- 
tion and Reconversion to the Director of Selective Service as essential 
to the national interest in a civilian capacity, provided such registrant 
has served for a period of not less than two years in a project directly 
connected with the war effort. 

(b) Any registrant who wishes to be certified under the provisions 
of this paragraph must present to the Office of War Mobilization and 
Reconversion, Washington, D. C., the following documents in tripli- 
cate: 

(1) A notarized statement of his intention to continue undergradu- 
ate studies leading to a B.S. or B.A. degree in the physical sciences 
or engineering. 

(2) A statement from an accredited college or university, signed by 
a responsible official of the college or university, indicating that the 
registrant has been accepted for the fourth year of study in a course 
leading to a B.S. or B.A. degree in the physical sciences or engineer- 
ing. 

(3) A statement showing the registrant's name, address, age, Selec- 
tive Service local board number and address, classification, and edu- 
cational qualifications. 

(4) A statement from the registrant's employer that he has been 
engaged for at least two years in scientific war worl 

Lewis B. HERSHEY, Director 


THE ANNUAL MEETING OF THE SOCIETY 


The fifty-second Annual Meeting and twenty-seventh Colloquium 
of the American Mathematical Society was held at the Museum of 
Science and Industry, Chicago, Illinois, Friday and Saturday, No- 
vember 23 and 24, 1945, in conjunction with meetings of the Mathe- 
matical Association of America. Over three hundred persons regis- 
tered, including the following two hundred forty members of the 
Society: 


A. A. Albert, G. E. Albert, N. R. Amundson, T. W. Anderson, K. J. Arnold, 
Max Astrachan, M. C. Ayer, W. L. Ayres, R. W. Babcock, Reinhold Baer, R. M. 
Ballard, R. H. Bardell, R. W. Barnard, J. L. Barnes, Walter Bartky, G. E. Bates, 
J. C. Bell, J. L. Bell, R. F. K. Benton, Lipman Bers, S. F. Bibb, R. H. Bing, K. E. 
Bisshopp, G. A. Bliss, L. M. Blumenthal, H. F. Bohnenblust, W. M. Borgman, 
D. G. Bourgin, G. F. Bradfield, C. P. Brady, H. R. Brahana, C. C. Bramble, A. J. 
Brandt, Richard Brauer, R. H. Bruck, E. L. Buell, R. S. Burington, H. E. Burns, 
I. W. Burr, L. E. Bush, S. S. Cairns, W. D. Cairns, R. H. Cameron, H. H. Campaigne, 
W. B. Carver, Subrahmanyan Chandrasekhar, W. F. Cheney, E. W. Chittenden, 
A. M. Christiansen, R. V. Churchill, Paul Civin, H. M. Clark, E. H. Clarke, C. J. 
Coe, K. S. Cole, Nancy Cole, B. H. Colvin, J. J. Corliss, Richard Courant, N. A. 
Court, H. S. M. Coxeter, M. D. Donsker, J. L. Doob, T. L. Downs, W. L. Duren, 
William H. Durfee, John Dyer-Bennet, Paul Erdós, D. H. Erkiletian, Martinus 
Esser, H. J. Ettlinger, H. P. Evans, H. S. Everett, I. A. Flodin, L. R. Ford, Tomlinson 
Fort, J. S. Frame, Evelyn Frank, M. R. Freundlich, A. J. Froseth, B. H. Gere, H. H. 
Germond, J. W. Givens, A. M. Gleason, L. M. Graves, L. W. Griffiths, V. G. Hach- 
meister, D. W. Hall, P. R. Halmos, O. H. Hamilton, M. L. Hartung, A. E. Heins, 
E. D. Hellinger, R. G. Helsel, Fritz Herzog, M. R. Hestenes, E. H. C. Hildebrandt, 
T. H. Hildebrandt, J. D. Hill, D. L. Holl, M. C. Holland, Carl Holtom, G. B. Huff, 
R. C. Huffer, S. P. Hughart, H. K. Hughes, Ralph Hull, H. D. Huskey, M. H. 
Ingraham, R. L. Jeffery, A. W. Jones, B. W. Jones, F. B. Jones, Irving Kaplansky, 
William Karush, H. P. Kean, D. E. Kearney, A. J. Kempner, R. B. Kershner, Fred 
Kiokemeister, J. R. Kline, W. C. Krathwohl, Joseph Landin, E. P. Lane, R. E. 
Langer, G. A. Larew, H. D. Larsen, J. W. Lasley, B. A. Lengyel, Charles Loewner, 
Z. L. Loflin, A. T. Lonseth, W. C. McDaniel, E. J. McShane, C. C. MacDuffee, 
Murray Mannos, Morris Marden, J. W. Marshall, Ella Marth, W. T. Martin, J. R. 
Mayor, Karl Menger, E. J. Mickle, A. N. Milgram, D. D. Miller, H. J. Miser, W. L. 
Miser, E. J. Moulton, M. E. Munroe, J. R. Musselman, S. B. Myers, J. L. Nagle, 
C. V. Newsom, K. L. Nielsen, Ivan Niven, E. P. Northrop, F. S. Nowlan, J. M. H. 
Olmsted, Isaac Opatowski, Philip Peak, P. M. Pepper, L. C. Plant, J. E. Powell, 
G. B. Price, A. L. Putnam, Tibor Radó, J. F. Randolph, R. B. Rasmusen, C. H. 
Rawlins, Mina Rees, W. T. Reid, Haim Reingold, E. K. Ritter, G. de B. Robinson, 
W. H. Roever, R. E. Root, G. F. Rose, A. E. Ross, J. B. Rosser, Hans Samelson, 
R. G. Sanger, J. B. Scarborough, A. T. Schafer, R. D. Schafer, O. F. G. Schilling, 
J. E. Schubert, G. E. Schweigert, M. E. Shanks, Seymour Sherman, D. M. Smiley, 
M. F. Smiley, C. V. L. Smith, G. W. Smith, H. L. Smith, R. D. Specht, Abraham 
Spitzbart, C. E. Springer, M. P. Steele, N. E. Steenrod, R. C. Stephens, B. M. 
Stewart, C. N. Stokes, M. H. Stone, R. G. Stoneham, E. B. Stouffer, W. T. Stratton, 
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J. S. Stubbe, R. L. Swain, J. L. Synge, H. P. Thielman, J. M. Thomas, W. R. Transue, 
E. F. Trombley, H. F. Tuan, A. W. Tucker, H. L. Turrittin, S. M. Ulam, E. H. 
Umberger, E. P. Vance, G. B. Van Schaack, J. I. Vass, M. F. Vaudreuil, H. E. , 
Vaughan, S. E. Warschawski, C. P. Wells, E. T. Welmers, M. E. Wescott,, P. M. 
Whitman, W. M. Whyburn, L. R. Wilcox, R. L. Wilder, F. B. Wiley, R. B. Wiley, 
S. S. Wilks, R. S. Wolfe, M. A. Wurster, G. S. Young, J. W. T. Youngs, Daniel 
Zelinsky, J. W. Zimmer. . 


The twenty-seventh Colloquium consisted of four lectures on 
Length and area by Professor Tibor Radé of Ohio State University. 
The lectures took place at 9:30 a.m. and 2:00 p.m. on Friday and on 
Saturday, and were presided over by Professors J. M. Thomas, 
C. C. MacDuffee, President T. H. Hildebrandt and Secretary J. R. 
Kline. | 

Sessions for the reading of short papers were held Friday at 
10:45 A.M. and 3:15 p.m. and Saturday at 3:15 p.m. Presiding officers 
for these sessions were Professors A. A. Albert, L. M. Graves and 
W. L. Ayres. 

The nineteenth Josiah Willard Gibbs Lecture was delivered by 
Professor J. C. Slater of the Massachusetts Institute of Technology 
on Friday evening at 7:30 P.M., with President T. H. Hildebrandt 
presiding. The title of Professor Slater’s address was Physics and 
the wave equation. About three hundred people attended. 

The annual business meeting and election of officers was held on 
Saturday morning, President T. H. Hildebrandt presiding. Dean 
Tomlinson Fort of Lehigh University presented resolutions expressing 
the thanks and appreciation of the members of the Society and the 
Association to the officials of the Museum of Science and Industry 
and to the local committee for the excellent arrangements. Further 
proceedings are included later in the report. 

At 11:00 a.m. Saturday, following Professor Radó's third lecture, 
Professor S. M. Ulam of the University of Southern California pre- 
sented an address entitled On the stability of functional equations. 
Professor R. E. Langer presided. 

Sessions of the Mathematical Association of America were held an 
Saturday evening and Sunday morning. 

At the meeting of the Board of Trustees at 6:00 r.m., November 
23, 1945, in the Hotel Windermere East, there was no quorum 
present and the Board adjourned to January 4, 1946. The Council 
met at 9:00 P.M. on November 23, 1945, in the Hotel Windermere 
East. 

The Secretary announced the election of the following seventeen 
persons to ordinary membership in the Society: 
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Mr. Arthur Bernstein, Carnegie Institution of Washington; 

Miss Nancy Brixey, Davis and Gilbert, New York, N. Y.; 

Mr. Willie Russell Callahan, Department of Electrical Engineering, Yale University; 
Professor Clarence Selmer Carlson, St. Olaf College; 

Mr. Kenneth Collwell Cartwright, P.P.G. Co., Barberton, Ohio; 

Mr. Peter Jennings Gill, Magnetic Observatory, Christchurch, New Zealand; 

Mr. Frank Harary, New York University; 

Mr. J. Halcombe Laning, Jr., Watertown Arsenal, Watertown, Mass.; 

Professor Harvey M. Lashier, Pacific Union College, Angwin, Calif.; 

Mr. John H. Lewis, N.D.R.C., New York, N. Y.; 

Mr. Jesse Eugene Sherwood, N.D.R.C., Cumberland, Md.; 

Professor Yu-Why Tschen, National University of Peking, Peking, China; 

Mr, Edmund Forrest Tyler, Los Angeles, Calif.; 
Mr. Stephen Eugene Walkley, U.S.N.R.; 

Dr. Everett C. Westerfield, Costa Mesa, Calif.; 
Professor L. C. Young, University of South Africa, Capetown; 
Mr. John Anthony Zulon, U.S.A. 


1 


The following appointments by President T. H. Hildebrandt were 
reported: as representative of the Society at the Seventy-fifth Anni- 
versary of Wilson College on October 13, 1945, Professor F. W. 
Owens; as representative of the Society at the inauguration of William 
Allison Shimer as President of Marietta College on October 20, 1945, 
Professor J. L. Synge; as representative of the Society at the in- 
auguration of George Henry Ármacost as President of the Univer- 
sity of Redlands on November 4, 1945, Professor Morgan Ward; as 
representative of the Society at the inauguration of Howard 5. 
McDonald as President of Brigham Young University on November 
14, 1945, Professor M. T. Bird; as representative of the Society at 
the inauguration of Franklin Stewart Harris as President of Utah 
State Agricultural College on November 16, 1945, Professor I. O. 
Horsfall; as a Committee on Arrangements for the 1945 Annual 
Meeting in Chicago, Illinois, Dean R. G. Sanger (Chairman), Pro- 
fessors R. H. Bruck, B. W. Jones, W. T. Reid, and L. R. Wilcox; 
as tellers for the election at the 1945 Annual Meeting, Professor 
W. C. Krathwohl, Drs. Mary E. Ladue and W. C. Strodt; as a com- 
mittee to study the implementation of the Birkhoff Memorial Com- 
mittee report, Professors M. H. Stone (Chairman), R. M. Foster, 
and R. E. Langer; as a Committee on the Award of the Cole Prize 
in Theory of Numbers, to be awarded at the 1946 Annual Meeting 
for papers published during the period 1941-1945, Professors E. T. 
Bell (Chairman), Emil Ártin, and H. W. Brinkmann; as.Chairman 
of the Committee on Visiting Lectureships, term to expire December 
31, 1947, Professor Hassler Whitney; as a member of the Committee 
on Visiting Lectureships, Professor Norbert Wiener. (Professor 
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Wiener was reappointed for a period of three years, 1946-48; com- 
mittee now consists of Professor Hassler Whitney, Chairman, Dean 
R. G. D. Richardson, and Professor Wiener.) 

At the annual election which closed on November 24, and at which 
544 votes were cast, the following officers were elected: 

Vice Presidents, Professors L. R. Ford and Saunders MacLane. 

Associate Secretaries, Professors W. L. Ayres, R. H. Bruck and 
A. C. Schaeffer. 

Member of the Editorial Committee of the Bulletin, Professor Deane 
Montgomery. 

Member of the Editorial Committee of the Trcnsactions, Professor 
A. A. Albert. 

Member of the Editorial Committee of the Colloquium Publications, 
Professor J. F. Ritt. 

Member of the Editorial Committee of Mathematical Reviews, Pro- 
fessor O. E. Neugebauer. 

Member of the Editorial Committee of Mathematical Surveys, Pro- 
fessor A. W. Tucker. 

Member of the Editorial Committee of the American Journal of Mathe- 
matics, Professor L. M. Graves. 

Members at large of the Council, Dr. R. P. Boas, Professors R. H. 
Cameron, R. V. Churchill, Churchill Eisenhart, and A. P. Morse. 

Professor M. H. Stone was elected by the Cotncil as a member of 
the Editorial Committee of Mathematical Reviews to fill the unex- 
pired term of Professor J. D. Tamarkin. 

It was reported that Professor Marston Morse had been selected 
to act as Chairman of the Emergency Committee of the International 
Congress of Mathematicians. 

It was reported that Professor Subrahmanyan Chandrasekhar had 
accepted the invitation to deliver the twentieth Josiah Willard Gibbs 
Lecture at the 1946 Annual Meeting and that Professor Oscar 
Zariski had accepted the invitation to deliver a series of Colloquium 
Lectures at the 1947 Summer Meeting on the subject Abstract 
algebraic geometry. 

The Secretary reported that he had submitted to the Rockefeller 
Foundation a report on the activities of the War Policy Committee 
for the period August 1, 1944-September 30, 1925. 

Certain invitations to give addresses were announced: Professor 

A. D. Wallace for the February, 1946, meeting in New York City; 
. Professor O. F. G. Schilling for the April, 1946, meeting in Chicago; 
Dr. P. F. Reichelderfer for the November, 1946, meeting in the mid- 
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west; Professor N. E. Steenrod for the April, 1947, meeting in the 
midwest. 

The Secretary reported the completion of the biennial membership 
campaign held during the latter part of October when approximately 
3,200 college teachers of mathematics, including 950 members of the 
Mathematical Association of America, were invited to membership 
in the Society. The Secretary is pleased to report at this time that 
the ordinary membership in the Society is now 2828, including 210 
nominees of institutional members and 63 life members. There are 
also 87 institutional members. The total attendance at all meetings 
in 1945 was 628; the number of papers read was 196; there were 5 hour 
addresses, 5 symposium addresses, 1 Gibbs Lecture, and four 
Colloquium Lectures; the number of members attending at least one 
meeting was 570. 

The Council adopted the following resolution on the death of 
Professor J. D. Tamarkin: 


On November 18, 1945, this Society lost one of its most active and beloved mem- 
bers through the untimely death of Jacob David Tamarkin in his fifty-eighth year of 
life. His health had been failing for some time, but we had hoped that he would 
recover his strength and usefulness which was more than life itself to him. 

J. D. was the friend of us all and of mathematicians all over the world for whom 
he kept open house. He was intensely human, generous, gregarious, and warm- 
hearted; he loved music, a good table and a friendly chat. He took an active interest 
in his many friends, their personal problems, and their scientific work and gave his 
time and counsel without stint. His hearty laughter and booming voice brought cheer 
wherever he went. 

He came as a stranger to our shores two decades ago but soon found an active 
place in American mathematical life to the development of which he was to contribute 
so much. He read widely and with passion and many of us have profited from his 
constructive criticism and advice. His critical ability was soon discovered and utilized: 
he served on the Editorial Committees of the Transactions, the Colloquium, the 
Mathematical Reviews, and the Mathematical Surveys. He was a member of the 
Council since 1931 and a Vice President in 1942-1943. 

His intellectual honesty, high standards, and civil courage made themselves felt 
everywhere. He helped materially in placing Brown University in the mathematical 
front rank and his editorial activities during a critical time were a driving force in the 
growth and development of mathematical research in this country. He saw the prob- 
lems of the Society clearly and in their proper perspective and fought fearlessly for 
his convictions. His vigorous personality never became overbearing, he fought well ' 
but also cleanly. To his many collaborators and students he was a source of ideas, 
information, and inspiration, a friendly guide and critic, and his influence on their 
mathematical development was profound. His own contributions to classical as well 
as modern functional analysis were many and of lasting value. 

The Council of the American Mathematical Society voices its deep sense of loss 
in the decease of J. D. Tamarkin. He lives in his work and in our fond memories. 


This resolution was read at the annual business meeting and the 
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members of the Society stood for a minute in respect to the memory 
of their distinguished colleague. 

On recommendation of the Committee on Plazes of Meetings, Hi 
Council voted to accept the invitation of Cornell University to hold 
the 1946 Summer Meeting at that institution at a date to be decided. 

Since the 1945 Annual Meeting was held before the close of the 
Society's fiscal year, it was impossible to presen- a full report of the 
Treasurer. (Excerpts of the final report of the Treasurer, however, 
appear on pages 44-47 of this Bulletin.) It was reported that the 
Society's finances were in excellent shape, that -he net excess of re- 
ceipts over disbursements for the year would be somewhat more than 
$10,000. The Society's investment portfolio now includes government 
bonds 27 per cent, other bonds 18 per cent, preferred stocks 13 per 
cent, common stock 35 per cent, cash in banks 7 per cent, and total 
assets amount to approximately $270,000. Daring the year the 
Trustees directed the transfer to the Endowmen- Fund Principal 
from surplus of a sufficient amount to bring the principal to $71,000, 
slightly more than its value before the charges far depreciation of 
securities were made in 1940. While there is a considerable surplus, 
this is desirable because we shall soon be faced with a large volume 
of publication at considerably increased costs. 

The Librarian reported the following additions to the Library: 
29 books, 89 bound volumes of periodicals, 162 pamphlets (most of 
them are printed dissertations), and 229 dissertations on microfilm. 
He also reported that the use of the library had been twice as great 
during 1944—1945 as in 1943-1944. A great deal of work has been done 
during the past year by the staff of the New York office and by a 
special assistant on the revision of the Catalogue pf the Library. A 
new edition of this Catalogue will be publishec and distributed to 
members of the Society early in 1946. 'The Librarian is establishing 
archives of the Society for the preservation of lezters and documents 
of importance. Members are invited to send to the Librarian docu- 
ments in their possession which may be placed ia the archives. 

The Bulletin Editorial Committee reported that it would publish 
Slightly under 1,000 pages in 1945. It was reported that Professors 
E. G. Begle and Otto Szász had been appointed as Ássistant Editors, 
to replace Professors J. H. Curtiss and D. H. Lehmer. 

The Transactions Editorial Committee repcrted that' it would 
publish 965 pages during 1945. During the past zear Professor Oscar 
Zariski has been on leave of absence from his un:versity for scientific 
work in Brazil. His duties in connection with the Transactions have 
been carried on by Professor R. L. Wilder. Professor Oystein Ore 
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will retire as an Associate Editor and will be replaced by Professor 
O. F. G. Schilling. The backlog of papers is about the same as last 
year but there is some expectation that a large number of new manu- 
scripts will be submitted in the near future. 

The Mathematical Reviews Editorial Committee reported that 
during the latter part of 1945 the size of the issue was increased from 
28 to the original 32 pages and it is expected that this increase in 
size will be the minimum increase in 1946. The gaps in the foreign 
literature are being filled although there are still quite a few remain- 
ing, particularly in the Italian literature. In 1945 Mathematical 
Reviews obtained the sponsorship of the Institute of Mathematical 
Statistics. The subscription list contains 1,382 names. This is a re- 
markable record when one considers the fact that most foreign mathe- 
maticians have been unable to subscribe during this period. 

The Council appointed Professors K. O. Friedrichs, Norman 
Levinson, and R. L. Wilder as representatives of the Society on the 
Editorial Board of the Annals of Mathematics for a period of three 
years beginning 1946 

The Council voted to continue for another year the plan of reduced 
dues to members of the Society who are serving as enlisted men in 
the armed forces of the United States and Canada. Application for 
this privilege must be made in accordance with instructions which 
are mailed to members with annual bills on January 1. 

The Council approved a plan, submitted by President Hildebrandt 
and Secretary Kline, for establishing a Policy Committee for Mathe- 
matics, and adopted procedures for the election of the representatives 
of the American Mathematical Society on this committee. 

Titles and cross references to papers read at the meeting follow 
below. Papers 1 to 5 and paper 34 were read Friday morning. Papers 
6 to 12 were read Friday afternoon. Papers 13, 14, 16, 17, 19, 43 and 
44 were read Saturday afternoon. Except as noted above, papers 15 
through 45 were read by title; their abstract numbers are followed 
by the letter ¢. Paper 7 was read by Professor Cameron, 8 by Dr. 
Kaplansky, 11 by Professor Bers, 17 by Professor Samelson, 43 by 
Professor Heins and 44 by Professor Herzog. Professor Schiffer was 
introduced by Dr. Stefan Bergman. 

1. B. W. Jones: Equivalence of quadratic forms over the ring of 
2-adic integers. (Abstract 52-1-3.) 

2. H. S. M. Coxeter: The Petrie polygon of a regular soli (Abstract 
51-11-235.) 

3. Richard Brauer: On the arithmetic in a group ring. II. Prelimi- 
nary report. (Abstract 52-1-1.) 
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4. Ivan Niven: Sums of squares of integral quaternions. (Abstract 
51-1-5.) 

5. G. B. Huff: Inequalities conneciing solutions of Cremona's equa- 
tions. (Abstract 52-1-34.) 

6. S. E. Warschawski: On the modulus of Db of the mapping 
function at the boundary in conformal mappiag. (Abstract 52-1-25.) 

7. R. H. Cameron and W. T. Ma-tin: The orthogonal development of 
nonlinear functionals in series of Fourier-Hermite functionals. (Ab- 
stract 52-1-15.) 

8. Paul Erdés and Irving Kaplansky: The asymptotic number of 
Latin rectangles. (Abstract 52-1-2.) 

9. Paul Civin: Fourier coefficients of dominant functions. (Abstract 
51-11-212.) 

10. R. H. Bing: Solution of a problem of J. R. Kline. (Abstract 
52-1-46.) 

11. Lipman Bers and Abe Gelbart: A topological property of solu- 
tions of partial differential equations. (Abstract 52-1-12.) 

12. F. B. Jones: Concerning the separability of certain locally con- 
nected metric spaces. (Abstract 52-1-48.) 

13. Isaac Opatowski: Markoff chains and Tchebvchev polynomials. 
(Abstract 52-1-44.) 

14. P. R. Halmos: The theory cf unbiased estimation. (Abstract 
52-1-43.) 

15. Lipman Bers and Abe Gelbart: A remark on the Lebesgue- 
Sperner covering theorem. (Abstract 52-1-45-t.) 

16. S. B. Myers: Equicontinuous sets of mappings. (Abstract 
52-1-50.) 

17. Deane Montgomery and Hans Samelson: Fiberings with singu- 
larities. (Abstract 51-11-251.) 

18. J. L. Kelley and Everett Pitcher: Aplications of natural 
homomorphism sequences. (Abstract 52-1-49-/.) 

19. Charles Loewner: On pairs of quadratic forms in Hilbert space. 
(Abstract 52-1-19.) 

20: Richard Brauer: On the representation of o group of order g in 
the field of the gth roots of unity. (Abstract 51-11-201-2.) 

21. S. A. Kiss: Transformations on lattices and structures of logic. 
(Abstract 52-1-4-1.) 

22. A. R. Schweitzer: On the genesis of number systems. Y. (Abstract 
52-1-39-1.) 

23. A. R. Schweitzer: On the genesis of munis sysiems. II. (Abstract 
52-1-40-t.) 

24. D. G. Bourgin: Quadratic forms. (Abstract 51-11-246-i.) 
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25. R. P. Agnew: A simple sufficient condition that a method of 
summability be stronger than convergence. (Abstract 51-11-208-i.) 

26. J. W. T. Youngs: Various definitions of surface and area, Pre- 
liminary report. (Abstract 52-1-26-1.) 

27. Mark Kac: Distribution of eigenvalues of certain integral equa- 
tions with an application to roots of Bessel functions. Preliminary re- 
port. (Abstract 52-1-18-/.) 

28. C. F. Stephens: Solutions of systems of nonlinear difference 
equations in the neighborhood of a singular point. (Abstract 52-1-24-1.) 

29. D. G. Bourgin: Complete sets of functions. (Abstract 52-1-14-1.) 

30. N. R. Amundson: On the boundary value problem of third kind 
for the quasi-linear parabolic differential equation. (Abstract 52-1-9-1.) 

31. D. G. Bourgin: A class of generating functions. (Abstract 
52-1-13-t.) 

32. H. S. M. Coxeter: The order of the symmetry group of the general 
regular hyper-solid. (Abstract 51-11-234-7.) 

33. L. M. Blumenthal: Metric characterization of elliptic space. 
(Abstract 52-1-31-/.) 

34. C. E. Springer: Rectilinear congruences whose developables inter- 
sect a surface in its lines of curvature. (Abstract 52-1-36.) 

35. Edward Kasner and John DeCicco: Heat surfaces. (Abstract 
52-1-27-1.) 

36. John DeCicco: Differential geometry in the Kasner plane. (Ab- 
stract 52-1-33-{.) 

37. J. L. Doob: Markoff chains—denumerable case. (Abstract 
51-11-242-t.) 

38. Isaac Opatowski: Calculation of Markoff chains by incomplete 
gamma and beta functions and by Charlier polynomials. (Abstract 
51-11-244-1.) 

39. Will Feller: On the normal approximation to the binomial. (Ab- 
stract 52-1-42-1.) 

40. Will Feller: Note on the law of large numbers and “fair” games. 
(Abstract 52-1-41-1.) 

41. Menahem Schiffer: Hadamard's formula and variation of do- 
main-functions. (Abstract 52-1-23-1.) 

42. S. C. Chang: A new foundation of the projective differential 
theory of curves in five-dimensional space. (Abstract 52-1-32-t.) 

43. A. E. Heins and Norbert Wiener: A generalization of the 
Wiener-Hopf integral equation. (Abstract 52-1-17.) 

44. Fritz Herzog and J. D. Hill: The Bernstein polynomials for dis- 
continuous functions. (Abstract 51-7-115.) 

45. Gordon Pall: On generalized quaternions. (Abstract 52-1-6-1.) 

R. H. Bruck, Associate Secretary 
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APPENDIX 


EXCERPTS FROM REPORT OF TREASURER 
December 18, 1945 


To THE BOARD OF TRUSTEES OF THE 
AMERICAN MATHEMATICAL SOCIETY 


Gentlemen: 


I have the honor to submit herewith the report of the Treasurer for 
the fiscal year ended November 30, 1945. The following comments 
may be of interest. 


Invesiment Portfolio 


On November 30, 1945, the market value of securities held for In- 
vested Funds exceeded book value by $26,930, and the market value 
of securities held for Current Funds exceeded book value by $1,863, 
thus reflecting the recent rise in security prices. In view of these fig- 
ures and of the conservative character of many of the securities, the 
reserves held in accounts “Reserve for Investment Losses" and 
^Profit on Sales of Securities" are adequate protection against con- 
tingent depreciation in market value. 

The size of the investment portfolio suggests that it may be helpful 
to include here a summary of the changes in security holdings made 
on authorization of the Board of Trustees during the year. I need 
hardly remind you in this connection of the value to the Society of 
the services of the City Bank Farmers Trust Company as Custodian, 


Acquired by Purchase: 


50 shares Crane Co. Cum. Pfd. 32 
25 shares Union Carbide and Carbon Cap. 
200 shares National Dairy Products Com. 


$5,000 New York, Chicago and St. Louis RR. Ref. 321975 
$5,000 U.S. Treasury 24 1972-67 
$5,200 U. S. Savings Ser. G Ref. 21 1957 


Acquired as Gift: 
$25 U. S. Savings Ser. F. 1957 


Acquired through Exchange: 
50 shares Tidewater Associated Oil Co. Cum. Pfd. 41 for 50 
shares Tidewater Associated Oil Co. Cum. Did. 32 
200 shares Sears Roebuck and Co. Com. for 50 shares, in stock 
split. 
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Called: 
50 shares Crane Co. Cum. Pfd. 5 
$5,000 Montana Power Co. 1st and Ref. 3$ 1966. 


The investment portfolio, valued at market November 30, 1945, 
now includes Government bonds 28 per cent, other bonds 16 per cent, 
preferred stock 13 per cent, common stock 37 per cent, cash in savings 
banks 6 per cent. ! 


Income from Invesiments 


Income received during the year from investment of Current Funds 
amounted to $1,245, exclusive of $98 earmarked for International 
Congress. This represents a return of something less than 2.1 per cent 
computed on average book value of investments. Income on Invested 
Funds amounted to $7,367, representing a return of approximately 
3.8 per cent. Total investment income from all sources was thus 
$8,710, representing a return somewhat under 3.37 per cent. This rate 
of return is very slightly over the corresponding rate for the fiscal 
year 1944, increased common stock dividend payments having been 
more than sufficient to offset lower yields from fixed income securities. 

Income from the Henderson Estate was $4,750, which is $239 more 
than was received in 1944 from this source. 


Increase in Surplus and Assets 


Surplus account shows an increase of $4,637 after transferring 
$5 427 from Surplus to Endowment Fund Principal, and after setting 
up a reserve of $2,500 for payment for the Library Catalogue. The 
transfer to the Endowment Fund brought the principal to $71,000, 
slightly more than its value before the charges for depreciation of 
securities were made in 1940. The increase in Surplus is about one-half 
of the corresponding figure for the preceding year. It is to be expected 
that costs will increase in the next fiscal year when, in addition to the 
Library Catalogue and the biennial List of Members, at least two 
Colloquium volumes will be printed and one reprinted. 

The net increase in assets for the year amounted to nearly $14,500. 

Respectfully submitted, 
BENNINGTON P. GILL, 
Treasurer 
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Investments.................. 


TOTAL ASSETS 


CURRENT FUNDS: 


Mathematical Reviews 
Colloquium............. TES 
Mathematical Surveys 
Library Catalogue 
Reprinting Funds 
Prize Funds and Other Special Funds 
Accumulated Income. ................ : 
International Congress 
War Policy Committee .. 


Sinking Fund 


Profit on Sales of Securities 
Miscellaneous 


INVESTED FUNDS: 


Endowment Fund Principal 
Prize Funds and Other Special Funds 
Life Membership and Subscription Reserve 
Colloquium.................. 
Mathematical Reviews 


BALANCE SHEET 
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AMERICAN MATHEMATICAL SOCIETY 


November 
30, 1945 


$ 24,868.41 
54,433.13 


$ 79,301.54 


$ 5,333.06 
137,543.57 


$193,376.63 


$272,578.17 


$ 23,637.34 
9,310.30 
1,250.95 
1,868.68 
3,310.24 


4,518.11 
6,331.71 
143.25 
820.91 
413.36 
91.60 
37,604.59 


$ 79,301.54 


$ 71,000.00 
51,033.22 
3,866.88 
5,000.00 
65,000.00 
4,385.89 
13,090.64 


$193 376.63 


$272,678.17 


een 
eech 


[January 


November 
30, 1944 


$ 27,973.79 
41,839.37 


$ 69,813.16 
$ 336.09 
188,059. 77 


$188,395.86 


$258 209.02 


$ 11,936.09 
7,368.15 
1,236.10 


3,765.26 


$ 69,813.16 


$ 65,573.18 
31,033.22 


$188,395.86 


$258,209.02 
oh 
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SUMMARY STATEMENT OF INCOME 
AND EXPENDITURES 
1944-1945 
: 1945 1944 
Disburse- Disburse- 
Receipts ments Receipis menis 
GENERAL RECEIPTS: 
Dues—Ordinary Memberships.... . ..... $18,346.37 $18,060.64 
Dues—Contributing Memberships. . 978 64 948.06 
Dues—Institutional Mernberauipo. asst 7,013.32 7,510 02 
Initiation Fees.. Se ` i 445.00 793.95 
Investment Income. d, odo xwv 91694.54 8,836.16 
Miscellaneous. . ; 261.74 353.84 
Grant from Rockefeller F oundation for War 
Policy Committee......... ........... 2,500.00 3,750.00 
GENERAL DISBURSEMENTS: 
Secretaries ...... . ... $ 6,277.52 $ 5,642.71 
Treasurer.... | . .. . .. . . . 1,153.96 1,070.77 
Officers' Travelng ` 386.69 600 00 
Abtei sue her Sao ees 1,015.67 984.46 
War Policy Committee Expenses. . 4,076.16 2,030 59 
Emergency .. . . .......... 15 82 158.38 
Total. . $ $39,239.61 $12,925.82 $40,252.67 $10,486 91 
Excess of General Receipts . .... , $26,313.79 $29,765.76 
PUBLICATION: 
Bulletin. ur e Se Met A Aer, Bin s $ 2,195 05 $13,194.69 $ 2,462.10 $11,189.68 
Bulletin Reprinting... .... ..  ...... 936.16 1, "629.45 856.40 
Transactions . — — ..... .... .. 6,592.76 7,918.76 7,097.63 8,644.20 
'fransactions Reprintiug 491.75 253.48 669.76 
Colloquium  ... 3,266.38 1,323.73 3,210.08 1,603 62 
Mathematical Reviews. 15,684.45 13,983.20 15,453.49 12,770 02 
Mathematical Surveys . 220.49 205.64 713 82 317.75 
Semicentennial Publications. 53.09 1.14 180.65 4.03 
American Journal.. .... 2,500.00 2,500.00 
Library Catalogue 2,500.00 631.32 
Total ei: ao. sis . $31,940.13 $41,641 41 $30,643.93 $37,029.30 
Excess Cost of Publication... . .. .. $ 9,701.28 $ 6,385.37 
OTHER: 
Special Funds (including Congress). . . $ 1,283.68 $ 1,223.90 $ 100.00 
Profit /Loss on Sales or u $ 280.25 141.03 
Miscellaneous. 19.04 8.43 
Surplus: 
Mathematical Reviews.. ae 1,000.00 1,000.00 
Library Catalogue .. ......... 2,500.00 
War Policy Committee — ....... o 334.17 
Total... . $ 1,636.89 $ 3,780.25 $ 1,364.93 $ 1,108.43 
Difference ... Sek siae e es Nee $ 2,143.36 $ 256.50 
Net Change in Assets... ....... $14,469.15 $23,636.89 
ASSETS BEGINNING OF YEAR.. ...... ess cee $258 , 209 ,02 $234,572.13 


ASSETS END OF YEAR.. 


$272,678.17 


$258,209.02 


THE NOVEMBER MEETING IN FASADENA 


The four hundred thirteenth meeting of the American Mathe- 
matical Society was held at the California Ins-itute of Technology 
on Saturday, November 24, 1945. The attendance included the 
following forty members of the Society: 

O. W. Albert, H. M. Bacon, Harry Bateman, E. F. Eeckenbach, Clifford Bell, 
E. T. Bell, F. L. Campbell, F. M. Clarke, D. R. Curtiss, P. H. Deus, H. C. Dieck- 
mann, R. P. Dilworth, W. H. Glenn, J. W. Green, W. S. Gustin, O. G. Harrold, 
P. G. Hoel, D. G. Humm, D. H. Hyers, Glenn James, P. B. Johnson, M. B. Lehman, 
Hans Lewy, R. T. Luginbuhl, A. D. Michel, Sam Perlis, W. T. Puckett, W. C. 
Randels, A. C. Schaeffer, G. E. F. Sherwood, Ernst Snepp2r, R. H. Sorgenfrey, 
D. V. Steed, J. D. Swift, A. E. Taylor, F. A. RSEN L. F. V/alton, Morgan Ward, 
E. R. Worthington: Max Zorn. 


In the first part of the meeting three papers were presented with 
Professor Max Zorn presiding. After a brief intermission Professor 
Hans Lewy delivered the invited hour address entitled Water waves 
on sloping beaches with Professor E. T. Bell presiding. Following this 
the remaining papers were presented. 

Titles and cross references to the abstracts of the papers read follow 
below. Papers whose abstract numbers are followed by the letter £ 
were read by title. 

1. E. F. Beckenbach: Oz a characteristic property of linear functions. 
(Abstract 51-9-154.) 

2. William Gustin: Countable connected spaces. Abstract 51-11- 
249.) 

3. R. H. Sorgenfrey: Concerning continua trrecucible about n points. 
(Abstract 52-1-51.) 

4. Ernst Snapper: Polynomial matrices in several variables. (Ab- 
stract 52-1-8.) 

5. F. A. Valentine: Set properties determined by conditions on linear 
sections. (Abstract 52-1-52.) 

6. O. G. Harrold: The ULC property of ceriai+ open sets. I. Euch- 
dean domains. (Abstract 52-1-47.) 

7. H. S. M. Coxeter: Quaternions and reflecticns. (Abstract 51-11- 
233-t.) 

8. Ernst Snapper: Polynomial matrices in one voriable, differential 
equations and module theory. (Abstract 52-1-7-t.) 

9. T. Y. Thomas: Topological theory of dynamical systems. (Ab- 
stract 52-1-38-1.) 

10. T. Y. Thomas: Absolute scalar invariants and the isometric 
correspondence of Riemann spaces. (Abstract 52-1-37-1.) 
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11. A. C. Sugar: On the numerical treatment of forced oscillations. 
(Abstract 52-1-30-1.) 
12. E. M. Beesley and A. P. Morse: $-Cantorian functions and their 
convex moduli. (Abstract 52-1-11-i.) 
A. C. SCHAEFFER, 
Associate Secretary 


BOOK REVIEWS 


Collected works..Vol.1. Theory of numbers. By P. L. Chebyshev (Tche- 
bychef). Moscow-Leningrad, Academy of Sciences of the U.S.S.R., 
1944. 342 pp.+1 plate (Russian). 


The first edition of the collected works of P. L. Chebyshev in two 
large volumes which appeared in 1899 and 1907 contained all the 
memoirs and notes published by the illustrious Russian mathemati- 
cian during his lifetime with the exception of three dissertations, two 
of which had been published previously in book form, while the third 
existed only in manuscript. The Academy of Sciences of the U.S.S.R. 
has now undertaken the publication of the second edition of the works 
of Chebyshev. 

In a short preface to the first volume S. N. Bernstein states the 
motives which guided the Academy in undertaking this new edition: 
“The investigations of P. L. Chebyshev which had played such an im- 
portant part in the development of contemporary mathematics pre- 
serve their vital significance even in our time and many ideas of our 
great countryman, whose work afforded a shining example of the 
unity of theory and practice in mathematics, are not as yet com- 
pletely explored.” 

According to the plan the new edition will include not only the 
papers from the first edition, but also the three above-mentioned dis- 
sertations together with some hitherto unpublished material. For the 
convenience of readers who might be interested only in certain phases 
of the work of Chebyshev the editors of the new edition do not follow 
the chronological order of publication but distribute the papers in 
five volumes according to their content. This first volume contains 
all the papers of Chebyshev pertaining to the theory of numbers, in- 
cluding his well known book, Teorija Sravenij (Theory of congruences). 
The influence which some of these papers exercised on the develop- 
ment of mathematical science is well known and it is hardly necessary 
to stress it in this review. Besides the papers published by Chebyshev - 
himself there is a reproduction of a note by A. Markoff in which he 
reconstructs the proof of a theorem on prime divisors of numbers of 
the form 4x?-++-1 communicated orally by Chebyshev to Hermite, and 
two interesting commentaries: one by A. Geifond on the famous 
Chebyshev memoir on prime numbers, and another by B. Delaunay 
on a series of investigations which grew out of Chebyshev’s memoir Ob 
odnom arifmetitescom voprose (On a certain arithmetical question). 

) J. V. UsPENsEY 
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Lectures on the theory of functions. By J. E. Littlewood. Oxford Uni- 
versity Press, 1944. 84-244 pp. 17s 6d. 


This book is neither a systematic treatise on the theory of functions 
- nor a monograph on some definite branch of this theory, but rather it 
considers such parts of the theory of functions as are near to the center 
of the sphere of interest of the author. The book has a strong and un- 
mistakable personal character and can give not only to those who 
know the author personally but also to those who read between the 
lines an impression of his power and penetration. Mathematical argu- 
ments are selected and arranged with exceptional regard for methodo- 
logical points, an approach which is extremely instructive and valu- 
able. 

The book is divided into three parts: an extensive “Introduction” 
which occupies more than one-third of the book, Chapter I and Chap- 
ter II. According to the author’s original plan, further chapters were 
to.be incorporated in a second volume which has not yet been pub- 
lished. The various matters collected for reference in the Introduction 
provide a mathematical background for the understanding of the 
book, but much of the preparation is actually intended for the un- 
published second volume. 

The Introduction contains a systematic treatment of the inequali- 
ties of Hólder and Minkowski. A section on the theory of functions 
of a real variable provides the background needed in that field of the 
theory of functions of a complex variable which concerns “boundary 
values.” Another section is devoted to the general theory of harmonic 
functions, and a section at the end sets out the behavior of certain 
special functions whose role is to provide counter examples. 

Chapter I is composed of selected topics from classical theory of 
functions of a complex variable, and ends with a discussion of the 
theory of conformal mapping. 

Chapter II is centered around the following general problem. Sup- 
pose that some restriction is placed on the set of values taken by a 
function f(z) which is regular in the unit circle D «1. What is the 
influence of this restriction on the behavior of the function? In par- 
ticular, how does it restrict the modulus of the function and its co- 
efficients? For example, the point w=f(z) may be restricted to move, 
for varying 2, on some given Riemann surface (subordination). The 
chapter begins with a section on subharmonic functions (a topic not 
prima facie related to the main problem), and proceeds to a discussion 
of the principle of subordination (Lindelóf principle). Applications of 
this principle are made to functions subordinate to the elliptic modu- 
lar functions, and also to functions subordinate to schlicht functions. 
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Most of the chapter is based on the author’s own research, but some 
of the material has been supplied by W. W. Rogosinski, who helped 
the author in the final writing of this chapter. 
Some readers will miss an index, and many more will miss biblio- 
graphical references. 
D. C. SPENCER 


General equilibrium theory in international trade. By Jacob L. Mosak. 
(Cowles Commission Monograph No. 7.) Bloomington, Ind., Prin- 
cipia Press, 1944. 187 pp. $2.50. 


This work can be recommended to mathematicians who are inter- 
ested in learning what modern economic theory is about or what : 
mathematical methods have been found useful in this field. It is an 
interesting historical fact that a statistically significant fraction of 
the great literary or non-mathematical economists began their train- 
ing as mathematicians. On the other hand, à no less significant propor- 
tion of those who have made important contributions to mathematical 
economics started out with poor early trainings in mathematics. And 
with a few notable exceptions, the excursions into economics of well- 
trained creative mathematicians of reputations have not resulted in 
the most important advances in this field. | 

Like Willard Gibb’s work in classical thermodynamics, but unlike 
his statistical mechanics, the tools employed in this book are the 
mathematically elementary ones capable oi being taught in advanced 
calculus and undergraduate algebra classes: maxima of functions of 
many variables, Jacobians, Hessians, determinants, and so on. How- 
ever, some of the important aspects of these topics are rarely taught 
in such courses although there is no good reason why they should not 
be. Among these is the statement of sufficient secondary conditions 
for an extremum of a function of many variables subject to a number 
of constraints;.or what is the same thing, the conditions for definite- 
ness of a quadratic form of variables subject to linear constraints, 
with the implied inequalities of certain bordered Hessians. The 
Weierstrassian treatment of this problem is not widely available. 
(Compare, however, Harris Hancock's Maxima and minima, now out 
of print, and Carathéodory's Partiale Differentialgleichungen erster 
Ordnung.) Because Pareto was unfamiliar with this theory, progress 
was held up for fifteen years until the Russian mathematician Slutsky 
put the cart back on the tracks. 

In connection with asymmetrical determinants which arise in the 
study of the problem of stability of multiple markets, same less famil- 
iar mathematical problems and theorems occur. Typical of these is 
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the theorem proved by the author that any matrix which has positive 
diagonal elements and negative off-diagonal elements and whose prin- 
cipal minors are all positive has an inverse whose elements are all 
positive. Another economist (Metzler) has proved the further theo- 
rem of Routhian type that the real parts of ail the characteristic roots 
of such a matrix are all positive. 

PAUL A. SAMUELSON 


NOTES 


Linear transformations in Hilbert space and their applications to 
analysis, by M. H. Stone, volume 15 of the American Mathematical 
Society Colloquium Publications, is again available. A limited num- 
ber of copies have been prepared photographically from the original 
edition. The price is unchanged, $8.00, with the usual 25 per cent 
discount to members of the Society. 


The editors of the Bulletin wish to make grateful public acknowl- 
edgement of the services rendered by the following persons who have 
refereed papers: C. R. Adams, R. P. Agnew, A. A. Albert, Melvin 
Avramy, Reinhold Baer, M. A. Basoco, R. Á. Beaumont, E. F. 
Beckenbach, P. O. Bell, Richard Brauer, A. E. Brown, Herbert 
Busemann, Claude Chevalley, Alonzo Church, R. V. Churchill, 
M. M. Day, John DeCicco, R. P. Dilworth, F. G. Dressel, Nelson 
Dunford, Samuel Eilenberg, Paul Erdós, Will Feller, A. D. Fialkow, 
H. H. Goldstine, L. M. Graves, L. J. Green, V. G. Grove, O. G. 
Harrold, M. H. Heins, E. D. Hellinger, T. H. Hildebrandt, J. D. 
Hill, Einar Hille, Harold Hotelling, Witold Hurewicz, Dunham Jack- 
son, Nathan Jacobson, B. W. Jones, F. B. Jones, E. P. Lane, Solomon 
Lefschetz, Joseph Lehner, Walter Leighton, Howard Levi, Norman 
Levinson, N. H. McCoy, E. J. McShane, J. K. L. MacDonald, 
C. C. MacDuffee, G. W. Mackey, H. B. Manr, Morris Marden, 
W. T. Martin, C. N. Moore, A. P. Morse, F. J. Murray, C. J. Nesbitt, 
John von Neumann, C. V. Newsom, Ivan Niven, Gordon Pall, Harry 
Pollard, Hans Rademacher, Tibor Radó, G. Y. Rainich, E. D. Rain- 
ville, W. C. Randels, W. T. Reid, R. M. Robinson, L. J. Savage, 
A. C. Schaeffer, O. F. G. Schilling, W. Seidel, I. M. Sheffer Seymour 
Sherman, N. E. Steenrod, J. J. Stoker, Otto Szász, Gabor Szegö, 
5. M. Ulam, J. V. Uspensky, R. J. Walker, H. S. Wall, A. D. Wallace, 
Hermann Weyl, A. L. Whiteman, Hassler Whitney, H. S. Zucker- 
man, Antoni Zygmund. 


The editors of the Transactions wish to acknowledge the services 
of the following persons, not members of the Editorial Board, who 
have been consulted regarding papers offered for publication in 
volumes 57 and 58: Emil Artin, P. O. Bell, Salomon Bochner, A. T. 
Brauer, Richard Brauer, R. H. Bruck, Claude Chevalley, W. Z. 
Chien, A. H. Copeland, H. S. M. Coxeter, Herbert Federer, Will 
Feller, K. O. Friedrichs, Nathan Jacobson. M. S, Knebelman, C. C. 
MacDuffee, G. W. Mackey, W. T. Martin, A. M. Mood, Oystein 
Ore, Gordon Pall, Harry Pollard, C. E. Rickar:, O. F. G. Schilling, 
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E. R. Stabler, Otto Szász, Gabor Szegó, G. T. Whyburn, S. S. Wilks, 
John Williamson. 


The following American mathematicians attended the annual 
meeting of the Mexican Mathematical Society during the week of 
May 28th, 1945, at Guadalajara: Nelson Dunford, Solomon Lef- 
schetz, F. D. Murnaghan, Rufus Oldenburger, and Norbert Wiener. 
The first evening of the congress was devoted to a memorial to the 
late G. D. Birkhoff, with addresses presented by Messrs. Graef, 
Lefschetz, and Wiener. 


Professor Garrett Birkhoff of Harvard University has been elected 
an honorary fellow of the Mexican Mathematical Society. 


One of the Theodore Roosevelt Distinguished Service Medals of 
Honor for 1945 was awarded to Dr. Vannevar Bush of the Carnegie 
Institution of Washington in recognition of distinguished service in 
the field of science. 


Professor Hermann Weyl of The Institute for Advanced Study 
has been awarded the honorary degree of Doctor of Mathematics 
by the Eidgenóssische Technische Hochschule in Zürich. 


The Duodecimal Society of Ámerica has conferred its Annual 
Award for 1944 on F. E. Andrews, Tenafly, New Jersey, and for 1945 
on G. S. Terry, Hingham, Massachusetts. 


Mr. L. Mirsky has been appointed assistant lecturer at the Uni- 
versity of Sheffield. 


Dr. Beulah M. Armstrong of the University of Illinois has been 
promoted to an assistant professorship. 


Professor Alfredo Baños of the University of Mexico has been 
appointed professor of physics at the University of California at Los 
Angeles. 


Dr. J. J. Barron of Brown University has been appointed to an 
assistant professorship at Marquette University. 


Dr. R. C. F. Bartels of the University of Michigan has been pro- 
moted to an assistant professorship. 


Associate Dean Walter Bartky of the University of Chicago has 
' been made dean. 


Mr. P. T. Bateman has been appointed lecturer in statistics at 
Bryn Mawr College. 
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Dr. Lipman Bers has been appointed to an assistant professorship 
at Syracuse University. 


Associate Professor D. G. Bourgin of the University of Illinois has 
been promoted to a professorship. 


Dr. F. A. Butter of Lawrence College has been appointed to an 
acting assistant professorship at Stanford University. 


^ Mr. F. L. Celauro has been appointed to an assistant professorship . 
at Lehigh University. 


Assistant Professor Max Coral of Wayne University has been 
promoted to an associate professorship. 


Professor Emeritus L. L. Dines of the Carnegie Institute of Tech- 
nology has been appointed to a visiting professorship at the Univer- 
sity of Saskatchewan. 


Associate Professor J. L. Doob of the University of Illinois has been 
promoted to a professorship. 


Associate Professor Samuel Eilenberg of the University of Michi- 
gan is at present a visiting lecturer at Princeton University. 


Assistant Professor Churchill Eisenhart of the University of Wis- 
consin has been promoted to an associate professorship. 


Miss Mary L. Elveback has been appointed to an assistant pro- 
fessorship at Rockford College. 


Assistant Professor F. C. Gentry of the University of New Mexico 
. has been appointed to an associate professorship at Louisiana Poly- 
technic Institute. 


Mr. R. A. Good of the University of Wisconsin has been appointed 
to an assistant professorship at the University of Maryland. 


Dr. P. E. Guenther of the Case School of Applied Science has been 
promoted to an assistant professorship. 


Associate Professor E. H. Hadlock of Hastings College, Nebraska, 
has been promoted to a professorship. 


Assistant Professor Israel Halperin of Queen's University, King- 
ston, Ontario, Canada, has been promoted to an associate professor- 
ship. 


Mr. J. R. Hanna of the University of Wichita has been promoted 
to a professorship. 
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Dr. E. D. Hellinger of Northwestern University has been ap- 
pointed to a professorship. 


Assistant Professor J. D. Hill of Michigan State College has been 
promoted to an associate professorship. 


Professor W. L. Johnson of Mississippi Southern College has been 
appointed dean of men. 


Dr. H. A. Jordan of Harvard University has been appointed to an 
associate professorship at Mount Holyoke College. 


Assistant Professor K. D. Kelly of Fenn College, Cleveland, Ohio, 
has been promoted to an associate professorship. 


Associate Professor S. C. Kleene of Amherst College has been ap- 
pointed to an associate professorship at the University of Wisconsin. 


Professor Lincoln LaPaz of Ohio State University has been ap- 
pointed to a professorship at the University of New Mexico. 


Dr. C. C. Lin of the California Institute of Technology has been 
appointed to an assistant professorship at Brown University. 


Associate Professor M. S. Macphail of Acadia University has been 
promoted to a professorship. 


Dr. H. B. Mann of Brown University has been appointed to an 
associate professorship at Ohio State University. 


Dr. Margaret E. Mauch of Michigan State College has been ap- 
pointed to an assistant professorship at the University of Akron. 


Associate Professor R. R. Middlemiss of Washington University 
has been promoted to a professorship. 


Dr. Josephine M. Mitchell of Connecticut College has been ap- 
pointed to an associate professorship at Winthrop College. 


Dr. H. E. Nelson of Gustavus Adolphus College, St. Peter, Minne- 
sota, has been promoted to an associate professorship. 


Dr. R. S. Pate has been appointed to an associate professorship at 
the University of South Carolina. 


Associate Professor R. M. Pinkerton of the Agricultural and 
Mechanical College of Texas has been promoted to a professorship. 


Dr. A. R. Poole has been appointed to an assistant professorship 
at Montana State College. 
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Assistant Professor R. F. Rinehart of the Case School of Applied 
Science has been promoted to an associate professorship. 


Mr. Fred Robertson of Iowa State College has been promoted to 
an assistant professorship. 


d 


Dr. L. D. Rodabaugh of Oberlin College has been appointed statis- 
tician in the Bureau of the Census. 


Assistant Professor O. F. G. Schilling of the University of Chicago 
has been promoted to an associate professorship. 


Associate Professor Samuel Selby of the University of Akron has 
been promoted to a professorship. 


Dr. Seymour Sherman has been appointed to an assistant prof essor- 
ship at the University of Chicago. 


Dr. C. L. Siegel has been appointed to a professorship at the Insti- 
tute for Advanced Study. 


Dr. Ernst Snapper of Princeton University has been appointed to 
an assistant professorship at the University of Southern California. 


Assistant Professor N. E. Steenrod of the University of Michigan 
has been promoted to an associate professorship. 


Dr. W. C. Taylor of the University of Cincirnati has been pro- 
moted to an assistant professorship. 


dietus Professor C. J. Thorne of Louisiaria State University 
has been appointed to an assistant professorship at the University of 
Utah. 


Dr. W. R. Transue has been appointed to an associate professorship 
at Kenyon College. 


Dr. B. R. Ullsvik of the State Teachers College in Eau Claire, 
Wisconsin, has been appointed to an associate professorship at 
Illinois State Normal University, Normal, Illinois. 


Dr. Mary C. Varnhorn of Trinity College, Washington, D. C., has 
been promoted to an assistant professorship. 


Dr. G. C. Vedova has been appointed to a professorship at Penn- 
sylvania Military College, Chester, Pennsylvania. 


Dr. Bernard Vinograde of Tulane University has been appointed 
to an assistant professorship at Iowa State College. 
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Assistant Professor G. L. Walker of the University of Delaware has 
been appointed to an assistant professorship at Temple University. 


Associate Professor S. E. Warschawski of Washington University 
has been appointed to a professorship at the University of Minnesota. 


Dr. E. L. Welker of the University of Illinois has been promoted to 
an assistant professorship. 


Dr. Jacob Wolfowitz has been appointed to an associate professor- 
ship at North Carolina State College. 


The School of Mathematics of the Institute for Advanced Study 
will allocate a small number of stipends to gifted young mathe- 
maticians and mathematical physicists to enable them to study and 
to do research work at Princeton during the academic year 1946- 
1947. Candidates must have given evidence of ability in research 
comparable at least with that expected for the degree of Doctor of 
Philosophy. Blanks for application may be obtained from the School 
of Mathematics, Institute for Advanced Study, Princeton, N. J., and 
are returnable by March 1, 1946. 


The following appointments to instructorships are announced: 
Brown University: Dr. W. M. Chen, Dr. Herbert Federer, Mr. M. H. 
Protter; University of Chicago: Dr. Irving Kaplansky; Drake Uni- 
versity, Des Moines, Iowa: Dr. A. A. Grau; Everett Junior College, 

, Everett, Washington: Mr. G. H. Van Arkel; University of Georgia: 
Mr. J. L. Howell; Johns Hopkins University: Dr. Norman Davids; 
University of Kansas: Mr. Edison Greer; University of Michigan: 
Dr. R. D. Schafer; University of Missouri: Mr. J. C. Koken; North 
Carolina State College: Mr. G. C. Watson; Ohio State University: 
Dr. Joshua Barlaz; Oregon State College: Dr. Edmund Pinney; 
Princeton University: Dr. G. W. Whitehead; University of Sas- 

_ katchewan: Mr. J. S. Vigder;Southern College of Optometry, Mem- 

phis, Tennessee: Mr. R. L. Coker; Texas Technological College: Miss 

Virginia E. Bowman; Vanderbilt University: Mr. J. A. Tierney; 

University of Wisconsin: Dr. B. H. Colvin, Dr. Abraham Spitzbart. 


Professor Emeritus M. J. Babb of the University of Pennsylvania 
died on October 27, 1945, at the age of seventy-five years. He had 
been a member of the Society since 1906. 


Professor Conrad Bilgery of Regis College, Denver, Colorado, died 
August 13, 1945, at the age of sixty-five years. 
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Professor Emeritus H. F. Blichfeldt of Stanford University died 
November 16, 1945, at the age of seventy-two years. He had been a 
member of the Society since 1900. 


Assistant Professor Ánnie W. Fleming of Iowa State College died 
on September 19, 1945. 


Professor J. D. Tamarkin of Brown University died November 18, 
1945, at the age of fifty-seven years. He had been a member of the 
Society since 1025. 


Mr. L. E. Widmark of the Star Electric Motor Company, Bloom- 
field, New Jersey, died September 27, 1945, at the age of sixty-one 
years. He had been a member of the Society since 1923. 


Attention is called to the fact that income from the Permanent 
Science Fund, by Agreement and Declaration of Trust, is disbursed 
by the American Academy of Arts and Sciences in support of scien- 
tiüc research in the fields of Mathematics. Physics, Chemistry, 
Astronomy, Geology, Geography, Zoology, Botany, Anthropology, 
Psychology, Sociology and Economics, His-ory and Philology, Engi- 
neering, Medicine, Surgery, Agriculture, Manufacture and Com- 
merce, Education, or any other science of zny nature or description. 
Applications for Grants-in-Aid are receivable on multiple forms which 
will be supplied upon request to the chairman of the Committee, and 
are considered by the Permanent Science Fund Committee of the 
Academy on March 1 and October 1. It is a condition of grants 
made by the Academy from the Permanent Science Fund that they 
are not for financial support of work the results of which comprise 
partial fulfillment of requirements for an academic degree. Disburse- 
ments wil be made upon authorization of the Academy by its 
treasurer directly to recipients, as named in the awards, and not to 
institutions with which recipients may be affiliated. Annual account- 
ing for expenditure of these funds is required as a condition of the 
grant, and the Committee appreciates being informed of the state 
of progress of projects supported and the manner in which grants 
have been utilized. Communications shouid be addressed to: John 
W. M. Bunker, Chairman, Permanent Science Fund Committee, 
Massachusetts Institute of Technology, Cambridge, Massachusetts. 


ABSTRACTS OF PAPERS 
SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 


1. Richard Brauer: Oz the arithmetic in a group ring. I1. Prelimi- 
nary report. 


The paper is a continuation of an earlier paper (Proc. Nat. Acad. Sci. U.S.A. 
vol. 30 (1944) pp. 109-114). The arithmetic in the group ring of a group of finite 
order over suitable algebraic number fields is studied. In particular, the prime ideals 
are considered. In the first paper, a connection has been established between these 
prime ideals and the prime ideals of the group rings of certain subgroups. New rela- 
tions of this kind are given. On the basis of these results, a number of statements con- 
cerning the characters of the group can be made, provided that the corresponding 
statements concerning the characters of the subgroups are known. If ° is the highest 
power of a rational prime f dividing the order of the group, it is shown that the num- 
ber of characters belonging to the same p-block lies below a bound depending only 
on ps. This implies a corresponding result for the prime ideal divisors of p belonging 
to the same block. A refinement of the orthogonality relations for group characters 
is given. (Received October 16, 1945.) 


2. Paul Erdós and Irving Kaplansky: The asymptotic number of 
Latin rectangles. 


It has been conjectured that the number of x by k Latin rectangles is asymptotic 
to (5!)*e-kG—1/2, In this paper the conjecture is proved not only for k constant _ 
(as n— ©) but for k< (log 2)?-*. Certain closer approximations are also found. (Re- 
ceived October 18, 1945.) 


3. B. W. Jones: Equivalence of quadratic forms over the ring of 
2-adic integers. 


Any two quadratic forms f and g with coefficients in R(p), the ring of p-adic inte- 
gers, are equivalent in R(p) to 24f1+24f2+ + - - 4+2%f,and 2%tg:4-2%ge+ ++ + 42%; 
where bebe *** «fg $52 + * <s, and each f; and g, is a form in R(p) of unit 
determinant. If A is that portion of f containing fi, fis, * * * , breit is called an 8-block 
if it satisfies the following two conditions for A=8: (1). 2—1 or 24f;=0 (mod 4 25), 
(2).¢-+r =k or 24trf,4-41=0 (mod 2fitr A). Tf k is notan 8-block but satisfies conditions 
1 and 2 for ^ —4, it is called a 4-block. These two concepts are included in the term 
^-block for A=8 or 4. The following result is proved: if f and g are two forms written 
as above they are equivalent in RO) if and only if k =j, for every 7, s; —1i, and f, and gi 
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have the same number of variables and are both property primitive or improperly 
primitive, and for every pair Fand G of corresponding A-blocks of f and e the follow- 
ing conditions hold: (a) if \=8, then Fis equivalent to G in the field of 2-adic numbers; 
(b) if \=4, then the Hasse invariants cz(F) and &(G) are equal and | F|/|[G| is a 
square unit or 5 times the square of a unit in R(2). This criterion is simpler than pre- 
viously known ones. (Received October 17, 1945.) 


4. S. A. Kiss: Transformations on lattices and structures of logic. 


Any binary operational system (-) is transformed into an isomorphic system (+) 
by a one-one transformation i on its elements: xt-++-yi=(x-~y)t or (x-- yt)?! 2x: y and 
x+y — (xt ytt). The lattice of a Boolean algebra B” has #12? “link-preserving” 
transformations with which 2” distinct transformed systems can be constructed from 
(N). These are mutually distributive over each other and constitute, together with 
the “principal” transformations, a logical classification structure with 2” truth classes 
in which normal forms, quantifiers and identically true formulae exist for each truth 
class. Consequently, there are as many difierent classes of logic as finite Boolean 
algebras B” (x =1, 2, 3, 4, « - - ) although hitherto only the 2-class logic corresponding 
to B! has been known and used. A link is an immediate connection between two ele- 
ments of a discrete lattice. For example, the diagram of B? balanced on a vertex is a 
square; its 8 link-preserving (4 principal) transformations are the symmetries of the 
square (rectangle). These transformations define 4 distinct.systems two of which are 
thé known (N) and (U) and two are new. Link-preserving transformations of certain 
infinite distributive lattices are also studied and their connection with the number 
systems (integers, complex and hypercomplex numbers) is established. (Received 
October 12, 1945.) 


5. Ivan Niven: Sums of squares of integral auaternions. 


Every integral quaternion a+2b1+2cj-2dij is expressible as a sum of three 
squares of integral quaternions, but not every one isa sum. of two squares. (Received 
October 20, 1945.) 


6. Gordon Pall: On generalized quaternions. 


Let (dag) denote a symmetric ternary matrix (a, B=1, 2, 3), and (Aap) its ad- 
joint. Assume that the a44 and 2aeg are integers, and choose eg=0 or 1 to secure 
4Aqg=eaeg mod 2. Then the form F=(fo+27) eate)? + > Aastatg is an integral 
quaternary quadratic form, and is the norm-form of the systera of generalized quater- 
nions associated with (agg). The arithmetic of these quaternions is maximal if and 
only if F is fundamental, that is, F cannot be derived by an integral linear transfor- 
mation from another norm-form of smaller determinaat. There is a close con- 
nection between the arithmetics of these quaternions and the integral automorphs 
of F, and of (aag), the correspondence being one-to-one in the maximal case. The 
factors of any given norm of a primitive quaternion are always unique, up to a unit 
factor. However, unless the genus of F contains only one class, such factorization is in 
general not possible, even when all the obviously necessary conditions are satisfied. 
There exist exactly 39 positive-definite classes of norm-forms in genera of one class, 
hence exactly 39 such systems in which factorization is in general possible as well as 
unique. However, only five of these are maximal. If the genus of a positive-definite 
norm-form F contains two different classes of norm-forms, then it also contains a 
class of quaternary forms which are not norm-forms. (Received November 23, 1945.) 


^ 


1946] ABSTRACTS OF PAPERS 63 


7. Ernst Snapper: Polynomial matrices in one variable, differential 
equations and module theory. 


This paper establishes the foundation for the theory of matrices A = (æ), where 
(o) € P [xy - + - , xn]. Part I treats the case n —1. Contrary to the classical procedure 
which uses sub-determinants of A, the theory is developed intrinsically in terms of the 
column space C and row space R of A. The meanings of the irreducible factors and 
multiplicities of the norm and elementary divisor of A for Cand R thus become clear. 
Systems of linear differential equations and algebraic equations are fully discussed. 
Part II reviews and extends the' ideal theoretic module theory, developed by P. M. 
Grundy in A generalization of additive ideal theory, Proc. Cambridge Philos. Soc. vol. 
38 (1942), and by the author in Structure of linear sets, Trans. Amer. Math. Soc. 
vol. 52 (1942). This theory is the foundation for the case »>1. A general theory of 
systems of linear equations over any ring t is developed. All known criteria for the 
solvability of such systems for special rings are corollaries of the criterion of lengths 
of this general theory. If r =P [x], the theory becomes the theory of Part I. (Received 
October 7, 1945.) 


8. Ernst Snapper: Polynomial matrices in several variables. 


This paper discusses the theory of matrices A = Lol, where ai, € P læn ++, Xs]. 
The module theory, discussed in Part II of the author's paper Polynomial matrices 
in one variable, differential equations and module theory, associates several invariants 
to the column space C and the row space R of A, for example the associated primes py, 
the p,-lengths, the p,-elementary divisors, and so on. Since R and C are polynomial 
modules, the theory of the Hilbert characteristic function can be developed for them 
which gives rise to one further invariant, called the p;-degree. In terms of these in- 
variants, the theory of the system of linear partial differential equations and alge- 
braic equations, represented by A, is investigated. Furthermore, the irreducible fac- 
tors and multiplicities of the norm and elementary divisor of A, as defined by the 
author in The resultant of a linear set, Amer. J. Math. vol. 66 (1944), are explained in 
terms of the above invariants. (Received October 7, 1945.) 


ANALYSIS 


9. N. R. Amundson: On the boundary value problem of third kind 
for the quasi-linear parabolic differential equation. 


The author considers the quasi-linear parabolic equation with boundary condi- 
tions of the third kind for the open rectangle, that is, uz; —f(x, y, 4, P, J); — ata thie 
=c(y), when «=0; abu -—o(y), when x=l; u= olx), when y=0, where c(y) 
and $9 (x) are continuous and b;/a; are non-negative constants. By use of the Green's 
function for the problem the above system is shown to be equivalent to a nonlinear 
integro-differential equation. Assuming that f(x, y, 1, p, g) is continuous in all five 
variables, and that its partial derivatives with respect to y, #, p, q satisfy a Lipschitz 
condition in 4, p, qand are bounded, the existence of a solution u(x, y) of the integro- 
differential equation is proved by an iteration method. Under the further assumption 
the uz and 4, satisfy a Hölder condition with respect to y, the uniqueness of the solu- 
tion u(x, y) is established. M. Gevrey (Thése, Journal de mathématique (6) vol. 9 
(1913) and vol. 10 (1914)) considers the same differential equation for boundary con- 
ditions of the first kind. (Received October 19, 1945.) 
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10. E. W. Barankin: On the eigen-values of infinite matrices and of 
linear integral equations. Preliminary report. 


In a recent paper (Bull. Amer. Math. Soc. vol. 51 (1945)) the author established 
several symmetric upper bounds for the characteristic roots of a finite matrix. The 
methods there employed are carried over to the discretely infinite and continuous 
cases, to give, under weak restrictions to insure convergence. the corresponding re- 
sults. For an infinite matrix the bounds are of the same form (with some small 
exceptions) as in the finite case. For the general homogeneous linear integral equation 
Se K(s,Df(t)dt = f(s) the bounds obtained are |A|? €Lu.b. [fo |K(s, Ya 
Jo. (KES) {dt}, | M Slub. fo | K(s, H |di [A] Slu.b.w fo” LEI, aldi and certain 
generalizations of the first of these. (Received November 17, 1945.) 


11. E. M. Beesley and A. P. Morse: $-Cantorian functions and 
their convex moduli. 


A set function $* may be associated with a function ¢ which is nondecreasing on 
[0, ©) with (0+) =¢(0) «0. A set ACJ is said to be ¢-Cantorian if it is the inter- 
section of a denumerable sequence of sets each of which is associated with a family 
of intervals satisfying certain conditions involving ¢ and J. If f(x) =¢*((— ©, x]- 4) 
where A is a ¢-Cantorian set, then f is called a ¢-Cantorian function. The convex 
modulus ® of a function f has the property that | ft) —f(t)| S &(f5—1:) and satisfies 
certain other conditions. Methods for construction of ¢-Canzorian sets and for de- 
termination of the convex modulus are considered. These methods are employed to 
construct in any interval a set of Lebesgue measure zero which cannot be covered by 
any sequence of intervals whose lengths are equal to a prescribed sequence of numbers 
whose sum is less than the length of the original interval. A symmetric product 
measure is constructed and a perfect plane set is exhibited which has measure one 
but which cannot be expressed as a sum of a denumerable sequence of sets of finite 
measure after being subjected to a properly chosen shear or rotation. (Received 
November 19, 1945.) 


12. Lipman Bers and Abe Gelbart: A topological property of solu- 
tions of partial differential equations. 


Given a function u(x, y) defined in a domain D and satisfying the elliptic differ- 
ential equation (au, +bu,)2+(b4:-+cu,),=0, where a, b, c are analytic functions of x 
and y; then there exists a homeomorphism of D into a domain A of the £, 7-plane 
which takes % into a harmonic function of £ and 7. The proof is based on Stoilow's 
topological characterization of analytic functions of a complex variable. (Received 
October 19, 1945.) | 


13. D. G. Bourgin: A class of generating functions. 


This note continues previous work on orthonormal sequences of the type {f(»x) }. 
Among other things it is shown that if the associated $(z) belongs to K’ and has a 
finite base, then ¢(z) is a quasi elementary solution. (Received October 19, 1945.) 


14. D. G. Bourgin: Complete sets of functions. 


(A) Let (g.(x)] be O.N. and complete in LE), Let Bal =fa(x) — g«(x). Then, 
under certain minor convergence conditions, a sufficient condition for completeness 
of {f,(x)} is that the Grammian of { Fa(x) } have a bound inferior to 1. In particular, 
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the restriction supisi««y il [Fr F,]| <1 is sufficient. (B) If ga(x) =sin nx and fn(x) 
=f(nx) with f(x)-~sin x—}_b; sin ix, then a sufficient condition for completeness of 
{ fn(x) } in the space of odd functions in Latz zl is essentially that 
> IS, F,] cos (log z—log j)x $6 «1 where the sum is taken over all relatively 
prime integers 2 and j. If only a finite number of b;'s are nonvanishing, 0 can be 1. 
Some theorems of Szász type are also given. (Received October 18, 1945.) 


15. R. H. Cameron and W. T. Martin: The orthogonal development 
of nonlinear functionals in series of Fourier-Hermate functionals. 


The authors show that certain products of Hermite functions of orthogonal linear 
functionals form a closed orthonormal set in the space L# of nonlinear (that is, not 
necessarily linear) functionals of the Wiener integrable square. In terms of this set, 
each functional F of L* can be developed in an orthogonal series which converges to 
F in the mean of LZ. (Received October 19, 1945.) 


16. Herman Chernoff: Complex solutions of partial differential 
equations. I. 


The author considers certain classes (? of complex solutions of equations 
Au+Au,+Bu,+Cu=0. Bergman demonstrated certain properties of these classes 
(see Bergman, Trans. Amer. Math. Soc. vol. 53 (1943) pp. 130—155 and vol. 57 
(1945) pp. 299-331). The author investigates the distribution of b-points of functions 
u Be introduces in the usual manner the notion of the index of a b-point (that is, 
generalized concept of multiplicity) and denotes by als, (u— = the sum of the 
indices of points where u=bin |z| <r (g=x+iy). Let 2«m[r, «] — f; "log*| u| de where 
z —re:?, Using Nevanlinna's Second Fundamental Theorem, the author gives an upper 
bound for m |r, u] in terms of 3 an [r, (u —o,)]. This upper bound holds for a certain 
restricted set of positive r. However in certain cases it is shown that r belongs to 
this set if r is large enough and u ap on | z| =r, For certain subsets of functions 4€ (?, 
it is proved (in analogy of the Picard Theorem) that # attains all finite values. (Re- 
ceived November 14, 1945.) 


17. A. E. Heins and Norbert Wiener: A generalization of the 
Wiener-Hopf integral equation. 


A method is given which enables one to find the solutions of the integral equations 
of the type (*) f(x) = Af," Klx+y)f(y)dy where K (x) 2 O(e7), x— œ , and O(1/x), x0. 
This is accomplished by decomposing (*) into an infinite sequence of bilateral faltung 
integral equations, each of which depends on the solution of the previous one. The 
final result appears as an infinite series of integral operators, applied to a known 
function. An example for which the final answer appears in closed form is given. 
(Received November 13, 1945.) 


18. Mark Kac: Distribution of eigenvalues of certain integral equa- 
tions with an application to roots of Bessel functions. Preliminary re- 
port. 

Let p(u)EL(— o, ©), p(u)=p(—x) and let F(t) = [2 plu) cos udu be also in 
L(— æ, el Consider the eigenvalues Aa), As(0), * * * , of the integral equation (*) 


T p(s— -Df()dt = Af(s). It is shown that for 722 the limit of (2a) 19 A, as a— c, 
is m1/, F^(£)dt. Denoting by Mie, B; a) the number of eigenvalues of (*) which fall 
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within (a, 8) (not containing 0) it is easy to calculate explicitly lim4,.(2a)-* N(o, B; a) 
in terms of F(£). If y 0 and X(y), (3), * -+ , are the eigenvalues of the integral 
equation (**) JI exp (—~y]|s])p(s—2) exp (— thoai Mf (s), then the limit of a? A, 
as y 0, is (2) pi F^(£d£. Denoting by N(o, 8; y) the number of eigenvalues of (**) 
which fall within (e, 8) it is again easy to calculate lim4.,oyN(a, 8; y) in terms of 
F(£). If in (**) one puts p(u)' 22^ 1exp (— lul) the eigenvalues are expressible in terms 
of roots of Jiry(x) and Ji'ry(x). As a consequence one obtains the following result: 
If N(a; v) denotes the number of positive roots of J,(x) which are less than ar (a>1) 
then »-1N(a; »)—4-1((o2—1)!/2—arc tan (a?—1)4*}. This in turn implies, among 
others, that if r,(v) is the »th positive root of J,(x), then »-1r,(v) —x1--1, where x is 
the first positive root of tan x=x. (Received October 18, 1945.) 


19. Charles Loewner: On pairs of quadratic forms in Hilbert space. 


One may ask which of the infinitely many linear transformations in z-space trans- 
forming two given positive definite forms A(x, x) —2 art", B(x, x) =) ydpox?x? 
into each other is the most “economical.” The answer will depend on the method by 
which the economy is measured. It is natural to introduce a metric in the space of 
linear transformations and to call that transformation the most economical which is 
closest to the identity. Again, it is natural to use a metric that is intrinsically con- 
nected with the two given forms. A positive definite form represents a metric in the 
vector space. In a well known manner one can derive from it & metric in an arbitrary 
tensor space, especially in the space of linear transformations. I= is remarkable that the 
two minimum problems derived in this way from the given forms have the same 
unique solution. Its matrix To can be expressed by the matrices A and B of the given 
forms as that square root (A~1B)1/2 whose characteristic values are all positive. These 
elementary considerations can be generalized to Hilbert space by a suitable modifica- 
tion of the extremum problem. It can be shown thata suitable (A7 1B)1/2 has similar 
extremum properties as in the finite-dimensional case: (Received October 22, 1945.) 


20. L. B. Robinson: Solution of an integral equation by alternating 
successive approximations. I. 


In the integral equation u(x) =) D ca (Pin(x)/Oen(x)) TO 4-52) (Pos Lei Qin(s)) 
-u(s”?)ds +Pin(x) / Qua (5) + Diet Pin(&)/Orn(&)), P and Q are polynomials of order 
n and p is an integer. The adjoint is (x) «A Y ta(Pia(x) /Qu(x71)) fa— 04s) 
Pis (s 3)/ Qis (s )u(s*7)ds Pas (7) /Qan (x?) +2 aVa(Pu(x/Qu(x). By alter- 
nating successive approximations obtain #(x) and u(x^*) and then weld them together 
by calculating the vo as linear functions of the ae, The #s may be all zero. The author 
made his calculations using the number 3 but 3 can be replaced by any integer. (Re- 
ceived November 2, 1945.) 


^ 


21. L. B. Robinson: Solution of an integral equation by alternating 
successive approximations. 11. 


Write u(x) =A 1+9 7G (x, rs/(1+s))u(s)ds+ F(x), asi Lise, «/ (14-3) =r. 
G, F are finite in the real domain with period +, —7. Then u(x) =f; (144-52) a0(x) 
ES We mol [as (x) cos me +b„(x) sin me ]}u(s-2)ds + F(x), u(x) 23 f; — (4 tst) (ao(271) 
HD m-les(x) cos mr + balx) sin mr}}u(st®)ds + F(a) + A. Ratlam (x um 
+bn(x um |. Solve by alternating successive approximations. u(x) and #(x-1) con- 
verge within the unit circle. The two can be welded together if the constants Um, Um 
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are selected properly. The results can be extended to the complex domain. (Received 
November 2, 1945.) 


22. Robert Schatten (National Research Fellow) and John von 
Neumann: The cross-space of linear transformations. II. 


The present notation is that of Bull. Amer. Math. Soc. Abstract 51-9-162. For 
any crossnorm a2), (Bı Giel may be considered as a Banach space of linear trans- 
formations from $8; into B# (from Bz into B*), while $8,* Qa BAC (B1SaB2)* may be 
considered as the Banach space of all those linear transformations of ($81 9,5182) * which 
may be approximated in norm by linear transformations with finite-dimensional range. 
In particular for a Hilbert space $, $ 9,9 e LÉI 94$)* represents the "trace-class," 
that is, all linear transformations T on $ with finite trace; the norm y(T)= trace 
(T'T)42, where 7" represents the adjoint of T. It is also shown that X does not 
necessarily represent the least crossnorm, that is, there exist crossnorms whose associ- 
ates are not crossnorms. (Received November 13, 1945.) 


23. Menahem Schiffer: Hadamard's formula and variation of do- 
main-functions. 


Hadamard's formula for the variation of the Green's function g(x, y) for a varying 
domain D holds for smooth boundaries only. Considering special variations of D and 
using Green’s identity, one may express this variation in terms of g and its deriva- 
tives at interior points of D only, resulting in a formula valid for general domains D. 
This was previously derived by the author in another way (Amer. J. Math. vol. 65 
(1943) pp. 341-360). The same variation formula holds for many other domain- 
functions, for example, log | f(x) | , where f(x) maps D on the exterior of a circle slit 
along concentric arcs and radial “stretches.” In the case of smooth boundaries, the 
formula may be transformed into one of Hadamard's type, but is different for each of 
the domain-functions mentioned. The general formula is of wide applicability in ex- 
tremum problems of conformal representation. Utilizing the periods of the analytic 
function with real part g(x, y), one obtains variation formulae for the harmonic 
measures and the capacity constants of the different boundary continua. The method 
also permits applications in the theory of Riemann surfaces. The variation of the 
elementary integrals and their periods satisfy very similar formulae for a general class 
of deformations. (Received October 22, 1945.) 


24. C. F. Stephens: Solutions of systems of nonlinear difference equa- 
tions in the neighborhood of a singular point. 


Consider the system of nonlinear difference equations (1) +(x-+1) =D" bi (x)y;(x) 
Haf (y(x), -*-, Yn(x); x) where the f; begin with terms of the second degree in 
y;(x), are analytic functions of y(x), and continuous functions of x in the neighborhood 
of (xz, 1x) =0, : - +, y&(x) 20). k is taken to be a positive integer and 
f,(0, ---,0;x) = 0. By making use of the transformation (x) = [T (9) etc), 
where T(x} is the well known gamma function, and the earlier results of the author 
(Bull. Amer. Math. Soc. Abstract 50-5-148), one shows that there exist many solu- 
tions of equations (1). These solution functions are continuous functions of x ina 
certain domain extending to infinity on the left and approach zero as a limit as x ap- 
proaches infinity on rays parallel to the negative axis of reals. (Received October 18, 
1945.) 
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25. S. E. Warschawski: On the modulus of continuity of the mapping 
function at the boundary in conformal mapping. 


The author proves the following theorem: Let D bes simply connected region 
such that (i) D contains the unit circle and is contained in |w| «R; (ii) if D is divided 
into two parts by a crosscut of diameter 5 «1, then tke diameter d of the subregion of 
D which does not contain the origin satisfies the inequality Z<Spö+tn (u and » are 
constants, „21, 720). Suppose that w=f(z) maps D <1 conformally onto D 
(f(0) =0, PO) >0). Let k be an arbitrary constant, k=4R?, k>u2. If zo is any point 
on |z| 21 and if zı and z: are in |z| «1 with |z;i—z)| Sr<exp [—kx?/4], then 
| flex) —f(22| S (kr2/u) +nk2/(kl2—,) where &=(2/(m2k)\(log k—2 log ai, This re- 
sult is applied to the following problem. Let C1 and C2 be closed Jordan curves con- 
taining w =0 in their interiors D;, such that C» is in the e-neighborhood of Ci (that is, 
every point of C; is within a circle of radius « about some poiat of Ci) and C: in the 
eneighborhood of Ci. Let w=f,(z) map |z| <1 onto D; (f;(0) =0, f? (0) 50). Then a 
function Ziel is determined, which, aside from e, depends cnly on certain parameters 
characterizing the C,, such that (bis) —f:(2)| < &(e) far |z| $1. (Received October 19, 
1945.) 


26. J. W. T. Youngs: Various definitions of surface and area. Pre- 
liminary report. 


This paper lists several definitions of the word “surface” and uses recent results 
in the field to show how the term “area” can be applied to each. The principal result 
is that in each case the area is a lower semi-continuous function of the surface. (Re- 
ceived October 17, 1945.) 


APPLIED MATHEMATICS 
27. Edward Kasner and John DeCicco: Heat surfaces. 


If a region of space is heated by conduction, the temperature » at a time ¢ ata 
point (x, y, z) is »=¢(x, y, 2, t), where à satisfies the Fourier heat equation. Kasner 
has introduced the term heat surfaces for those along which »=const. and t=const. 
In general, there are ©? heat surfaces. In the present work, the authors extend to 
space certain theorems of Kasner concerning heat families in the plane, published in 
1932-1933, Proc. Nat. Acad. Sci. U.S.A. There are no systems of v? planes or «? 
spheres which form a heat family except in the imaginary domain. The only sets of «1 
planes which form a heat family are the pencils. A system of «! spheres is a heat 
family if and only if it is a concentric set. The only isothermal systems of planes are 
pencils and the only isothermal sets of spheres are concentric families. The cases 
where there are only ©! heat surfaces are connected with the equations of Laplace, 
Poisson, and Helmholtz-Pockels. Finally, these results are extended to z dimensions. 
(Received October 11, 1945.) 


28. H. E. Salzer: Coefficients for repeated integration with central 
differences. 


The present paper is aimed toward facilitating double or &-fold repeated quadra- 
ture of a function which is tabulated at a uniform interval, with its central differences 
of even order (see Abstract 51-9-172). When the Everett interpolation formula is 
integrated E times over an interval of tabulation, one obtains a formula for stepwise 
multiple quadrature in the form (1) fte- fi : f; NIC (dx) =h [APh ABD f, 
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7 (A BP TUR... This article tabulates: I. A2, B®, exact values for 
2s—0, see, 20 and sixteen decimal places for 2s=22,--+, 48. II. AS Bows 
k=3(1)6, 2s=2, 4, - - , 20, eight significant figures (but exactly for s=0). Simple 
recursion formulas are obtained for A and BY in terms of M2,=2A),, an applica- 
tion of which is the expression of (1) in terms of à; and ws , analogous to the forward 
version of the Newton-Gauss interpolation formula. Expressions are derived for 
A9 and BË in terms of BP (x), Bernoulli polynomials of degree » and order m. 
Cumulative recursion formulas are derived for A® in terms of B®, and for BY in 
terms of A9, i=1, 2, --- , k. (Received November 22, 1945.) 


29. H. E. Salzer: Table of coefficients for obtaining the first derwa- 
tive without differences. 


When a function f(x) is known for n equally spaced arguments at interval k, an 
approximation to the derivative at a point x —xo--ph may be obtained, by the differ- 
entiation of the well known Lagrangian interpolation formula, in the form 
f'(xo-- ph) (A /AC(n)) DE ay ne” (p)f(xo--ik), where [m] denotes the largest 
integer in m, C. (p) are polynomials in p of the (n —2)th degree, and Ca) denotes 
the least positive integer which enables C?" (5) to have integral coefficients. The 
present table gives the exact values of these polynomials Cj" (p), for p ranging from 
— [(n —1)/2] to [2/2]. For 4 —4, 5 and 6, the polynomials C? (5) are tabulated at 
intervals of 0.01; for n —7, they are tabulated at intervals of 0.1. (Received November 
6, 1945.) 


30. A. C. Sugar: On the numerical treatment of forced oscillations. 


The solution of the equation £+wx=a(t), x(0) 20—2(0), is given by x=(1/w) 
. fea (7) sin e(1 — 7)dr. In this paper a simple approximation of xand hence of Zis found. 
Easy vector methods of obtaining max |x| and max || are discussed. (Received 
November 17, 1945.) 


GEOMETRY 
31. L. M. Blumenthal: Metric characterization of elliptic space. 


In this paper the first characterizations of finite and infinite dimensional elliptic 
spaces to be expressed wholly and explicitly in terms of distance relations are ob- 
tained. The characterizations are secured by direct, elementary geometric arguments. 
Only the simplest properties of elliptic space are used and no reference whatever is 
made to topological theorems. (Received October 3, 1945.) 


32. S. C. Chang: A new foundation of the projective differential 
theory of curves in five-dimensional space. 


Asa preliminary a covariant triangle of reference and unit point for a plane curve 
is determined in an elementary and geometric manner using neighborhoods of order 
six. For a point P on a curve l'in five dimensions a covariant triangle PPıP, and unit 
point is first determined for the curve of intersection C of osculating plane and 
developable hypersurface of T. PP,P; are three vertices of a quadrilateral Q on a 
covariant quadric generated by certain Bompiani osculants. The fourth vertex of Q 
is chosen as P3. Similarly P4, Ps can be defined leading to a covariant pyramid for T. 
The Frenet-Serret formulas for the cases of P an ordinary and a k-ic (k —6, 7, 8) 
point follow from the corresponding canonical expansions. The method has the ad- 
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vantage of facilitating the geometric interpretation of the projective invariants of T. 
(Received November 1, 1945.) 


33. John DeCicco: Differential geometry in the Kasner plane. 


A horn angle is defined as the configuration formed by two curves which pass 
through a point in a common direction. The qualitative and quantitative aspects 
of a horn angle have been under consideration since ancient times. In discussions 
from 1909-1912, Kasner showed that each category has an invariant under the 
conformal group, essentially unique for each category. To study a horn angle of 
category 7, it has been found convenient to introduce an auxiliary (z-4-1)-dimensional 
space, termed the Kasner space Kn}, where the metric corresponds to the measure 
of a horn angle. Consider the simplest case n=1. The metric in the Kasner plane is 
ds —dx*/dy. In the present paper, the author begins the study of the differential 
geometry of the Kasner plane. The concept af curvature and the theory of evolutes 
and involutes are developed. Also the arc curvature is considered. This is the limit 
of the ratic of arc to chord. (Received October 11, 1945.) S 


34. G. B. Huff: I nequalities connecting Solutions of Cremona’s equa- 
tions. 


An integer solution x= (xo; xi, * * * , x,) of Cremona's equations x x ose — x? 
=d+p—1, 3%0—%1— +++ —x,=d—p-+1 is said to be proper if xo is the order and 
“1, * * * , X, are the multiplicities, at a set of p points in the plane, of a complete and 


regular linear system of plane curves of dimension d and genus f. Inequalities of the 
following type are established. If x is a solution of Cremona’s equations with x70, 
p20, dei and c is a proper characteristic for p=0, d=2, then om -an— + - - 
— Cp% 20. If f is a proper characteristic for p=d=0 and x is a/characteristic of x» >0 
and f, d ncn-negative and not both zero and xo f» then foxo—fixi— + + - —fpx, Z0. 
' These inequalities lead to criteria concerning proper solutions. (Received October 16, 
1945.) 


35. Edward Kasner and John DeCicco: Problems on perspective l 
maps. 


The authors present some theorems in the perspective mapping of a surface upon a 
plane from a given point. The only perspective conformalities upon a plane are 
Ptolemy’s stereographic projection of a sphere, and the obvious limiting case of a 
parallel plane. If more than 3 ©! geodesics are projected into straight lines, tken all 
geodesics become straight lines, and the surface is a sphere, or any plane, parallel or 
not; furthermore the point of perspectivity is at the center of the sphere. The surfaces 
are Classified with respect to the maximum number of geodesics which project into 
straight lines, There are four distinct classes. The class for which area preserving per- 
spectivities exist is discussed. The complete integrals are cylinders whose directorial 
curves are defined by a Tchebycheff integral of non-elementary character. Other 
solutions may be found as envelopes of these cylinders. The sphere is not a solution. 
(November 20, 1945.) 


36. C. E. Springer: Rectilinear congruences whose developables inter- 
sect a surface in tts lines of curvature. 


A congruence of lines is referred to a surface S, and the equation of the net of 
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curves in which the developables of the congruence intersect the surface is obtained. 
This net is called the intersector net on S. It is shown that the exhibition of a con- 
gruence relative to S for which the intersector net coincides with the lines of curva- 
ture net on S requires a solution of a partial differential equation of Laplace. It is 
also demonstrated that the specification of a congruence for which the intersector 
net coincides with the asymptotic net on S requires a solution of two partial differ- 
ential equations of parabolic type. (Received October 11, 1945.) 


37. T. Y. Thomas: Absolute scalar invariants and the isometric corre- 
spondence of Riemann spaces. 


Necessary and sufficient conditions for the isometric correspondence of Riemann 
spaces R, and Rn are given in terms of the equality of absolute scalar invariants of 
the spaces. In the general case for which the spaces admit a complete set of » func- 
tionally independent scalars it is proved that these and a certain derived set of scalars 
suffice for the solution of the problem. The solution of the correspondence problem is 
given for spaces of two dimensions which do not admit two functionally independent 
scalars. (Received October 10, 1945.) 


38. T. Y. Thomas: Topological theory of dynamical systems. 


The projective or topological theory of dynamical systems is concerned with the 
study of the trajectories independently of their time parameterization. This paper 
deals with the possible changes in the invariants determining the system which leave 
the trajectories unaltered. The case of the conservative system is of especial interest 
and is treated in detail. Under the assumption that the dynamical systems admit 
essentially a single quadratic or energy integral it is proved that the most general 
transformation on the Coefficients gag of the expression for the kinetic energy and the 
potential function V is given by gag=(cw-+d)hag and V=(aw-+b)/(cw+d) where the 
a, b, c, d are constants. It is shown, moreover, that the property of a conservative sys- 
tem of possessing essentially only one energy integral is invariant under this trans- 
formation. The methods can be applied to systems which are not conservative. 
(Received October 10, 1945.) 


LOGIC AND FOUNDATIONS 


39. A. R. Schweitzer: On the genesis of number systems. I. 


This paper aims to effect a gradual transition from the foundations of geometry 
to postulates for number systems in terms of undefined relations (operations) analog- 
ous to concepts previously developed by the author, Amer. J. Math. vol. 31. The first 
of these sets uses the undefined operation “replacement” (transformation) analogous 
to that employed in Chapter II of the preceding article, p. 373. A set S of elements 
(o) is combined into dyads (af) of a set T assumed subject to two types of replace- 
ment of dyads by elements, symbolized by R(aß)=y and P(«d) =p. These relations 
are also expressed, 7R(a8) and &P(«X) or y=a+8 and u —xX2. A closer analogy is 
attained by assuming, instead of R(af) =y, that if a£, 8£(£o, £8) are in 7, then y 
exists in S such that y£(£y) in T replaces a£, B£(£a, £8); in symbols, R(a£, BE) —v£ or 
yER(ot, BE) or y£—a£--8£; and so on. The relation y=a-+ß then holds if and only if 
yEcat--B£(by—ta--t8) for any tin S. Postulates in terms of yR(aB) and ole) 
are also interpreted as analogous to the author's system ?R; (ibid. p. 382). (Received 
October 19, 1945.) 
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40. A. R. Schweitzer: On the genesis of number systems. II. 


In continuation of the preceding paper, other developments of number systems 
are: (2) in terms of reflexive, symmetric and transitive relations aßRyd(a+ß=y+5) 
and «APuv(kXA=uX») in analogy with tke author's relation ogK-y5 (ibid. p. 394) 
' and (3) asan elaboration of linear order based on the author's system IR, (ibid. p. 378). 
In system (2) the author employs the binery relational symbol «&ßRPy5 to express 
Rap=Pyé or a+8=y X5; aBRRyé and AF Pyy are assumed respectively equivalent 
to aßRyö and fra, Further assumptioas are: 1. agPP«ó implies yöPRaß. 2. 
aBX Pau, AuYZyö imply a8XZy8, where X, Y, Z are on the set (R, P). 3. There 
exist uniquely in S the distinct elements w (zero) and e (unity) such that awRPae for 
any «in S. 4. awRPBe implies a=. 5. Foz any à, B in S there exist uniquely y, 5 
such that aß Ryw and aßPöe. 6. «BR£c and ës: Raa imply ayR&y; and similarly for the 
relation P. Correspondingly, distributive, inversive and cammutative properties are 
stated. The extension of the preceding system S ir analogy with the author's systems 
^R, and "K, (121, 2, 3, - - - ) is discussed. (Received October 19, 1945.) 


STATISTICS AND PROBABILITY 
41. Will Feller: Note on the law of large numbers and “fair” games. 


An example is exhibited to show that a game can be “fair” in the.sense that the 
expectation of loss vanishes, and nevertheless such that the probability tends to one 
that after a trials there will be a positive loss La: the ratio of Lẹ to the accumulated 
entrance fees tends to zero as slowly as one rleases. On the cther hand, in the classical 
Petersburg game entrance fees can be determined so that the game becomes fair in 
the sense that the probable loss or gain will be of smaller order of magnitude than the 
accumulated entrance fees. (To appear in the Annals of Mathematical Statistics.) 
(Received October 4, 1945.) 


42. Will Feller: Oz the normal approximation to the binomial. 


The goodness of the normal approximation to Th, =} z=) Crxp*(1 —p)*-* is stud- 
ied with particular reference to the practically important cases of small np(1—+) and 
of comparatively large A and y. Limits of tke integral are determined which depend 
quadratically on À and » and are such that the integral w:ll approximate Th » from 
above or from below. The relative error is also studied. In a sense this paper continues 
a well known series of studies by Serge Bernstein (the latest in Izvestia Akademiia 
Nauk SSR, 1943). By the departure from the class:cal, but arbitrary, use of moments 
unexpected simplifications are obtained which render S. Bernstein’s results more 
accurate and valid under less stringent conditions. (To appear in the Annals of 
Mathematical Statistics.) (Received Octobe- 4, 1945.) 


43. P. R. Halmos: The theory of unbiased estimation. 


Let F(P) be a real-valued function defined on & subset E of the set D of all prob- 
ability distributions on the real line. A function f of # real variables is an unbiased 
estimate of F if for every system Xi, +++, X, of independent random variables with 
the common distribution P the expectation cf f(X, - - ZA exists and equals F (P), 
for all P in E. Under the assumption that E contains all purely discontinuous dis- 
tributions, the class of all functions F(P) wh ch possess an unbiased estimate is char- 
acterized and all unbiased estimates of each such F are described. It is shown that 
there is in every case a unique symmetric unbiased estimate which coincides also 
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with the unbiased estimate of least variance. Thus the classical estimates of the 
mean and the variance are justified from a new point of view, and also computable 
estimates of all higher moments are presented. It is interesting to note that for # 
greater than 3 neither the sample nth moment about the sample mean nor any con- 
stant multiple thereof is an unbiased estimate of the nth moment about the mean. 
(Received October 6, 1945.) 


44. Isaac Opatowski: Markoff chains and Tchebychev polynomials. 


Let the possible states be 0, 1, - - - , n+1 and the only transitions possible during 
any time di (;/—1—4) for 1SiSu-+1 and (+13) for 0S: Sz —1. Let the condi- 
tional probabilities for these transitions be respectively k;dt+o(di) and g:(df) +o(dt), 
where b; =k for 1 Si <n, kay =k or 0, go gor 0, k and g being two positives constants. 
The probability P(t) of the existence of the state » at a time ¢ if the state 0 existed 
at i=0 is in the general case a convolution of particular functions P(/) corresponding 
to the following cases: (i) &4,1—0, g=g (iSn—1); (ii) bus g=g GSn—2), 
5-170; (iii) bah, gi g (6m —1). In (i), p(s) = foe "P (dte (k/g)"'*/ [SU (x) ], 
where U„(x) is the Tchebychev polynomial of second kind and x isa linear function 
of s. The roots of Un give an explicit expression of P(f) as a linear combination 
of n exponentials whose coefficients are calculated in a form convenient for com- 
putations. In cases (ii) and (iii), [p(s) |? is a linear combination of two U;'s and 
the roots of [p(s) | are located within narrow ranges, which makes the calculation 
of P(t) possible within any accuracy desired. These chain processes occur in some 
biophysical phenomena and the paper will appear in Proc. Nat. Acad. Sci. U.S.A. 
under a slightly different title. (Received October 11, 1945.) 


f TOPOLOGY 


45. Lipman Bers and Abe Gelbart: A remark on the Lebesgue- 
Sperner covering theorem. 


A new and elementary proof is given of a somewhat stronger form of the well 
known Lebesgue-Sperner covering theorem (Math. Ann. vol. 70 p. 166; Abh. Math. 
Sem. Hamburgischen Univ. vol. 6 p. 265). Some corollaries are discussed. (Received 
October 19, 1945.) 


46. R. H. Bing: Solution of a problem of J. R. Kline. 


It is shown that a locally connected, compact, metric continuum S is topologically 
equivalent to the surface of a sphere provided no pair of points separates S but 
every simple closed curve separates S. On the assumption that an arc separates SS, 
a simple closed curve is constructed that does not separate S. (Received October 10, 
1945.) 


47. O. G. Harrold: The ULC property of certain open sets. 1. Eu- 
clidean domains. 


Let M be a compact continuum which separates Euclidean 3-space. If M is de- 
formation-free into a complementary domain A and $1(M) =0, then the fundamental 
group of A vanishes. By means of this: if M* is a compact continuum separating 
3-space which is deformation-free into a complementary domain A, then A is ULC. 
If, in addition, SL) =0 and A is bounded, this implies A is a singular 3-cell'by a 
result of S. Eilenberg and R. L. Wilder (Amer. J. Math. vol. 64 (1942) pp. 613-622). 
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This yields an affirmative solution to a problem of that paper for »=3. (Received 
October 19, 1945.) 


48. F. B. Jones: Concerning the separability of certain locally con- 
nected metric spaces. : 


The main purpose of this paper is to settle in the affirmative the question: Is a 
metric space satisfying Axioms 0-4 of R. L. Moore's Fosndctions completely (per- 
fectly) separable? In other words: Must every locally connected complete metric 
space which contains no cut point and in which the Jordan cu-ve theorem holds true 
be separable? The answer is obtained rather easily after establishing the following 
more general theorem: Let S denote a locally connected complete metric space such 
that no subset of S containing exactly two points cuts S. If S contains no skew curve 
of type 1, then S is separable. (A skew curve of type 1 is a set formed by the sum of 
three triods such that no point except an end point of one of them belongs to more 
than one of them but each such end point belongs to all -hree of them.) (Received 
October 15, 1945.) 


49. J. L. Kelley and Everett Pitcher: Applications of natural homo- 
morphism sequences. 


The systematic framework of natural homomorphism sequences introduced by 
Hurewicz (Bull. Amer. Math. Soc. Abstract 47-7-329) is elaborated and several appli- 
cations are made. For instance the theory is used to introduce a new set of invariants 
of a class of continuous maps which includes simplicial maps (compare Bull. Amer. 
Math. Soc. Abstract 46-5-216 by one of the authors). Itis likewise used to prove 
the duality theorem of Alexander-Pontrjagin. The argument used shows in particular 
that if X is a compact space whose (r—1)- and r-dimensicnal homology groups 
vanish and Y is a closed subset, then the (r —1)-dimensional homology group of Y isa 
function of the space X — Y. The theory is applied also tə obtain principal results 
about characteristic groups at critical levels in the criticel point theory of Morse. 
(Recetved October 20, 1945.) 


50. S. B. Myers: Equicontinuous sets of mappings. 


Let XY be the set of all continuous mappings of a connected, separable, first 
countable Ti-space Y into a locally compact, complete metric space X. The author 
proves that the following three conditions on a subset T cf XF are equivalent. 
(1) T is closed in XY under the compact-open topology (see R. H. Fox, Bull. Amer. 
Math. Soc. vol. 51 (1945) p. 429), T is equicontinuous, 7(y) is compact for at least 
one y& Y. (2) T is compact under the compact-open topologv. (3) There exists an 
admissible topology on T' under which T'is compact (an admissible topology is one 
in which ¿(y) is simultaneously continuous in y and # for all y& Y and all iC T). 
(1) and (3) are equivalent without the first countability assuraption on Y. Now let 
H be the group (under superposition) of all homeomorphisras of a connected, locally 
compact, complete metric space X onto itself. Then it is shown that an abstract 
group can be topologized to become an effective, compact, transformation group on X 
(see Montgomery and Zippin, Duke Math. J. vol. 4 (1938) 2. 363) if and only if it is 
isomorphic to an equicontinuous subgroup G of H, such that G(x) is compact for at 
least one x©X and G is closed in H under the compact-open topology. (Received 
October 18, 1945.) 
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51. R. H. Sorgenfrey: Concerning continua irreducible about n 
points. 


In this note it is shown that for a (compact) continuum M to be irreducible about 
n points it is necessary and sufficient that for every proper decomposition of M into 
n +1 subcontinua the sum of some # of these fails to be connected. (Received October 
5, 1945.) 


52. F. A. Valentine: Set properties determined by conditions on linear 
sections. 


Let Rn be an n-dimensional Euclidean space. A linear section of a set SC Ra with 
an (n—1)-dimensional hyperplane L4. is the set S: Lei, The following theorems 
are the principal ones proved: (1) Let SC Ra (#22). If each (n —1)-dimensional linear 
section of S is connected and closed, then S is closed; (2) Let SC Ra (n z 3). Suppose 
that relative to each (n —1)-dimensional hyperplane L:_1, the set S- L4 is an open 
one with a connected complement. Then S is open; (3) If each (n — 1)-dimensional 
linear section of SCR, (#22) is bounded and connected, then S is bounded and 
connected. The following theorem is one which is related to those of Liberman: 
(4) Let SCR, (n Z3). If each two-dimensional plane section S:Z, is a continuum 
(compact) with a connected complement relative to Lz, then S is convex. This last 
theorem can be generalized so that S need not be bounded. It should be observed 
that in the above theorems no hypotheses are placed on S itself. Hypotheses are 
placed only on linear sections. (Received October 7, 1945.) 
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POLARITIES IN FINITE PROJE 
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REINHOLD BAER EN ` St 

Introduction. If v is a finite projective plane,! then every line in v 
carries the same number n+1 of points and through every point there 
pass #+1 lines. The total number of points (lines) in v is n?-+n-+1. 
This integer # (22) shall retain its significance throughout this note. 
No further requirement is imposed upon r. In particular it is not 
necessary that the Theorem of Desargues is valid in r. 

We are going to use the arithmetical properties of a, and of other 
suitably selected numbers, for an investigation of the polarities? in r. 
In this fashion we prove the rather surprising fact that there exist 
always at least n+1 absolute points (= points lying on their polars). 
This lower limit is reached for even # if, and only if, all the absolute 
points are collinear, and for odd # if, and only if, no line carries more 
than two absolute points. If the number M of absolute points is 
greater than n+1, then x is a square, and every prime divisor of n 
is a divisor of M — 1. 

A polarity will be termed regular, if any two lines which carry ab- 
solute points, but do not carry their own poles, carry the same num- 
ber of absolute points. Denoting this number by 7+1, we find 
0 «2? En, in modulo 2 and n—1=0 modulo i-H1. If n is even, then 
n=17; if n is odd and r Desarguesian, then 2—1 or n=12. These re- 
sults are corollaries to theorems describing the distribution of elliptic 
and hyperbolic elements? for a regular polarity. 

As an application of these results we prove the nonexistence of hy- 
perbolic polarities, using this term in a rather comprehensive fashion. 
This theorem constitutes a generalization of Topel's theorem assert- 
ing that every geometry of Bolyai-Lobachevskiï is infinite. 


1. The absolute elements. It is well known? that an absolute line’ 


Presented to the Society, February 23, 1946; received by the editors September 2, 
1945. 

1 See, for example, Veblen-Young [5] or Baer [1] for the elementary concepts used. 
Numbers in brackets refer to the Bibliography at the end of the paper. 

? For a definition of “polarity” see Veblen-Young [5, p. 263]. 

? We follow Liebmann [3, pp. 36, 37] in introducing these concepts. For their 
definition, as used here, see $2 below. 

* The definition of the term will be found in 83. For a more detailed discussion 
of this new concept, see a forthcoming publication of the author. 

5 Topel [4]. 

ê Baer [1, lemma]. 

TOf the polarity under consideration. We are going to'omit this phrase in the 
future. 
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(=line passing through its pole) carries one and only one absolute 
point. 


LEMMA. If the line k 4s not an absolute line, then the number of points 
on h which are not absoluie is even. 


Proor. The pole E oi k is not on A, since h is not absolute. If P 
is a point on A, then denote by P’.the intersection of k and of the 
polar of P. The polar of P is then just the line? H+-P’. Thus it follows 
that P is absolute if, and only if, P=P’, and that P’’=P. The points 
on A which are not absolute occur therefore in pairs, proving our con- 
tention. 


THEOREM 1. If n is even, then every line carries an odd number of 
absolute points. 


PRoor. If n is even, then every line carries an odd number of points. 
It is a consequence of the lemma that an even number of these is not 
absolute, and the number of absolute points is taerefore odd. 


THEOREM 2. Assume that n is odd. Then the line h is absolute if, and 
only tf, h carries one and only one absolute point. 


Proor. That absolute lines carry one and only one absolute point 
has been remarked before. If the line A is not absolute, then it follows 
from the lemma that the line k carries an even number of absolute 
points, since # carries an even number of points for odd n. This proves 
our contention, since 1 is not even. 

Remark 1. lf n is even, then it may happen taat the absolute points 
are just the +1 points of a suitable line. But it follows from Theo- 
rem 1 that every line carries absolute points. Thus there will exist 
lines which are not absolute, though they carry one and only one ab- 
solute point. 

We denote by M the number of absolute points. This integer M and 
the invariant # are connected by the following fundamental congru- 
ences. 


THEOREM 3. (a) M=n+1 modulo 2. 
(b) (M —n —1)n GI -»2(gG-D ri —1) =0 modulo pi} 
for every odd prime number p and every j =0. 


Proor. If m is a positive integer, then we term an m-cycle every 
ordered set? of m points P(1), - - - , P(m) with the property: 
8 If P and Q are two different points, then P+Q designates the uniquely deter- 


mined line passing through P and Q. 
? Note that these points need not be different. 
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(*) P(i) is on the polar of P(i+1) for 0<t<m and P(m) is on the 
polar of P(1). 

The m-cycles P(1), - - - , P(m) and O(1), - - - , Q(m) are said to be 
equal if, and only if, P(1)=Q(1), - - - , P(m)=Q(m). Finally we de- 
note by N(m) the number of distinct m-cycles. 

(i) If 2«m, then N(m) = (n?+n-+1)(n+1)”""?+nN (m — 2). 

To prove this recursion formula we say that the m—1 points 
P(1), - - - , P(m —1) form an m-chain if P(2) is on the polar of P(z--1) 
for 0<t<m-—1. Since the point P(1) of an m-chain may be any point 
in the plane, P(1) may be selected in n?+#+1 different fashions. If 
P(i), +++, P(4) are already selected, then P(;--1) may be any point 
on the polar of P(z), and thus P(24-1) may be chosen in » 4-1 different 
ways. Consequently we have shown that: 

(i^) the number N’(m) of different m-chains is (?4-2 --1) (n 4- 1)77?. 

If P(1) 2 P(m —1), then we term the m-chain P(1), - - - , P(m—1) 
an m-chain of first kind; and it is an m-chain of second kind if 
P(1)#P(m-—1). If this m-chain is of the first kind, then P(m—2) 
is on the polar of P(m—1)=P(1), proving that the m—2 points 
P(1), +++, P(m—2) form an (m—2)-cycle. Thus every m-chain of 
the first kind “begins” with an (m —2)-cycle, and every (m — 2)-cycle 
is the beginning of one and only one m-chain of the first kind. Hence 
we bave shown that: 

(1j) N(m-—2) is the number of m-chains of the first kind. 

If P(1),- ++, P(m—2), P(1) is an m-chain of the first kind, then 
P(1), +--+, P(m—2), P(1), P is an m-cycle if, and only if, P is on 
the polar of P(1). Hence there exist exactly (n+1)N(m—2) m-cycles 
which begin with an m-chain of the first kind. 

If P(1),-++, P(m—1) is an m-chain of the second kind, then 
P(1)zP(m-—1), and the polars of P(1) and P(m—1) meet in a 
uniquely determined point P. The only m-cycle beginning with the 
given m-chain of the second kind is, therefore, P(1), - - - , P(m—1), 
P. Thus the number of m-chains of the second kind equals the num- 
ber of m-cycles which begin with an m-chain of the second kind. It 
is a consequence of (i’) and (i^^) that this number is 


(n? + n + 1)(n + 1) "7? — N(m — 2). 
Combining the results of the last two paragraphs we find that 
Nm) = (n + 1)N(m — 2) + (n? + n + 1)(n + 1) 7? — Nim — 2) 
= (n2? 4 n + 1)(n + 1)" + nN(m — 2), 


completing the proof of (i). 
Gi) N(2m4-1)-2 (n4-1)?»*t!--»7( M —m —1). 
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If m=0, then we have to determine the number N(1) of 1-cycles. 
But the point P(1) is a 1-cycle if, and only if, P(m)=P(1) is on the 
polar of P(1), and this is equivalent to saying that P(1) be an abso- 
lute point. The number N(1) of 1-cycles is, therefore, just the number 
M of absolute points. Since the right side of (ii) reduces to M if  —0, ` 
we have verified (ii) for m — 0. 

We now prove (ii) by complete induction wi-h regard to m. We . 
infer from (1) and the induction hypothesis that 


N(2m + 1) = (»n? + n + 1)(n + 1)?7- + nN(2m — 1) 
= (n? + n + 1)(n + 173 + nin + 1) 71 
+ «"(M — n — 1) 
= (n +" + 2n + 1) + &"(M — n — 1) 
= (n + 1)?! + n”(M — n — 1), 
completing the proof of (ii). 

(iii) N(2m) = (n--1)?» 4- (n 4- 1)». 

If m=1, then the right side of (iii) reduces to (4-1) (n 4-1-4-»?). 
But this is just the number of 2-cycles P(1), P(2), since P(1) may 
be selected in n?+n-+-1 ways, since P(2) has to be a point on the polar 
of P(1), and since P(1) is on the polar of P(2) if, and only if, P(2) 
is on the polar of P(1), so that P(2) may be any one of the n+1 
points on the polar of P(1). 

To prove (iii) now by complete induction with regard to m, we de- 
duce from (1) and the induction hypothesis that 
N(2m + 2) = (n? + n + 1)(n + 1?" + nN (2m) 

eun qup DEE De ER FI a Du 
= (n + 1} + (n + 1)n7*?, 
completing the proof of (iii). 
(iv) N(p?) &N(pi-!) modulo pi for every prime à and 0 <j. 


If P(1), - - - , P(p7-*) isa pi! cycle, then we may derive from this 
f! cycle a £/-cycle by repeating it p times: | 
P(1),::: , P(E), -+> ,P(1),*-- , P(pt), +> , P(1), ee ek pt). 


Consider now one of the N(p7)— N(pi-!) pi-cycles which cannot be 
derived from a p’-!-cycle in the indicated faskion, say the cycle 
P(1),-::, P(p’). Suppose that z is an integer such that 0S: « ? 
and such that P(k)=P(k-+:) for every k where if necessary we re- 
duce k+i modulo pi. If 70, then 2 —4'p^ where 4’ is prime to p and 
OSh<j. The permutation: k-k-+7 is a cyclic permutation which 
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leaves invariant the cycle P(1), - - - , P(p’). Every power of this per- 
mutation leaves this cycle invariant; and thus this cycle is left in- 
variant by the permutation: k>k+ f^. But this is impossible, since 
it would imply that the cycle under consideration could be derived 
from a p?—-cycle. Hence our cycle is left invariant by the identity per- 
mutation only. But the point sets P(z), - - -, P(p?), P(t), - - -, P(z—1) 
are all p’-cycles, and from what we showed just now, it follows that 
they are all different. Consequently we can divide the set of those 
p?-cycles which cannot be derived from p’-!-cycles into mutually ex- 
clusive sets containing f? cycles each. Thus the number of these cycles 
which is Ni) — N(p'"!) is divisible by pf, proving (iv). | 
From (ii), (ii) and (iv) we infer that 


M = N(1) = N(2) = (n + 1) (2? + n + 1) modulo 2. 


But n?+n-+1 is always an odd number, proving (a). 
From (ii) and (iv) we infer that we have for odd primes p 


(n + 1)? + n("-»9?(M — n — 1) = N($?) = N(pr) 
= (n--1)5 + gG3-DP(M — n — 1) modulo pi. 


Since 7 € 7^! for 0 «7, it follows that the 77th and the p’th power 
of 14-1 are divisible by p’, if 44-1 is divisible by the prime 2. If n+1 
is prime to p, then these powers of +1 are congruent modulo p’, 
since $!— p^t is the order of the multiplicative group of classes of 
residues modulo p? which are prime to p. Hence it follows from the 
above congruence that 


(M — n — 1) (nD — n912) = 0 modulo p!, 


and (b) is an immediate consequence of this congruence. 

Remark 2. 'l'he reader might wonder why we did not state the con- 
gruences modulo 27 which could be deduced from (iii) and (iv) with 
the exception of the case j — 1, stated in (a). The reason is that these 
congruences are satisfied for every integer z—they do not involve M 
at all—so that they do not give any new information. As a matter of 
fact for most of our purposes it would suffice to state the case 7=0 of 
the congruences (b). But no simplification or abbreviation of our 
proofs could be obtained by the restriction to the case 7 =0. 

The same method which we employed when proving (iv) could be 
used for a proof of the following generalization of (iv). 

(iv^) N(m) =) dN (m/d) modulo m, where 1<m and where the 
summation ranges over all squarefree divisors d of m, the number d 
being +1 or —1 according as the number of prime factors of d 1s 
odd or even. 
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But so far we have not made any applications of (iv’) that could 
not be deduced from Theorem 3, (2) and (b). 


THEOREM 4. If p às a divisor of 1, then M=1 modulo 2. 


Proor. For p=2 we deduce this from Theorem 3, (a). If p is odd, 
then considering the special case 7=0 of Theorem 3, (b) we obtain 
0z(M-—n-—1)(n(779/2—1)21— MM modulo p, proving our conten- 
tion. | 

Remark 3. From 1 «n it follows that n is divisible by certain primes; 
and Theorem 4 shows, therefore, the existence of absolute points.!? 
We improve upon this statement in the next theorem. 


THEOREM 5. There exist at least n +1 absolute points. 


Proor. If x is even, then we deduce from Theorem 1 the existence 
of absolute points on every line. Consider a point P which is not ab- 
solute (every absolute line carries # of them). Then each of the n+1 
lines through P carries an absolute point, but no two of these lines 
through P have an absolute point in common. Thus there exist at least 
att absolute points. 

If n is odd, then there exists by Theorem 4—as has been pointed 
out in Remark 3—an absolute point H. Denote bv k the polar of H. 
Then k passes through H. If & is a line through E, kh, then it fol- 
lows from Theorem 2 that À carries an absolute paint, different from 
H. Since there pass through H exactly # lines apart from h, we have 
shown the existence of the absolute point H and of n further absolute 
points. 


COROLLARY 1. No line carries more than two absolute points if, and 
only if, n ts odd and the number M of absolute points is n+1. 


Pnaoor. Suppose first that no line carries more than two absolute 
points. Since there exist by Theorem 5 at least 44-1 absolute points, 
there exist lines carrying exactly two absolute points. It follows from 
the lemma that # is odd. If H is some fixed absolute point, then we 
infer from Theorem 2 that H is the one and only absolute point on 
the polar k of H, and that every line kh passing through H carries 
one and only one absolute point different from H. Since every abso- 
lute point may be connected with Z by a line, this implies that the 
number of absolute points is #+1. 

Assume conversely that # is odd and M=n-+1. If the line h carries 
an absolute point P, then either k is an absolute line and P its pole 


19 The corresponding theorem for projectivities is trivial, since every involutorial 
projectivity possesses fixed points. 
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or else the polar w of P is an absolute line, passing through P, and 
wh. But each of the lines different from w and passing through P 
carries by Theorem 2 at least one further absolute point. Since there 
pass through P just » lines different from w, since different lines 
through P meet in P, and since there exist exactly » absolute points 
different from P, it follows that the lines through P which are differ- 
ent from w carry just one absolute point different from P. This result 
applied to k proves that + carries at most two absolute points. 


COROLLARY 2. The following properties imply each other: 
(i) n is wen and M —n4-1. 

(ii) There exists a line all of whose points are absolute. 
(iii) All the absolute points are collinear. 


PRoor. Suppose that (i) is satisfied and that the line k carries a 
point P which is not absolute. It is a consequence of Theorem 1 that 
every line carries absolute points. The #+1 lines through P have no 
absolute point in common and carry each at least one absolute point 
which is necessarily different from P. Hence every line through P 
carries one and only one absolute point, since only #+1 absolute 
points are available. Thus we have shown that a line carries one and 
only one absolute point if, and only if, not all of its points are abso- 
lute. Since there exist, by Theorem 5, at least two different absolute 
points, and since these may be connected by a line, this line carries 
absolute points only, and we have shown that (ii) is a consequence 
of (i). 

If À is a line all of whose points are absolute, then it is impossible 
that a point outside k is absolute,!! proving that (ili) is a consequence 
of (ii). 

Assume finally the collinearity of the absolute points. Then there 
exists a line 4 which carries all the absolute points. Since there are 
1--1 points on k, and since by Theorem 5 there exists at least n+1 
absolute points, it follows that every point on 7 is absolute and that 
M=n+1.If k is a line different from k which does not pass through 
the pole of A, then & is not absolute, though its one and only absolute 
point is its intersection with k. Hence » is even by the lemma, prov- 
ing that (i) is a consequence of (iii). 

Remark 4. Conditions (ii) and (iii) may be combined into the fol- 
lowing condition which is equivalent to them. 

(iv) There exists one and only one line all of whose points are ab- 
solute. 


u See Baer [1, lemma]. 
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Remark 5. Corollaries 2 and 1 show the impossibility of improving 
Theorem 5, since it is easy to construct polarities in finite Desar- 
guesian planes which meet the requirements of these corollaries; see 
the Appendix to §2. 


‘THEOREM 6. If there exist more than n+1 absolute points, then n is 
a square. 


Proor. If n is not a square. then there exists? an infinity of odd 
prime numbers f such that # is not a quadratic residue modulo 5. If 
p is such a prime number, then # is prime to p and’? #t?-D/2-21 
modulo p. Since 2(7»79/?—1 is prime to p, it follows from Theorem 3, 
(b) that M=n-+1 modulo p for each odd prime number p such that # 
is not a quadratic residue modulo #. Since there exists an infinity of 
such primes, we have M —2--1, if n is not a square, as we claimed. 

The following alternative proof may be of interest. There exists, 
if » is not a square, at least one odd prime f such that » is not a 
quadratic residue modulo p. Then n and «(?»-97/?—1 for 0€ j are 
prime to p. Hence it follows from Theorem 3, (b) that M—n—1=0 
modulo Gi for every positive j, proving that M=n+1. 


THEOREM 7. There exist at least n(n-+1)/2 points which are not abso- 
lute, but are on absolute lines.“ 


Proor. There exist by Theorem 4 at least 24-1 absolute lines. If 
h(1), - - - , h(n-- 1) are n 4-1 distinct absolute lines, then each of them 
carries n points which are not absolute. The line h(7) meets each of the 
lines k(1), - - - , k(7—1) in a point which is not absolute. Thus there 
are on h(j) at least 4 —j--1 points which are not absolute and which 
are not on the lines SOL), - - - , £(;—1). This assures us of the exist- 
ence of at least n+(n—1)+ - - - +1=r(n+1)/2 distinct points on 
the absolute lines k(1), - - - , k(n+1) which are not absolute, proving 
our contention. | 

Remark 6. It is a consequence of Theorem 1 of the next section 
that the lower limit given in the present theorem may actually be: 
reached. 


COROLLARY 3. There exist ai least (n+1)(n+2)/2 poinis which are 
on absolute lines. 


This is an immediate consequence of Theorems 4 and 7. 
It is of interest to note that the limit given in Theorem 7 accounts 


2 See, for example, Hecke [2, p. 199, Satz 147]. 
13 See, for example, Hecke [2, p. 57, (31) ]. 
M Such points will be termed hyperbolic points. 
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for just less than half of the points in the plane, and that more than 
half of the points of the plane are accounted for by Corollary 3. 


2. Regular polarities. It will be convenient to introduce the follow- 
ing notation: If the line 4 is not absolute, but carries absolute points, 
then / is an elliptic line; dually the point H is termed a hyperbolic 
point, if H is not absolute, though absolute lines pass through H. 
Clearly the pole of an elliptic line is hyperbolic and the polar of a 
hyperbolic point is elliptic. 

It is a consequence of Theorem 5, §1, that there always exist two 
different absolute points. The line connecting them is certainly not 
absolute, since it carries at least two absolute points; and thus there 
exist always elliptic lines and hyperbolic points. The lines carrying 
more than one absolute point are all elliptic lines. The converse is 
true, if n is odd (Theorem 2, $1); but if ~ is even, then there may 
exist elliptic lines carrying one (or 24-1) absolute points (Corollary 2, 
§1). 

The polarity under consideration shall be termed regular if any two 
elliptic lines carry the same number of absolute points. The existence 
of irregular polarities may be inferred from Corollary 2, §1. On the 
other side it is easy to show that the polarity is regular whenever # 
is odd and the Theorem of Desargues (or an even weaker hypothesis) 
is valid. Whether or not it suffices to assume that # be odd or that 
the absolute points are not collinear, in order to assure regularity, is 
still an open question. 

As has been pointed out before, there exist always two different ab- 
solute points. Assuming now, as we shall dó throughout this section, 
the regularity of our polarity, it follows that the number of absolute 
points on an elliptic line cannot be less than 2. Thus there exists a 
positive number 2 such that every elliptic line carries exactly 141 abso- 
lute points; and it is an immediate consequence of the lemma of $1 
that z= modulo 2. 


THEOREM 1. The number of absolute points ts in-+1, the number of 
hyperbolic points is ($n -1)n (24-1), and the number of points that are 
neither absolute nor hyperbolic is n(n—1?)(i+1)"1. 


Pnoor. The existence of absolute points is a consequence of Theo- 
rem 3, $1. If H is an absolute point, kits polar and kha line through 
H, then k is not absolute, since absolute lines carry one and only one 
absolute point. Consequently k is elliptic and carries, therefore, ex- 
actly + absolute points which are different from H. Since there pass 


15 Liebmann [3, pp. 36, 37]. 
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exactly n lines through H which are different from k, since different 
lines through H have only H in common, and since every absolute 
point, not H, is on a line through E which is different from A, it fol- 
lows that in +1 is the number of absolute points. ` 

If k is some absolute line, then its pole H is the only absolute point 
on h, and all the other # points on ^ are hyperbolic. Since every hyper- 
. bolic point lies on exactly 24-1 absolute lines, and since the num- 
ber of absolute lines has been shown to be in-+1, it follows that 
(in-H1)n(i-+1)-! is the number of hyperbolic points. 

There exist altogether n?+n-+1 points of which 225-1 are absolute 
and (2n4-1)n(2--1)-! are hyperbolic. The number of points that are 
neither absolute nor hyperbolic is therefore 


n? + n + 1 — (in +1) — (in + 1)nG + 1)! 
= +n — in — (in + ln + 1) 
= [n +1- J(+ 1) — (ia + 0]sG- 27 
= (n — nli + 1). 


THEOREM 2. Every elliptic line carries (n—1yi(i +1)! hyperbolic 
points and (n—7")(i+1)—! points that are neither absolute nor hyper- 
bolic. 


Proor. Denote by j the number of hyperbolic points on the elliptic 
line k. Each of these lies on exactly +1 absolute lines. Of all the in+1 
absolute lines (Theorem 1) exactly i+1 meet the elliptic line 4 in ab- 
solute points; and thus we have 


in--1-— (4-1) —j(XR1)T7or j —(m-— Die Hd", 
as we claimed. 
Since every elliptic line carries altogether n+1 points of which 24-1 
are absolute and (a —1)i(i+1)-! are hyperbolic, it follows that the 


number of points on an elliptic line that are neither absolute nor hy- 
perbolic is exactly 


n+1-— (i41 -—(»—1iG-103 
= [nr - Di + 1) — (n — Dili + 07 = (n — OG LU 


COROLLARY 1. (a) i+1 is a divisor of n—1. 

(b) Sn. 

(c) ? zn implies ?+i14+1 Sn. 

(d) =n if, and only if, every point is either absolute or hyperbolic. 
(e) =n if n is even. 

(f) n is a square if 171. 
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Proor. It is a consequence of the first statement of Theorem 2 that 
i+1 is a divisor of (n—1)i. Buti and 44-1 are relatively prime, show- 
ing that 241 is a divisor of 1 —1. 

It is a consequence of the second statement of Theorem 2 that 
(n —12) (+1) is a not negative integer. Hence 0 € 1 —2?, proving (b); 
and 2252? implies 1 € (n —22) (£2-1)-! or 22-1 S 1 —2?, proving (c). 

It is a consequence of the last statement of Theorem 1 that ?=n 
is equivalent to saying that the number of points that are neither ab- 
solute nor hyperbolic is 0, proving (d). 

If # is even, then we infer from Theorem 1, $1, that every point 
is on an absolute line so that every point is either absolute or hyper- 
bolic. Hence (e) is a consequence of (d). (f) is an immediate conse- 
quence of Theorem 1 and Theorem 6, $1. 


THEOREM 3. On a line that is neither absolute nor elliptic there are 
(int+1)(i+1)— hyperbolic points and (n4-3) (22-1) points that are 
neither absolute nor hyperbolic. 


Proor. If the line A is neither absolute nor elliptic, then none of the 
points on k is absolute. Denote by m the number of hyperbolic points 
on h. Since each hyperbolic point is on exactly 7+1 absolute lines, 
and since the number of absolute lines is 224-1 (Theorem 1), it fol- 
lows that in+1=m(i+1), proving our first contention. 

The number of points on h that are neither absolute nor hyperbolic 
is therefore 


n+ 1-— (m-41G-4 1223-2 [a +DE+D- Gs + 2]G 4 07 
= (n+ (i+ UH 


It is customary to term lines k and k perpendicular if h passes 
through the pole of k and k passes, therefore, through the pole of h. 
A point may be termed!’ elliptic if it is the intersection of two per- 
pendicular elliptic lines. Dually the polars of elliptic points are termed 
hyperbolic lines. 


THEOREM 4. Every elliptic line carries at least (n—1)i(i +1)" ellip- 
tic points. 


Proor. If the line k is elliptic, then the pole H of h is hyperbolic. 
Dualizing Theorem 2 we find that there pass exactly (1 —1):(74- 1)! 
elliptic lines through H. All these are perpendicular to k, and they 
meet k in (n—1)i(i+1)—! different points which are clearly elliptic, 
proving our contention. 


16 This is a change from the terminology used by Liebmann [3, pp. 36, 37]. 
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COROLLARY 2. There are at least (i—1)(¢+-n)(i+1)-! points on every 
elliptic line which are at the same time elliptic and hyperbolic. 


Proor. We make first the obvious remark that absolute points are 
never elliptic. If k is an elliptic line, then it carries n+1—(i+1) 
=n—2 points that are not absolute, and of these (n —1)2(--1)-! are 
hyperbolic (Theorem 2) and at least (n—1)#(¢+1)— are elliptic (The- 
orem 4). Thus the number of points on A that are at the same time 
elliptic and hyperbolic is not less than 


— (n — i) + 2(n — 1)i(i + 1)7 
= — [(n — (+1) — 2(n — 2i] + 1 
= (P — ni — n+) = (à — 1)(à + ali + NT. 


Note that the lower limit given in Corollary 2 is 0 if, and only if, 
4=1. 


THEOREM 5. If 1<i, then every point is hyperbolic or absolute or 
elliptic. 


ProoF. If the point P is neither absolute nor hyperbolic, then there 
pass, by Theorem 3, exactly (in+1)(i+1)~ elliptic lines through P. 
But 
(in + 1)G + 1)7 — (n + 0/2 

= (i+ Din + 1) — (i + 1)( + 1)]/2 

= (6 +) Min + 1— i — n)/2 = (i + 1)(» — 1G — 1/2 
is certainly a positive number, since 1<i. Hence (n+1)/2 
<(in+1)(4+1)-}, proving that more than half of the lines through 
P are elliptic. Since P is not situated on any absolute line, there exist 
exactly (»4-1)/2 pairs of perpendicular lines, meeting in P. Since 
more than half of the lines through P are elliptic, one of these pairs 
of perpendicular lines must consist of elliptic lines. Hence P is elliptic, 
proving our theorem. 

Remark. If n is even, then it follows from Theorem 1, $1, that 
every point is on an absolute line. Thus for even # every point is 
absolute or hyperbolic. Likewise every line is absolute or elliptic, 
proving that for even hyperbolic and elliptic points are the same. 


THEOREM 6. The following three conditions are necessary and suffi- 
cient for the absence of points that are at the same time hyperbolic and 
elliptic. 

(a) 7=1. 


17 The word “or” used here should not be understood in the exclusive sense. 
i 3 


e 
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(b) If P is an elliptic point on the elliptic line h, then the line through 
P perpendicular to h 4s elliptic. 
(c) Every point is ellipiic or absolute or hyperbolic. 


Proor. Assume first the absence of points that are at the same time 
hyperbolic and elliptic. Then we infer 2—1 from Corollary 2. If k is 
an elliptic line, then its pole H is a hyperbolic point. From #=1 and 
Theorem 2 we infer now that the number of absolute points on h is 2, 
and that there are exactly (2 —1)/2 hyperbolic points on k. We de- 
duce from Theorem 4 the existence of not less than (1 —1)/2 elliptic 
points on h. Since the classes of elliptic, absolute and hyperbolic 
points are mutually exclusive, and since there are n+1 — 2-- (n — 1)/2 
+ (n —1)/2 points on k, we have shown that (» —1)/2 is the number 
of elliptic points on h. It follows from Theorem 2 that there pass 
through H exactly (n —1)/2 elliptic lines. Each of them is perpendicu- 
lar to k, and they meet k in (n — 1)/2 different elliptic points. Thus a 
point P on h is elliptic if, and only if,!® P 4- is elliptic, showing the 
necessity of (b). If finally the point Q is neither absolute nor hyper- 
bolic, then no absolute line passes through Q. There exist absolute 
points. Thus, connecting Q to an absolute point, we obtain an elliptic 
line through Q. But we have shown that the (1 —1)/2 points on an 
elliptic line, that are neither absolute nor hyperbolic, are elliptic, 
proving that Q is elliptic. This completes the proof of the necessity of 
the three conditions (a) to (c). 

We assume conversely the validity of the conditions (a) to (c). 
If the point P is elliptic, then there exists, by definition, a pair of 
perpendicular elliptic lines h, k which meet in P. The.pole H of 7 
is a hyperbolic point, and we infer from (b) that a point Q on h is 
elliptic if, and only if, H+0 is an elliptic line. We infer from (a) that 
there are on k exactly two absolute points, and it follows from Theo- 
rem 2 that the number of hyperbolic points on h is (n — 1)/2, and that 
the number of elliptic lines through H is (1 —1)/2. Since the elliptic 
points on h are just the intersections of k with elliptic lines through H, 
it follows that (» —1)/2 is the number of elliptic points on h. Since 
there are on h just n4-1—24-(n—1)/24- (n —1)/2 points, we infer 
from (c) the impossibility of the existence of an elliptic point on h 
which is at the same time hyperbolic, completing the proof. 

Remark. That (c) is not a consequence of (a) and (b), and that (a) 
is not a consequence of (b) and (c), will be shown in the Appendix. 
Whether or not (b) is a consequence of (a) and (c) is still an open 
question. i 


18 See footnote 8. 
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COROLLARY 3. If no point is at the same time hyperbolic and elliptic; 
and d the two perpendicular lines h and k meet in the point P, then 
(1) P ts elliptic, provided both lines h and k are elliptic or h and k are 
both hyperbolic; and (ii) P is hyperbolic, provided one of the lines h and 
k is elliptic and the other one is hyperbolic, 


Pnoor. That P is elliptic i k and k are elliptic is the definition of 
elliptic points, and that P is hyperbolic if one of the lines k and k 
is elliptic, though the other one is hyperbolic, may be inferred from 
Theorem 6, (b). Assume finally that P is a hyperbolic point. Then it 
follows from Theorem 6, (a) that exactly two absolute lines pass 
through P; and it follows from Theorem 2 that (n —1)/2 is the num- 
ber of elliptic lines passing through P. Since hyperbolic lines cannot 
be' absolute or elliptic, the number of hyperbolic lines through P is 
(n—1)/2 too. Every elliptic Iine through P is perpendicular to a hy- 
perbolic line through P, since P is not elliptic, and since lines that 
are neither absolute nor elliptic are hyperbolic by Theorem 6, (c). 
Thus every hyperbolic line through P is perpendicular to an elliptic 
line through P, since elliptic and hyperbolic lines through P are equal 
in number. The condition, stated under (ii), is therefore necessary and 
sufficient for P to be hyperbolic, and (i) is an immediate consequence 
of this fact. 


COROLLARY 4. 4 is a divisor of n+1 if no point is at the same time 
elliptic and hyperbolic. 


ProorF. If P is an elliptic point, then we infer from Theorem 6, (a), 
and Theorem 2 that (#+1)/2 elliptic lines pass through P, and we 
deduce from Corollary 3, (i), that the elliptic lines passing through P 
occur in pairs of perpendicular lines. Thus (n-H1)/2 is even and #+1 
is divisible by 4. 


Appendix. The Desarguesian case. To illustrate the preceding con- 
siderations we collect here without proofs!? the main facts for the 
special case that the Theorem of Desargues holds in the finite pro- 
jective plane under consideration. Then it is well known that the. 
projective plane may be represented by means of coordinates from 
a finite field F. This field F is commutative and contains p” elements 
for p a suitable prime. Every line carries p”+1 points so that ze f". 

A. p=2. | 

Then there arise two possibilities. Either all the absolute points are 
collinear or else the polarity is regular with Zen. 


18 Most of the proofs are simple and immediate. Some of them will be given in a 
forthcoming study of polarities in Desarguesian projective planes. 
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^ B. pis odd. 

Then the polarity is always regular, and the pont P on the elliptic 
line A is elliptic if, and only if, the line through P perpendicular to h 
is elliptic. The number £ is either 1 or ien, If 2—1, then points are 
at the same time elliptic and hyperbolic if, and only if, —1 is a square 
in F, and this is the case if, and only if, p"—1 is divisible by 4. Thus 
n4-1 is divisible by 4 if, and only if, —1 is not a square in F, and we 
have shown, by Theorem 6, $2: 

No point is at the same time elliptic and hyperbolic if, and only 4f, 
i=1 and 4 ts a divisor of ail, 


3. Hyperbolic polarities. The polarity under consideration shall be 
termed hyperbolic, if there exists a nonvacuous set of points, called 
the interior points, subject to the following requirements: 

(i) The point P is an interior point if, and only if, the points on 
its polar are neither interior nor absolute points. 

(ii) The point P is neither interior nor absolute if, and only af, there 
exist interior points on its polar. 

(iii)?! If the line h passes through the interior point P, then there exists 
an interior point QÆP on h. 

(iv) If h and k are perpendicular lines, and if each of these lines car- 
ries interior points, then h and k meet in an interior point. 

It is known”? that, in general, (iv) is not a consequence of the first 
three postulates. Whether or not (iv) may be deduced from (1) to (iil) 
in case the projective plane is finite is still an open question. 

It will be convenient to term a line interior if it carries interior 
points, and to term elements exterior if they are neither absolute nor 
interior. It is readily seen that the polar of an exterior point is an in- 
terior line, that the pole of an exterior line is an interior point, that 
elliptic points and lines are interior, and that hyperbolic points and 
lines are exterior. 

The main result of this section is the following theorem. 


THEOREM.” There does not exist a hyperbolic polarity in a finite plane. 


The proof will be effected in several steps. 
I. Any two interior lines carry the same number of interior poinis. 
Proor. Assume first that the interior lines k and k are not per- 


20 For a justification and discussion of this term, see a forthcoming publication 
of theauthor. 

21 No use will be made of this condition in the proof of the theorem below. 

2 A proof of this fact will be given in a forthcoming publication. 

2: This is an extension of Topel's theorem that the planes of Bolyai-Lobachevskil 
are infinite; see Topel [4]. 
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pendicular. We may assume without loss in generality that the num- 
ber m of interior points on h is not less than the number m’ of interior 
points on k. Denote by K the pole of k. If J is an interior point on A, 
then J+ K, since K is exterior, J+K is an interior line perpendicular 
to k; and it follows from (iv) that J+K and k meet in an interior 
point J’. If J and Q are different interior points on h, then K is not 
on J-+Q=h so that the interior lines K+J and K+0, perpendicular 
to b, meet k in different points J’ and Q’ respectively. Thus there 
exist at least m interior points on k, proving m’ <m<m' or m=m!'. 
This proves our contention for interior lines that are not perpendicu- 
lar. 

Assume now that A and k are perpendicular interior lines. They 
meet by (iv) in an interior point P. Every line through P is interior, ' 
and there exist +1 lines through P. Hence there exists an interior 
line g through P which is different from k as well as &. Since. h, k, q 
are copunctual, and since # and k are perpendicular, q is not perpen- 
dicular to either k or k. Hence it follows from what we showed in the: 
first paragraph of this proof that the number of interior points on h 
is the same as the number of interior points on q is the same as the 
number of interior points on k, and this completes the proof of I. 

We infer from I the existence of an integer m (20) such that: 

I’. Every interior line carries exactly m+1 interior points. 

Next we prove: | | 

II. Every interior line carries exactly m+1 exterior points. 

Proor. If P is an interior point on the interior line 5. then the 
polar of P carries only exterior points by (i). Thus the polar of P 
meets A in the exterior point P’. If H is the pole of h, then H is not 
on Kb, and H 4- P' is the polar of P. Since the polars of points on k have 
only the pole H of & in common, one verifies now that h carries at 
least m+-1 exterior points. 

If Q is an exterior point on A, then its polar is an interior line (by 
definition of exterior point) which passes through the pole H of A. 
Thus the polar of Q is perpendicular to k and interior. It follows from 
(iv) that the polar of Q meets k in an interior point Q’. One verifies 
as before that the number m-+1 of interior points on k cannot be 
less than the number of exterior points on k. Our contention II is an 
immediate consequence of the results of the two paragraphs of this 
proof. 

Ill. Every interior line carries n —2m —1 absolute points. 

Proor. Every line carries n+1 points. Every point on an interior 
line is either interior or absolute or exterior, and these three classes 
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are mutually exclusive. Now III is an immediate consequence of I’ 
and II. 

Ill’. The polarity is regular with 42 n—2m — 2. 

This is an almost immediate consequence of III, since exterior lines 
do not carry absolute points. 

It has been pointed out before that elliptic points are interior and 
hyperbolic points are exterior. We infer from (1) that interior points 
cannot be exterior. Hence elliptic points cannot be hyperbolic. Thus 
it follows from III’ and Theorem 6, (a), 82, that n—2m—2=1=1, 
and it follows from III that every interior line carries exactly two 
absolute points. Since all the n+1 lines passing through some in- 
terior point are interior, and since these have only an interior point 
in common, this implies the existence of 2(z-+1) absolute points. On 
the other hand it follows from Theorem 1, $2, that there exist exactly 
int1=n+1<2(n+1) absolute points, a contradiction proving our 
theorem. 
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CYLINDERS IN A CONE 
B. M. STEWART AND F. HERZOG 


1. The two problems. Let B, be the (k— 1)-volurae! of a figure that 
lies in a (k — 1)-dimensional hyperplane of the k-dimensional euclidean 
space Ri. Throughout this paper k will be a fixed integer greater than 
unity. Let Q be any point in R+, not a point of the hyperplane con- 
taining Bo, and let k be the length of the altitude drawn from Q to 
the hyperplane containing By. If Q is jcined to each point of By by 





Fic. 1. 


a line, the resulting figure is a k-dimensicnal cone whose k-volume V 
is given by V=Boh/k. If Po is the foot of the above altitude, choose n 
points Pi, Po, - - * , P, on PoQ in the natural order Po, Pi, Po, - +>, 
Pa, Q. Through P; @=1, 2,---, ni drew a hype-plane parallel to 
B, cutting the cone in a (k—1)-dimensional figure P; which is similar 
to Bo. Let Vi, be the k-volume of the right cylinder one of whose 
, bases is B; while the opposite base lies in the hyperplane containing 
Bia ($21, 2,--+, n). Let X,= Vint Von *-* Vann and let 
Kin X25, * * * , Xun be the altitudes of tne cylinders Vin, Von, © - + , Vans 
respectively. (Here x; is the length of P; 4P;.) 

Figures 1 and 2 illustrate the cases k 22, 1 —4 and b—3, n =3, re- 
spectively. 

Received by the editors August 22, 1945. 


1 By “m-volume” we mean the m-dimensional content; thus 1-volume- length, 
2-volume —area, and so on. 
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Our first problem is to obtain the maximum of X, for fixed # when 
no restrictions other than the above are placed upon the Vin. Our 
second problem is to obtain the maximum of X, for fixed # under the 
added condition that Vin = Van = * * + = Van. We shall refer to these 
problems hereafter as the first and second problems, respectively. In 
order to avoid ambiguity in notation we shall denote those values of 
the variables X,, Xin, Xs, * * * , Xa» Which correspond to the solution 
of the first problem by Sn, Sin, Sans * * * , San, respectively, and those 
values which correspond to the solution of the second problem by 
Tn; tiny Lans * * * , Ean, respectively. 


up 
OW y 
iM 


Fic. 2. 











Ín the first problem we show that 


(1) Ja = qu NV 
Sin = (1 ~~ Yn) hy 
(2) 
Sin = "Maa Ar: * Vaio — Vain) A, d aa 


where the numbers y, are defined by the recursion formula 
(3) yo=0, Yn = (k — 1)/(k — var), oi 


2 The second problem for the case k=2, 1 —2, but for a quarter-circle rather than a 
triangle, was treated in the following paper: B. M. Stewart, Two rectangles in a quarter- 
circle, Amer, Math. Monthly vol. 52 (1945) pp. 92-94. 
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In the second problem we show that 
(4) ' T, = knu,V, 
(5) tin = Un {(1 + ua) + a, al all Uni) ] 3, t= 1,2,++-, E 
where the numbers v, are defined by the recursion formula 
(6 w=1/(R—1), Ua = un1/(1 + Un); n=1,2, 


2. Proof. The following formulas which will be néeded in the proof 
follow easily from the proportion Bi/(h —x1,)*1 = Eo/h*-!: 


(7) Vin = Boxin(h — Sis) E Bent, 
(8) V' = Bolh — 23,)*/ kh, 


where V’ is the k-volume of the cone whose base is B, and whose alti- 
tude P1Q has the length &—x,. 

The proofs of the results for both problems are by duction with 
respect to n. The two problems are identical when n —1, and by ele- 
mentary calculus it follows readily from (7) together with X12 Vu 
that su=tu=h/k and that S125 T1-5 [(& — 1)/k]*- V. These results 
agree with (1), (2), (4), and (5) when z — 1. 

In the first problem we assume that formulas (1) and (2) are correct 
for n—1 where #22. Let x1, be chosen arbitrarily (0 «21, <h) and, 
depending on the choice of x1,, let Xon, Xs4, * * * , Zen be chosen so as 
to maximize the combined £-volume of the remaining n —1 cylinders, 
namely: 

Xa = Von + Ven tee? + Van 
By the induction hypothesis (see (1)) the maximum of X,_1’ is given 
by a Al 2344 1 V'. We thus obtain, for each choice of xın, a maxi- 
mum value of Xn, namely, X,=,Vin+Sy_1’. Considering this X, asa 
function of x, namely (see (7) and (8)), 


(9) Sei = Boxin(h = Xin) F he + Ya Both es Xin) k/ bh, 


we see that X, reaches its maximum value S, when x, has the value 


1 zn n— Ki k bes 1 
k TOC: a AP") E u DE Age 


or by (3) we may write 
(10) Sin = (1 SCH Yn) h, 
in agreement with (2). Substituting this value of 51, for x1, in (9) 
and using (3) we obtain (1). 

It remains to show (2) for 7=2, 3, ---, n. Note that S, ;' repre- 
sents the solution of the first problem for V’. Hence if the altitudes of 
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these »—1 cylinders are denoted by ë.a Al S2,n—1”, * * * ; Sn—1,n-1’, WE 


have Sin=Sj-1,n-1' fori=2, 3, - - - , n and hence by the induction hy- 
pothesis (see (2)) Sin =Yn1Yn-2 * * + Yn—142(1 — 3444) 6 — Sın). By (10) 
this establishes (2) for $—2,3,--- , n. This completes the proof of (1) 
and (2). 


In the second problem, the case n=1 having been disposed of 
above, we now assume that (4) and (5) are correct for » —1, where 
n=2. We shall choose x14 arbitrarily but such that it is possible to 
inscribe n —1 cylinders of k-volume equal to Vi, in V’. By the induc- 
tion hypothesis (see (4)) this 1s possible if and only if 


(11) (n — DV, € kin — Dus aV. 


By virtue of (7) and (8) and the fact that 0 «xi <h, the inequality 
(11) is equivalent to 


(12) 0 < Xin S Un—ıh/(1 + Un-1). 
Our problem is therefore to maximize the quantity 
(13) Au = NV in = NBoXin(h = X1n) kA i 


within the interval (12). But the function X, increases over the interval 
0<xın €h/k and the right-hand end point of the interval (12) is less 
than k/k. (This follows easily from (6): the uw, form a decreas- 
ing sequence of positive numbers, hence #,_1/(1+%.-1) < Un- Su 
—(k—1)*!/k* C1/k, n=2, 3, - - - .) Therefore the function X, as- 
sumes its maximum in the interval (12) at the right-hand end point, 
so that we obtain tın —w 14/(1<+u, Al and by (6) we may write 


(14) lin = us(1 T dës Al EUR, 

(15) h — tn = h/ 1 + m). 

Substituting-the values of 44 and #—#, from (14) and (15) for x1, 
and Àh —i, in (13) we obtain (4). 


When xi, assumes the value 4, given in (14), the inequal- 
ity (11) becomes an equation. Consequently, the »—1 cylinders 


Von, Van © © * , Van must be the solution of the second problem for Hi. 
Hence if the altitudes of these cylinders are denoted by 4, ', 
la, tco, ba Aan Ai we have fin tin for 222, 3, - - , n and 


hence, by the induction hypothesis (see (5)), 
bin = unı|(1 + Un) (1 + Un—3) Dur (1 + usa) ] (e NE tin). 


By (15) and (6) this establishes (5) for 2-2, 3, - - -, n. Since (14) 
agrees with (5) for 7=1, this completes the proof. 
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3. Asymptotic formulas for S, and T,. The problem arises whether 
the quantities S, and T,, given by (1) and (4), respectively, can be 
expressed directly in terms of n. This seems possible only for the S, 
in the case k=2, thet is, for the problem of maximizing the combined 
area of n rectangles inscribed in a triangle. Indeed in this case (3) 
becomes y, —1/(2— y, 1), which together with y =0 yields easily by 
induction that „=r/(n-+1). Hence from (2) and (1) we obtain 
Sin=h/(n+1) fori=1,2,-+-,nand S,=nV/(n+1) or 


SAV = 1 — 1/(n + 1). 


Thus the problem arises to give at least an asymptotic formula for 
S,/V when k23, as well as an asymptotic formula for T,/V when 
k= 2. 

We begin by establishing an asymptotic formula for the y, (in 
the case k 23). We put 


(16) Zn = 1 — Mm 
and obtain from (3) 
(17) zo = 1, 1/z, = F(z4.3), n=1,2,..., 
where 
(18) F(z) = EE Cia. i . 
r= 


It is easily established from (3) by mathematical induction that 
(k—1)/k Syn <1 so that by (16) 


(19) 0 < Zn X 1/Ł, n=1,2, 


We shall need the two following facts about F(z), defined in (18). 
In the first place, 


k— 1 


The terms in the denominator on the right are decreasing in absolute 
value when 0<z<2/(k—2), hence for such values we have F(z)>1 
--1/2, so that in particular by (19), since 1/k <2/(k—2), 


(20) F(z) > 1+ 1/z;, PAIN ee 


Secondly, we conclude from (18) that F(z) is a regular function 
except for poles at the points z 4 and z=1-exp[2rim/(k—1)] with 
m=1,2,-+-,k—2,sothat F(z) admits of a Laurent expansion in the 


F(z) =1+ 
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region 0<|2| «|1—exp[2z/(k — 1) ]| =2 sin[r/(& —1)]. This Lau- 
rent series is easily seen to be | 


(21) F(z) = 1/e+k/2+G@),  G() = Y Ge 


where the power series G(z) converges for | z| «2 sin [v/(k — 1) ]. Since 
1/k<4/(k—1) €2 sin[r/(&—1)] for &z3, we conclude that G(z)/z 
is bounded for |z| S1/k. The latter fact together with (19) yields 
(22) Gen) = O(z,).? 

From (17) and (20) we have 1/2,>14+1/2;4,j7=2,3,-°+. By add- 
ing these inequalities from j —2 to j=”, we obtain 1/z,>”—14+1/21; 
hence 
(23) z, = O(1/n). 

From (17) and (21) we conclude that 1 /a;=1/2;-1ı+k/2+G(2-)), 
j=2, 3, < +- . By adding these equations from j =2 to j =n, we obtain 


n—1 


(24) 1/z, = 1/31 + k(n — 1)/2 + 2, G(2i). 


Applying (22) and (23) to the G(z;) in (24), we thus obtain 
Liz, = kn/2 + O(log n) = (ku/2) [1 + Oln log n)], 
za = (2/ kn) [1 + O(w log ail = 2/kn + O(n log n). 

Therefore by substituting this result in (1), we obtain the following 
asymptotic formula, valid for k23: 

S,/V = y,F3 = (1 — z)* = [t — 2/kn + O(n log n) lk, 

S,/V = 1 — 2(k — 1)/kn + O(n? log n). 

To establish an asymptotic formula for T,/V when k22, we begin 


with an asymptotic formula for the un. We write (6) in the form 
1/u;— (12-w;-1)*/u; or 


k 
(25) 1/u; = 1/uja-- k + Cri t > Ca, 
mað 


where the >, in (25) is to mean zero when k —2. By adding these equa- 
tions from j =2 to j =n, we obtain 


3 The notation f(n) =0(¢(n)) is used here to mean that | fla)! <Ad(n) for suff- 
ciently large n, where A is independent of » but may depend on k. In particular we 
shall use the fact that 25: 6! /i)™ is of the form log n+0(1) when m=1 and of the 
form O(1) when m1. Also if ẹ(n)—>0 the reciprocal value of 1-FO($(1)) is again of 
the form 1+O(p(n)). 
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n—1 ‚n—1 
(26) Li, = Lian + k(n — 1) + Cred u: + y Crm D aech 
t=1 m=3 1—1 
for n=2, 3, . Hence since u:>0 for i=1, 2, a we have 
1/u,  k(n— 1) and 
(27) Un = O(1/n). ` 


Applying (27) to the u; on the right of (26), we have (see footnote 3) : 
1/u, = kn + O(log n) = kn|1 + O(n— log n)], 
(28) Un = (1/kn)[1 + O(n log n)] = 1/kn + O(n log n). 
Using (28) in (26) we have, since 3 7-17-? log i=0(1), 
Lia, = kn T > — 1) log n + O(1) 


TX t 1 

n n 

1 RES 1 
Un = —| 1 — —— + 01 —|)|. 

kn 2k n n 


Finally, substituting this result in (4), we obtain the following asymp- 


totic formula: 
k— 1 logz 1 
TV = 1 - — + o(=). 
2k 75 











4. Table. In conclusion we append a brief table which indicates 
how involved the numbers Sin, Sn, fin, Ta become, even for small val- 
ues of b and 7. 


First problem Second problem 


324/529 T./V | 16/25 | 17496/29791 





MICHIGAN STATE COLLEGE 


COUNTABLE CONNECTED SPACES 
WILLIAM GUSTIN 


Introduction. Let © be the class of all countable and connected 
perfectly separable Hausdorff spaces containing more than one 
point. It is known that an ©-space cannot be regular or compact. 
Urysohn, using a complicated identification of points, has con- 
structed the first example of an €-space.! Two ©-spaces, X and X*, 
more simply constructed and not involving identifications, are pre- 
sented here. The space X* is a connected subspace of X and contains 
a dispersion point; that is, the subspace formed from X* by removing 
this one point is totally disconnected. 


1. Sequences. The null sequence or any finite sequence of positive 
integers will hereafter be called more briefly a sequence. The null se- 
quence or a sequence having an even number of elements is said to 
be even and a sequence having an odd number of elements is said to 
be odd. A sequence will usually be denoted by a lower case Greek 
letter: an arbitrary sequence by o, B, or y; an arbitrary even sequence 
by ^, u, or v; the null sequence by o. A positive integer will be de- 
noted by a lower case italic letter (not x, y, or z), which may also 


." serve to represent the sequence consisting of that single integer. 


The relation «Z4 signifies that az for every element a of a, and 
a «4 that a «4 for every element a of a. The null sequence vacuously 
satisfies both o zz and o <t. 

The sequence formed by adjoining B to the end-of o is denoted 
by aß. 


DEFINITION. The relation BD.« is to mean that a sequence o! exists 
such that B=aa' and a’ Zi. 


Some immediate consequences of the preceding definitions are: 
1.1. «Dia. 

1.2. If BDja andj 21, then Ba. 

1.3. If yD.8 and BD a, then y io, 

1.4. If yD.a and y DB, then B Dao or œ Dab. 


‘Proor. Let yDag and y Oif; then sequences a’, 8^ exist such that 


Presented to the Society, November 24, 1945; received by the editors August 24, 
1945. 

1 Paul Urysohn, Uber die Mächtigkeit der zusammenhüngenden Mengen, Math. 
Ann. vol. 94 (1925) pp. 262-295; see pp. 274—283 for the example. 
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y=an', o! za, and y=’, 8' zb. Since aa’ =f’, there exists a se- 
quence o" such that B=aa’’ or a sequence 8” such that a — f". 
If B=aa’’, then ao' —08' 2oo''8'; hence a’ 2o^8'. But a’ Za, so : 
o" >a and consequently Ba. Similarly, if &—8/', then «Db. 


2. Points in X. The space X shall consist of two disjoint subsets: 
Y, the set of all even sequences; and Z, the set cf all ordered pairs 
{k, (u, v) 1 composed of a positive integer k and a set (p, v) — (v, p) 
of even sequences u and v. Hereafter a point u in Y will be denoted 
by y(u) and a point Ík, (u, »)| in Z by 2x(u, v). Evidently X is count- 
able. 

The neighborhoods in X will be formed from certain subsets Y;(a) 
of Y, defined for every positive integer i and every sequence o. 


DEFINITION. Y;(a) is the set of all points y(u) such that u Da. 
Some properties of these sets are: 
2.1. y(u)€ Yu). 
- 2.2. If j£, then Bio)" Bola), | 
2.3. If aide Edel, then Y. (u) C. Vile. TT 
2.4. Yala) Y,(B) #0 is equivalent to: BD.x or 248. 


Pnoor. If the set Ho) Y;(8) contains a point y(p), then p De and 
#28; therefore, Daa or a 28. 

Now, if BD.a, define m 2 max (a, b), v=ß if B is even, v=ßm if B 
is odd. Thus v is even and » Oif so y(r) € Y;(8). Moreover V Js at, 
hence v»D.a so y(»)€ Y,(a). Therefore Y,(a) Yı(ß) 0. Similarly - 
Y.(a) Yi(8) z£0 if o4. 


COROLLARY. If aß and aß<i, then Y;(a) Y;(8) =0. 


To every point z —zi(u, v) a unique positive integer q(z) zs OD, v) 
is assigned as follows. The set of all sets (u, v) of even sequences u 
and v, being countable and infinite, can be mapped onto the set of 
positive integral primes by some 1-1 mapping p(y, v). Define 


qs, v) = [p(u, »)]* 


According to the unique factorization theorem of arithmetic, gisa 1-1 
mapping of the point set Z onto a subset cf the positive integers. 
Moreover, since the infinite sequence of positive integers qz(u, v) for 
k=1,2, * * * isstrictly increasing, ost, y) — c as k— œ. 
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3. Neighborhoods in X. For every point x in X and every positive 
integer i, à neighborhood Vix of x is now defined. 


DEFINITION. 
Vide (uy, y) == Zr (A, v) "is Y;(ug) a Yı(vg), q = qx(u, y). 


Under this definition of neighborhood X forms a Hausdorff topo- 
logical space; that is, X satisfies the following neighborhood axioms. 

Axiom 1. To every point x in X there corresponds at least one 
neighborhood of x; every neighborhood of x contains x by 2.1 or by 
definition. 

Axiom 2. If Vix and Vx are two neighborhoods of x, a neighbor- 
hood V,x of x exists such that Vx C Vix V x. Indeed, if m = max (7, j), 
then V„x= Haha by 2.2. 

Axiom 3. If V.x contains a point y(u), there exists a neighborhood 
of y(u) contained in Ha, By 2.3 such a neighborhood is Hatt), 

Axiom 4H. Every two distinct points x, x’ in X are Hausdorff- or 
H-separable; that is, there exist neighborhoods V,x of x and Vo of 
x’ such that V.2Vix’ =0. The intersection V,xV,x’ can be reduced to 
the sum of at most four intersections, each of the form Y;(a) Yi(a'). 
If œ, a’ are both even, then aa’ since xx’. And also axa’, if a, a’ 
are both odd; for then even sequences u, p’ and positive integers q, d 
exist such that o ss ug, a’ =p’q’, and, since xx’, qq’. Thus, accord- 
ing to the corollary of 2.4, Y;(a) Y;(o^) =0 when + is chosen so that 
aa! <i. An integer i then exists for which Rer Nal —0. 

Thus X is a nondegenerate countable Hausdorff space. Evidently 
X is also perfectly separable. 


4. Connectedness of X. Two distinct points x, x' in a space E are 
said to be H-separable provided neighborhoods V of x and V’ of x 
exist such that VV’ =0; otherwise, the points x, x’ are said to be 
H-inseparable. A single point is also said to be H-inseparable if it is 
H-inseparable with every other point in E. 

A space E containing an H-inseparable point x is connected; for 
otherwise E could be covered by two non-null disjoint isolated (open 
and closed) sets V, V’, one of which contains x; but this would imply 
the contradiction 

0=VV'=VV' so. 


Moreover, if E is a Hausdorff space, then no point of E satisfies the 
regularity axiom, or, more briefly, is regular. For let x' be any point 
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in E distinct from x. Since x, x’ are H-separable in E, there exist dis- 
joint neighborhoods V of x and V' of x’; consequently 


VY' 20 = Vy. 
If x were a regular point of E, then a neighborhood U of x would exist 
such that VU, so "PE 
0=VV'D UV’ +0. 
Similarly, if x’ were a regular point of E. then a neighborhood U’ of x’ 
would exist such that V' U', so 


0 = VV' 5 VU' » 0. 
By considering the sets Y;(o) every point in the space X is now 


shown to be H-inseparable. Hence X is connected and no point of X 
is regular. 


DEFINITION. Z;(o) is the set of all points zi(u, v) such that uge 
or VQ. Joo, q  qx(u, y). 


4.1. Y.(o) = Y.(a) -- Z (o). 


` Proor. The following equivalent statements show that YY;(a) 
= Yi(o) è 

y(u) € Y.(a). 

For all j: V,y(u) Y.(o) £0. 

For all j: Rain) Rei <0. 

For all j: aD;u or u Dua. 

HL aa. 

y(u) € Yi(a). ` _ 

The following equivalent statements show that ZY;(a) = ZOO), 
where gi(u, v) has been abbreviated to a: 

2x (u, ») C Y.(o). 

For all 7: Ravi, v) Y.(a) #0. 

For all j:.[Y;(ug) + Y,(vq)] Yıla) #0. 

For all j: Y;(ug) Yi(o) £0 or Y.(vq) Vila) 40. 

For all 7: aD jug or ugD.a or Oo Jgd OF ng XO. , 

HI AN Or vga. 

Zll, y) EZ,(e). 


4.2. Zo(a)Z4(8) #0; hence every two distinct points in X are H-in- 
separable. 


Pnoor. Evidently there exist even sequences p, » such that be ot 
and v Dab. And since gi(u, ?)— © as k— œ a positive integer k exists 
for which 
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q = qu, v») Z max (a, b). 
Therefore ug Da and »q wf; so z(u, v) € Z«(a)Z«(8). 


Thus X is an ©-space whose every point is H-inseparable. 


5. The space X*. Let X* be the relative subspace of X formed by 
removing from X all points z(u, v) except those of the form zx(w, o), 
uo. Notice that every X*-neighborhood of a point in X* is also an 
X-neighborhood of that point. The argument of 4.2 shows that the 
set Zo) Zuel contains a point of X*. The point y(o) is then an H-in- 
separable point of X*. Thus X*, being a nondegenerate connected 
subspace of an ©-space, is also an ©-space. 


6. The space X**. Let X** be the relative subspace of X* formed 
by removing from X* the single point y(o). This point is a dispersion 
point of X*; for the following recursive construction of isolated sub- 
sets in the space X** shows that X** is totally disconnected. 


DEFINITION. For every non-null even sequence A and every positive 
integer 1 such that \ «4 let 


eo 


XQ) = 22 [Y109 +2:0)], 
n=l 
the sets Y, (X) and Zq(X) being recursively defined as follows: 
YPO) is the set of all points y(u) such that uD.a”, where a” =) 4f 
n=1, and a^ —q(z) for some zc Zz (X) if n»1; 
ZEON) is the set of all points z—zy(u, o) such that y(u) € Yi (N) and 
q(z) zi. 


6.1. V ACX, A) for all x X (X); hence X,(A) is open in X**. 


Proor. Let y(u)E YP); then „Dar. If y()EV.y(u), then 
vu JO, SO y(») € YA. 

Let g=2,(u, o) C Z2 (A); then u D,o*" and q(z) 22. If y(r) C Vz, then 
vD.,ug(z) or v Diq(z). Now v Duq(z), q(z) 22, implies that v Du.” 
and hence that yD EYFA). And »Dig(z), ZEZA), implies that 
JET A. > 


6.2. Vix Xi(X) —0 for all x & X;(X); hence X:N) is closed in X**. 


Proor. Let y(u) & Xi(X). Suppose the set V.y(u)X,(X) contains a 
point y(v); then » O,u and von, Therefore u„D.a" or on 24. Now 
aD u, since a! 2^ <i and since a" is a single integer if 5 71. Hence 
p Oa, so y(u)E Y2(X)—a contradiction. 

Let z=z(u, o)EX,(A). Suppose the set V,2X;(A) contains a point 
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y(r); then »D,ug(z) or vD;g(2), and pen, Therefore 
Ar: a? D.ug(2) or ug(z) Dia? or ar .q() or q(2) Dar. 


Now Axo, À <1, and À —a!; W then reduces to ug(z) DA; so HOA, 
q(z) 21, and consequently zCZ;(A)—a contradiction. If 41, then 
a^ —q(z') Zi for some EZ (X), so A” reduces to: ug(z) Dt’), 
uo; or g(z)=q(z"). Now ug(z) D.q(2^), uso, implies that uD,g(z’), 
q(z)2t, and hence that 2C Z4 (X)—a contradiction. And q(z) =q(z’) 
implies that z 22' CZ, !(X)—also a contradiction. 

The sets X,(A) are then isolated subsets of X** for A 240, À <i. No- 
tice that 


x= yA) E Xi), 
x = y(A EXA) if A z À and M <i, 
x = SA, ol EXA) if g(x) 2 i, 
t EXA if x CZ and g(x’) < i. 


Now there exists for any two distinct points x, «’ in X** an isolated 
set X,(X) containing x but not x’: if x 3(X), x’ =y’), choose À so 
that AX’ «2; if x —y(X) and x'CZ, choose 2 so that Aq(x^) «2; and if 
x=2,(A, 0) and x' CZ, choose £—q(x), then g(x’) <i and À «4, since 
it may be assumed that g(x’) <q(x) and since the mapping p can be 
selected so that ur <p(u, v). 

Thus the space X** is totally disconnected. In particular, every 
two distinct points in X** are H-separable; hence y(o) is the only 
H-inseparable point of X*. 


UNIVERSITY OF CALIFORNIA AT LOS ANGELES 


ON THE HAUSDORFF DIMENSION OF SOME SETS 
IN EUCLIDEAN SPACE 


PAUL ERDOS 


Let E be a closed set in n-dimensional space, x a point not in E. 
Denote by S(x) the largest sphere of center x which does not contain 
any point of E in its interior. Put d(x)=ENS(x). (A denotes the 
closure of A.) Denote by M; the set of points for which $(x) contains 
k or more linearly independent points (that is, points which do not 
lie in any (k —2)-dimensional hyperplane). M, is defined for k£n-+1. 
In a previous paper I proved that M; has n-dimensional measure 0 
and conjectured that M; has Hausdorff dimension not greater than 
n+1—k. In the present note we shall prove this conjecture. In my 
previous paper I also proved that M,41 is countable, but the proof 
there given applied only for the case 7 —2; now we are going to give 
a general proof. 

Let R be any set in n-dimensional space. Let x c R. We define the 
contingent! of R at x (contgr x) as follows: The contingent will be 
a subset of the unit sphere. A point z of the unit sphere belongs to 
Contes x if and only if there exists a sequence of points yi, ys, °° * 
in R converging to x so that the direction of the vector connecting x 
with y; tends to the direction of the vector connecting the center of 
the unit sphere with z. First we state the following lemma. 


LEMMA. Let there be given a set R in n-dimensional space. Assume 
that for every x, contgr x does not contain any point of the intersection of 
the unit sphere with a k-dimensional hyperplane going through its center 
(the hyperplane can depend on x). Then R 4s contained in the sum of 
countably many surfaces of finite (n— k)-dimensional measure. 


This lemma is well known.? 


THEOREM 1. Letk<n+1. Then M, +s contained in the sum of count- 
ably many surfaces of finite (n+1—k)-dimensional measure. If 
k=n-+1, then Arie countable.* 


Received by the editors September 24, 1945. 

1 G. Bouligand, Introduction à la géometrié infinilésimale directe. Also Saks, 
Theory of the integral. 

2 Saks, ibid. pp. 264-266 and pp. 304-307. Also Roger, C. R. Acad. Sci. Paris 
vol. 201 (1935) pp. 871-873. 

8 For n=2 this theorem is proved by C. Pauc, Revue Scientifique, August, 
1939. 
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Remark. This clearly means that the Hausdorff dimension of M, 
(k Sn-+1) is not greater than n+1— k. | 

Let us first consider the case k=n-+1. Assume that x€ Ma1. Let 
2,C€6(x), 1=1, 2, - - - , n4-1, and assume that the sie are linearly in- 
dependent. Denote by f(x) the maximum value of the volume of the 
simplices determined by the 2’s (since dich is closed the maximum is 
attained). Define now Nasi‘? = N to consist of all the points x € M, 
for which f(x) z c. It clearly will be sufficient tè show that N is count- 
able (for every c). In fact we shall show that N is isolated (in other 
words no x € N is a limit point of N—x), that is, we shall prove that 
for every x € N contgy x is empty. If this would not hold then N would 
contain an infinite sequence of points y; coverging to x so that the 
direction of the line connecting x with y, would converge to a fixed 
direction. Let Z; be a point of @(x) which is closest to y, and let A; 
be the (unique) hyperplane through Z; perpendicular to the segment 
xy,. It is easy to see that as j—, A; converges to a limiting hyper- 
plane A. Moreover it is easily seen that the set $(y;) is ultimately 
contained in any preassigned neighborhood of A. Thus for large 
enough 7, the volume f(y,) must be less than c, an evident contradic- 
tion; this completes our proof. 
` Next we prove our theorem in the general case. Let k <n and define 
Mx to be the set of all points x for which the maximum number of 
linearly independent points in $(x) is exactly k. It will clearly be suffi- 
cient to show that M is contained in the sum of countably many 
surfaces of finite (11-1 — &)-dimensional measure. Let x C MY, and let 
f(x) be the maximum volume of the k-dimensional simplices formed 
from the points ze, i € &--1, where z;iCó(x). x CM,’ — N' if f(x) zc. 
Let x € N', and zi, i<k+1, be the points which determine a simplex 
of maximal volume. Then a simple geometrical argument (similar to 
the previous one) shows that contgy: x consists only of the directions 
through x which are perpendicular to the hyperplane determined by 
the z,'s, 2<k+1. Thus our theorem follows from the lemma. 

Let E be a closed set, x & E. Denote by g(x) the distance of x from 
E. It has been proved‘ that g(x) has a derivative —cos « in every di- 
rection (x, y), where o is the smallest angle formed by the direction 
(x, y) with the direction (x, z), z in (x). Clearly if x CE the derivative 
of g(x) can be 0. We shall show that the derivative of g(x) is 0 for 
almost all points of E. 


! Mises, C. R. Acad. Sci. Paris vol. 205 (1937) pp. 1353-1355. See also Golab, ' 
ibid. vol. 206 (1938) pp. 406-408 and Bouligand, ibid. vol. 206 (1938) pp. 552- 
554. 
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Let xc E. Denote by S(x, €) the sphere of center x and radius e. 
Denote by G(x, €) the greatest distance of the points of S(x, €) from E. 
We are going to prove the following theorem. 


THEOREM 2. For almost all points of E (that is, for all points of E 
except a set of n-dimensional measure 0) 


lim G(x, e)/e = 0. 


It is well known that almost all points of E are points of Lebesgue 
density 1. Let x be such a point, and suppose that 


lim G(x, e)/e #0. 


This means that there exists an infinite sequence e; and points zi, 
2, C S(x, €), 40, such that the distance of z; from E is greater than 
ce, where c» 0. But this clearly means that x can not have Lebesgue 
density 1. This contradiction establishes our theorem. 


UNIVERSITY OF MICHIGAN 


ON MONOTONE RETRACTABILITY INTO SIMPLE ARCS 
G. T. WHYBURN 


In recent work on the area of surfaces Radó [1]! has had occasion 
to use the following properties as applied to locally connected con- 
tinua A: 


(x) Every simple arc in A is a monotone retract of A; 
(IT) Every monotone image of A has property (x). 


Radé has noted that (II) implies (7) and that the sphere and 2-cell 
each have (II). In this paper it will be shown that (1) for locally con- 
nected continua in general, property (II) is equivalent to unicoher- 
ence, (2) for plane locally connected continua, property (ar) is equiva- 
lent to unicoherence, and (3) every closed 2-dimensional connected 
manifold has property (7). 

To clarify our meaning, we recall that a continuum is compact, 
connected and metric. A continuous mapping f(4)=8B on a con- 
tinuum A is monotone provided f-(y) is a continuum for yEB. If 


Presented to the Society, September 17, 1945; received by the editors September 8, 
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XCA and a monotone mapping f(A) =X exists such that f(x) =x for 
every x€X, X is a monotone retract of A aad f is a monotone retraction 
of f into A. 


THEOREM 1. Ir order that a locally connected continuum M have prop- 
erty (II) at is necessary and sufficient that it be unicoherent. 


PROOF. If M is unicoherent, any simple arc ab in M isa monotone 
interior retract of the cyclic chain C(a, b) in M by pp. 212-213 of [2]; 
and since C(a, b) isa monotone retract of M ‚it follows that a mono- 
tone retraction of M onto C(a, b) followed by a monotone retraction 
of C(a, b) onto ab yields a monotone retraction of M onto ab. Thus M 
has property (r). Since unicoherence is invariant under monotone 
mappings, it follows that M also has property (II). Thus the condition 
is sufficient. 

To show the necessity, suppose M has property (II), but, contrary 
to our assertion, M is not unicoherent. We shall show that some mono- 
tone image of M fails to have property (7; and thus arrive at a con- 
tradiction. It follows by (3.5) and (3.21), pp. 215-216, of [2] that 
there exist continua 4, B, H and K in M such that A-B=0, H.K 
=A+B, and H+K=M. For let f be an interior non-alternating re- 
traction of M onto a simple closed curve J as given by (3.2), (3.5) 
and (3.21), pp. 214-216, of [2]. Let xi, Ca, y», YEL be chosen so 
that the pairs xı, y» and x», yı separate ezch other on J. Then the 


continua 

A = f (zy), B = fYxsys), 

H = f!(yixixzya), K = fMsıyıyaXa) 
satisfy all our requirements. 

Now let us decompose M [3] into the sets A, B and single points 
of M—(A+B). Let g(M) — M' be the associated mapping for this 
decomposition. Then g is monotone. However, if oi =g(4), b’=g(B), 
H' = g(H), K’=g(K) and a’b’ is an arc in E' from a’ to b', there can 
exist no monotone retraction 6(M’) =a’b’. For if so, LEIT) would be 
connected; and since it would contain a’ and b’ ‚it would also contain 
a point x’ interior to a'b’. But then g-1(x’). (K'—a' —5^) #0 
74$ el (H'—a'—b") and $-(x^)C(K'—a'—b")4-(H' —a! An, 
contrary to the fact that $7!(x^) is connected. 


THEOREM 2. If X is a compact metric space and f(X) = Y is a mono- 
tone retraction, for any component R of X — Y we have 


. KR) = KE KR 
PROOF. Since obviously f(R) Df(R—R) - X — R and R-f (R) «0, we 
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have only to show that f(R)C R. To this end let yEf(R), let 
x C R-f-1(y) and let C, be the component of f^!(y) —y containing x. 
Since f-!(y) is a continuum, C, y. Also, since f is a retraction we 
have Y-f!(y)=y and hence C, Fest, Thus C,CX—Y. Hence 
C.CR because Rx. Accordingly ROC,Dy, as was to be proven. 


COROLLARY 1. If Y is a monotone retract of a compact metric space X, 
then for any component R of X — Y, R—R is a continuum. 


ConoLLARY 2. If X is a locally connected continuum and Y 4s any 
monotone retract of X, the boundary of each component of X — Y is a 
continuum. 


THEOREM 3. In order that a plane locally connected continuum have 
property (m) it is necessary and sufficient that it be unicoherent. 


The sufficiency results from Theorem 1, since property (II) implies 
property (7). 

To prove the necessity, let M be any plane non-unicoherent locally 
connected continuum. We shall show that M cannot have property 
(x). Now E has at least one non-unicoherent true cyclic element Æ 
and it will suffice to show that E contains a simple arc œ which is not 
a monotone retract of E. For if M could be retracted onto a by a 
monotone retraction g( M) =a, g would be monotone on E and hence 
would retract E monotonically onto a. 

Now as £ is cyclic and non-unicoherent, it contains simple closed 
curves J and C such that J is the boundary of the unbounded com- 
' complementary domain U of E and C is the boundary of a bounded 
complementary domain R of E. We distinguish three cases. 

1. If J-C=0, then since E is cyclic it contains disjoint arcs aıbı 
and ab: such that a.b;-J=a; and a.b;:c=b,, i=1, 2. Then if dixde 
and bb, are the two arcs of C from b: to b», the arc a=aibitdixde 
-- bas cannot be a monotone retract of E. For if Q is the component 
of E—a containing b1yb2— (b1+b2), the boundary of Q is not con- 
nected because it contains b, and bz but does not contain x. Hence, by 
` Corollary 2, « is not a monotone retract of £. 

2. If J-C is a single point p, there is an arc ab in E—p with 
ob, J =a and ab. C —b. Then if bxp and byp are the two arcs of C 
from b to p, the arc a —ab--bxp cannot be a monotone retract of E, 
because again the boundary of the component Q of E—a containing 
byp — (à+p) is not connected. 

3. If J-C contains two distinct points p and g, and pxq and pyg 
are the two arcs of C from p to q, then the arc a= xq cannot be a 
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monotone retract of E because the boundary of the component Q 
of E—«o containing ?yq — (pq) is not connected. 


THEOREM 4. Any closed 2-dimensional connected manifold has prop- 
erly (m). 


For let M be such a manifold and let « be any simple arc on M. 
There exists a 2-cell E on M containing a and such that if J is the 
edge of E, then J-~=a where a=ab. There exists a monotone retrac- 
tion g(E) =a@ such that g(J) =a. For we may suppose E to be the set 
Lei S1 and a the set y=0, 0Sx <1 in a complex plane; and the map- 
ping g: w= | z| , with the w-plane identical with the z-plane, meets 
our requirements. Then if we define g(p) =a for all pC M — E, clearly 
g retracts M monotonically onto a. 
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UNIVERSITY OF VIRGINIA 


ON WEAKLY ORDERED SYSTEMS 
M. RICHARDSON 


1. Introduction. By a weakly ordered system we mean a system D 


of elements x, y, - - - with a binary relation > such that 
(1) x > y implies x y 

and 

(2) | x > y implies y > x is false. 


The statement *x y" may be read “x dominates y.” Transitivity is 
not assumed; a transitive weakly ordered system is a partially ordered 
system. By a solution of a weakly ordered system is meant a set V of 
elements of D such that (a) x V and yE V implies x« y is false and 
(b) xcD — Y implies y>x for some yE V. The concept of solution 
was introduced in J. von Neumann and O. Morgenstern, Theory of 
games and. economic behavior, Princeton, 1944, where it is proved that 
a weakly ordered system which is strictly acyclic! possesses a solution 
which is unique, and for which a construction is given. This result 
suggests the problem of finding conditions for the existence and 
uniqueness of solutions of weakly ordered systems in general. The 
simplest examples show that if cycles exist neither the existence nor 
the uniqueness of solutions can be expected in all cases. For example, 
the system of three elements a» 57 c7 a has no solution, while the 
system of four elements a>b>c>d>a has the two solutions (a, c) 
and (b, d). The purpose of this note is to prove the existence of solu- 
tions for certain: non-acyclic systems. The proof will itself provide a 
method of construction for the solutions. Zermelo's axiom of choice, 
the well-ordering theorem, and transfinite induction will be used. The 
result presented below is a contribution to the general problem sug- 
gested above rather than to the theory of games. For the hypothesis 
of the theorem below precludes transitivity completely; that is, it 
precludes the existence of three elements a, b, c, such that a7 b, b» c, 
and a7 c. This restriction is too severe for the theory of games, just 
as is the assumption of transitivity. The problem remains open for 
weakly ordered systems which are not strictly acyclic but also do not 
satisfy the hypothesis of the theorem below. 


Presented to the Society, September 17, 1945; received by the editors August 10, 
1945. ' 
1 See loc. cit. pp. 590—600 for definitions and proof. 
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2. The theorem. We shall find it convenient to represent the weakly 
ordered system D by an oriented 1-complex or linear graph whose 
vertices are in 1-1 correspondence with the elements of D and such 
that two vertices x and y are joined by an oriented 1-cell xy, oriented 
from x toward y if and only if the element corresponding to x domi- 
nates the element corresponding to y. This oriented graph will also 
be denoted by D, as well as its set of vertices, and we shall denote 
indiscriminately by x, y, * - - either the elements of D or the vertices 
of the graph with which they are identified. The graph D of a weakly 
ordered system is not the most general oriented graph; it contains no 
loops consisting of an oriented 1-cell whose initial and terminal ver- 
tices are the same (condition (1) above), and no two vertices are joined 
by more than one 1-cell (condition (2) above). A graph is called even 
if all its unoriented? 1-cycles contain an even number of 1-cells (or 
vertices). We shall prove the following theorem. 


THEOREM. If the graph D 1s even, then solutions exist. 


Of course, the hypothesis of this theorem implies that all cycles, 
in the sense of von Neumann and Morgenstern, loc. cit., are even, 
but not conversely. 


3. À lemma on graphs. We shall use the following known lemma 
whose proof we include for the sake of completeness and to facilitate 
the construction of examples by the reader. 


LEMMA (KóONIG).? The set of vertices of an even graph D can be de- 
composed into two disjoint sets P and. Q such that every 1-cell of D joins 
a vertex of P to one of Q. | 


Proor. Select a definite vertex x of any (connected) component 
of D. Put a vertex y of the same component into P or Q according 
as the unoriented 1-chains joining x and y have an odd or even num- 
ber of 1-cells. If a vertex y could be joined to x by two 1-chains, one 
with an odd and the other with an even number of 1-cells, then there 
would exist an unoriented 1-cycle with an odd number of 1-cells, con- 
trary to hypothesis. This may be done for each component of D. This 
proves the lemma. 


4, Proof of the theorem for finite systems. For simplicity, we give 
the proof first for finite systems. 


2 That is, modulo 2. 

3 D. König, Über Graphen und ihre Anwendung auf Determinantentheorie und 
Mengenlehre, Math. Ann. vol. 77 (1916) pp. 453-465. Cf. also D. Konig, Theorie der 
endlichen und unendlichen Graphen, Leipzig, 1936. 
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Let P and Q be two classes selected according to the lemma. Let 
the elements p of P be ordered by means of a subscript index ranging 
over a lower segment of (finite) ordinal numbers. Let P5=0 and 
Oo=Q. We now define sets Nz, Pi, Rx, Or inductively for 
k=0, 1,2, 3, - + -. Let N; be the set of all elements of P — P; which 
are not dominated by any element of Qr. If N50, let V= PUJ Qr. 
If Nz 0, let pa, be the first element of Nr, that is, the element with 
the lowest ordinal subscript. Let Pıyı= P;U [pa]. Let R be the set 
of all elements of Q, which are dominated by pa, Let Qrp Qi — Rr. 

Since the set P is finite, it is clear that there is a least ordinal À 
for which V4 20. We shall prove that 


(3) V = P, UQ 


is a solution. 
Notice the obvious relations 


(4) PC PıC PC’. CP CP, 
(5) Q =Q D202 Q2- 20, 
(6) O=(Uge,Rg)\UOQ, where the sets (Use, Rg) and Q) are disjoint. 


We must prove: (a) if x CV, y € V, then x &y is impossible; (b) if 
x CD — V, then there exists an element y € V such that x <y. 

PROOF or (a). Suppose x <y. 

(i) Suppose x and y belonged both to P4 or both to Q. Since 
DCD and Q4CQ, this would contradict the property of P and Q 
given in thelemma of Kónig.  ! 

(ii) If xc P, and y € Qi, then x=9., EN, for some y <A and hence 
is not dominated by any element of Qy, and, a fortiori, of Qa. This is a 
contradiction. 

(iii) If xC Qy and y C P, then 9 — Pa, for some y <A. Then xc Ry 
and cannot be an element of Q4,1-— Q4 — Ra nor, a fortiori, of O,. This 
is a contradiction. 

PROOF or (b). Suppose no such y existed. 

(iv) If x & P(A(D — V), then xc P — P, since N\=0. Hence x C P. 
Therefore x € V. This is a contradiction. 

(v) If x CQ(rA(D — V), then, by (6), ER, for some y «^. Then 
there exists a y such that x « y C P441C P,C V. This is a contradiction. 

This completes the proof. 


5. Proof of the theorem for infinite systems. We indicate the modi- 
fications necessary in the infinite case. 

We assume that all finite unoriented cycles have an even number 
of 1-cells. By the component to which a vertex belongs we mean the 
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set of all vertices which can be joined to it by finite unoriented 1- 
chains. Then the lemma of Kónig holds as before. Now, let the ele- 
ments p of P be well-ordered by means of a subscript index ranging 
over a lower segment of ordinal numbers. The construction of the 
sets Ni, Pris, Re, Qiii will be as before for finite k. But now it may 
happen that V;=0 for no finite k. 

Consider any ordinal number y. We shall construct the sets Ny, I 
Qy, Ry, and so on, by transfinite induction. 

Case I. If y is a limit ordinal and N,=0 for no <y then let 
Py=Use,Ps and Q,— f1g«405. Let N, be tae set of those elements of 
P — P4 not dominated by any element of Q,. Let pa, be the first ele- 
ment of N„, and let P,41— PU [p.,]. Lex R, be the set of those ele- 
ments of Q, dominated by p.., and let Q441— Q4 — R}. 

Case IT. If y is not a limit ordinal,.it has an immediate predecessor 
Y —1. If Ng —0 for no B <y, let Pa,-ı be the first element of IN. 4. Let 
P,=P,-1V [psu]. Let Rj4 be the set of those elements of Qy 
dominated by pa,-1. Let Q,— Q4 4— R,. 1 Let N, be the set of those 
elements of P—P, not dominated by elements of Q,. 

Let 7 be the ordinal number of the set P in the chosen well-order- 
ing. Note that 8 <y implies ag <a.,. There mus: exist a least ordinal À 
such that N\=0, Ass, Let V—P4UQ.. It is readily seen that (4), 
(5), and (6) hold whether A is a limit ordinal or not. The proofs of (a) 
and (b) can now be seen to proceed as in the infinite case. 


BROOKLYN COLLEGE 


A RESTRICTED CLASS OF CONVEX FUNCTIONS 
CECIL L. WOODS 


| 
1. Introduction. The relationship of the inequalities 


(1.1) I(f, x, h, o) S A(f, v, h, B) 
and 
(1.2) I(f, X h, oi = ACs, x, h, B) 


to general convex and concave functions respectively has been treated 
by Radó [1].! In his and in this paper, f(x) denotes a positive con- 
tinuous function defined on a given open interval xı <x «x». In 
I(f, x, h, o) and A(f, x, k, B), defined by Radó [1, pp. 267, 268] as 
follows: 


1 A Lie . 
I m ha) =|— f fet bu]. if a # 0, 
(1.3) er 
I(f, x, h, 0) = exp E f og f(x + pat | 
Mann Pte, zeen 
(1.4) Eee |^: f(x — h) T log f(x + gd 


= [fx — Hits + 0], 


x and k satisfy the inequalities x1 «x —h <x+h «x»; a and B are real 
exponents. 

To enable us to express his definitions and results concisely, we de- 
fine four classes of f(x) as follows: 

Let K be the class of all f(x) which are convex on x1 «x «xs. 

Let Kag be the class of all f(x) which satisfy the inequality (1.1). 

Let K* be the class of all f(x) which are concave on xı «x «xs. 

Let Er, be the class of all f(x) which satisfy the inequality (1.2). 
Then the four sets of pairs (a, 8) which Radó defined [1, pp. 269, 281] 
can be defined by the statements: 

Let E be the set of all-pairs (o, 8) for which K C Kas. 

Let É be the set of all pairs (æ, 8) for which Rs CK. 

Let E* be the set of all pairs (a, 8) for which K* C Ks. 
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Let E* be the set of all pairs (a, 8) for which KžCK*. 
. We also use two of the functions of a defined by Radö [1, p. 269, 
footnote]: 


Vs = pla) = (a + 2)/3, — o oe Le, 


0, —o-casizc-1, 
1.5 a log 2 
dee Vs = pla) = : - 1I1<a<xo,a#0, 


log (a + 1)” 
log 2, a = 0, 


to give his theorems [1, pp. 269, 281, 282]: 


THEOREM 1.61. A pair (a, B) belongs to E if and only af ` 
B2=max(yo, y). 


" THEOREM 1.62. A pair (a, B) belongs to E 1f and only if 8 vs. 


THEOREM 1.63. A pair (a, 8) belongs to E* af and only 4f 
B Smin (po, ps). 
THEOREM 1.64. A pair (a, B) belongs to E* if and only if BS 


From Theorems 1.61 and 1.63 it is easily seen that E and E* do not 
cover the aß-plane. This leads us to an investigation of the inequalities 
(1.1) and (1.2) for pairs (o, 8) not included in E or E* and thus to a 
restriction on the classes K and ES For each M »0, we define a class 
K as follows: i | 

Let Ku be the class of all f(x) such that 2-1 log(B/b) € M, where B 
and b are respectively the least upper bound and greatest lower bound 
of f(x) on x1 € x «x». 

Then we define two sets of pairs (a, 8) by the statements: 

Let Ey be the set of all pairs (o, 8) for which KK CK as. 

Let Ex* be the set of all pairs (c, 8) for which K*K a C Kis. 

As we shall show, sets Ex and Ey* increase as M decreases, and E 
and E* are proper subsets of E, and Ey* respectively. 


2. A word as to method. The inequality (1.1) can obviously be 
written i 

If x, h, 
aha) MN 

A(f, x, h, B) 
We follow Radó in investigating first the special case where f(x) is a 
linear function /(x). PO. x, h, oi can be computed for all o, and we 
choose a variable v defined by 


(2.1) 
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(2.2) ei 
2 l(x — h) 

by which choice the left member of (2.1) in this case is transformed 
into a function dia, o, B) defined for all v, a, and 8. We shall explicitly 
compute $ (z, œ, B) and investigate a number of its significant proper- 
ties. On the basis of this investigation we shall separate the aß-plane 
into point sets for each of which $ (v, o, 8) has certain invariant prop- 
erties for all (a, 8) in the set. We shall draw curves @=d(v, a, B) in 
the vġ-plane which exhibit these invariant properties. Finally we shall 
state and prove two theorems about Ey and Ex“. 


3. I, A, and $ expressed as functions of v. In the case where f(x) 
is linear, we let Ay denote (te — hl (x 4- b) | 2. Performing the in- 
tegrations of (1.3), factoring out A» from the results and from (1.4), 
and substituting e” for l(x-Fk)/I(x—H) according to (2.2), we ob- 
tain, for v0, | 


inh Doe 
IG, x, ho) = Al: ox gd EE? 


(a 4- 1) sinh v 


(3.1) : 
I(l, x, kh, — 1) = Ao(sinh v)/s, 
I(l, x, h, 0) = Ao exp (v ctnh v — 1), 
AQ, x, k, B) = Wr if B = 0, 
(3.2) (I, x, k, 8) = Ao(cosh Bv) if 8 ~ 0 


A(l, x, h, 0) = Ao. 


Since ó(v, œ, B) is the logarithm of the ratio of I (l, x, h, a) to 
AL, x, h, B), we see that déin, œ, B) is independent of Ao. From (3.1) 
and (3.2) we have, for v0, 


—' sinh (a+ Do 1 cosh 8 
, o, B) = — log ————_——_ — — log co , 
oe QU ian. eo 


fa<0, — 1; 8 #0, 


(3.3) (v, 0, B) = v ctnh v» — 1 — (1/8) log cosh £r, if 8 =Æ 0, 
"^ plo, — 1, 8) = log (sinh v)/v) — (1/8) log cosh ën, if 8 74 0, 
1 sinh (a 4- 1)v 
DIMUS oe 
pv, 0, 0) = v ctnh v — 1, 
(v, — 1, 0) = log ((sinh v)/v); 


if e ~ 0, — 1, 
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and 
(0, a, 8) = 0. 

That &(0, o, 8) =0 follows trivially from (2.2), for v=0 implies that 
I(x) is constant, and each of the means in (1.3) and (1.4) has the same 
constant value. We observe that ó(v, a, B) is a continuous function 
of v, a, and B for all finite values of the independent variables. We 
also see that d(v, a, B) is an even function of v. Hence we shall in 
what follows consider v 0. 


4. The set in which Ai, o, 8) is identically zero. We have the fol- 
lowing result. 


THEOREM 4.1. In the set of just three points which form the complete 
intersection of E and E*, namely: (—2, 0), (—1/2, 1/2), and (1, 1), 
din, a, 8) =0. 


The proof for the point (—2, 0) lies in the fact that sinh v is an odd 
function, and for the other two points in the identity: sinh 2v 
—2 sinh v cosh v. That there are no other points where dia, a, B)=0 
follows from the facts developed in the next section. 


5. The character of ais, o, B) for sufficiently small v. For sufficiently 
small positive v, and, because of the continuity of (v, a, 8), for all 
a and B, we have the following expansion of dg, a, B) in power series 
of v: 


(5.1) dn, a, B) = (a + 2 — 38)v?/6 
| — (æ? + 4a? + 6a + 4 — 1582)91/180 + O(v*). 


This is easily verified by integrating the series for ctnh v and tanh v 
and applying the results to (3.3). 
From (5.1) we obtain the following theorem: 


THEOREM 5.2. There exists an e>0 such that for 0 «v« e, 

(1) dw, o, 8) 20, if a+2—38>0, or if c+2—38=0, and — © <a 
« —2; —1/2«a«1, 

(2) ó(v, a, B) «O0, for all other pairs (œ, B) except those in EE*. 


The proof consists in the following remarks: for sufficiently small v, 

(1) sgn d(v, æ, 8) -sgn(a4-2 — 38), if a+2—3ß #0, 

(2) sgn $(v, a, (a+2)/3) = —sgn(@—1)(2a+1)(a+2), if af —2, 
— 1/2, or 1. 


6. The character of ¢(v, a, 8) as v approaches infinity. We shall 
show that Dom, hie, a, B) is not a continuous function of & and B for 
all values of o and f. 
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From definitions we obtain the following identities: 


(6.1) log sinh v = v + log (1 — e-?*) — log 2, 
(6.2) log cosh v = v + log (1 + € ?") — log 2, 
(6.3) ctnh v = 1 + 2/(e?* — 1). 


We use (6.1), (6.2), and (6.3) to express (v, o B) for large positive v. 
We write only those terms which are significant as vo, and indi- 
cate by three dots the omission of two kinds of terms: (1) terms in- 
volving exponentials which vanish as v— «o, and (2) constants and 
terms in a and B, independent of v, in those cases where lim,..«9 (7, o, DI 
is positive infinity or negative infinity. 

We have, for 80, 


reiten 
ifa —1,as0, 
(6.4) (0,8) = (1/B 1ogg2 E ^, 
plu, —1,8) = —lg9v-F--:', 


din, a, B) = — 2(a + 1v/a tt, fa<-1; 
for B=0, 
dia, o, D sët, if a > — 1, «a 0, 
, 0, 0) = °° 
(6.5) (o, 0, 0) = » + 
pu, — 1,0) =v — logot tt, 
di, a, 0) = — (a+ 2v/a t tt, ifa <- 1; 
and for B <0, 
plo, æ, B) = Dobe, ifa > — 1,«a #0, 
,0,8 22 rada 
(6.6) dia, 0, 8) = 2v + 


déin, — 1,8) = 20—logy+-::, 
din, a, B) = — 2v/fa+--:, ifa < — 1. 
From (6.4), (6.5), and (6.6) we conclude: | 


THEOREM 6.7. As v approaches infinity: 

(1) lim dv, a, B)=+, for (1) 8«0 and all a; and (2) B =0, 
a>—2; 

(2) lim déin, o, B) = — ©, for (1)B=0,a<-2;and (2) 820,0 S —1; 

(3) lim (v, a, 8) =(1/B)log 2—(1/a)log(a+1), for 820, a> —1, 
a 750; 

(4) lim éi, 0, 8) — (1/B)log 2—1, for 870. 
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We observe that for a> —1, 870, lim,..(v, a, B) is a continuous 
function of a and B, and the limit is positive, Zero, or negative accord- 
ing as B is respectively less than, equal to, or greater than Vater), 
a> —1. 


7. The number of extrema of @(v, a, 8) for positive v. We shall de- 
fine 


0, — o <æ s-i, 
(7.1) CES — lost, 
1, 0O<act+o, 


and then state and prove the following theorem. 


THEOREM 7.2. For v>0, and (a, B)#(—2,0), (—1/2, 1/2) or (1, 1), 
- there is at most one extremum of déin, æ, B), and an extremum exists if 
and only if the pair (a, B) satisfies the inequality: min(ja, Ya) <B 
<max(ye, V4). 


Except for the three (o, $)-points where @(v, a, B) vanishes identi- 
cally, d, (v, œ, 8) has at most one zero for positive v. We shall show this, 
and determine the point set in which a zero exists. Differentiating 
$ (v, œ, B) in (3.3), we have, for v0, 


dl, a, 8) = (1/o)[(@ + 1) ctnh (w+ 1)» — ctnh 9] 


— tanh f», a #0, —1;8ß #0, 

&,(0, 0, 8) = ctnh v — v csch? v — tanh By, B+ 0, 

(7.3) dv, — 1, B) = ctnh v — 1/» — tanh Bv, p x 0, 
pv, o, 0) = (1/a) [(« + 1) ctnh (a + 1)» — ctah v], 

a 70, — 1, 


$.(v, 0, 0) = ctnh v — v csch? » = (2-1 sinh 2v — 7) /sinh? v, 
dä — 1, 0) = ctnh v — 1/9 = (v — tanh o)/(v tanh 2). 
- We observe that ¢,(y, œ, 8) is a continuous function of e and B, for all 
finite v. It is easily verified that In, ole, a, 8) —0, a fact which 
is more easily seen from (5.1). Expressing A, Io, œ, 8) in terms of hyper- 
bolic sines and cosines only, combining the terms into one fraction, 
and simplifying the numerators by replacing products of hyperbolic 
functions by equivalent sums [2, p. 129], we obtain 
o sinh (a—6-4-2)v— (a-4-1) sinh (e—8)v— sinh (a+ B)y 
(7.4) PT, a, B) = : : d 
Zo sinh (@+1)v sinh a cosh fv 
ost, —1; 80, 
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inh (2— inh 8v—2 h 
Prony nr, 8240, 


2 sinh? v cosh fv 
20 cosh (8— 1)»— sinh (84-1)v--sinh (8— 1)v 
2v sinh v cosh v | 
a sinh (a+2)v—(a+2) sinh av 


XU, ,0 Se Rr e E <0,"— 1. 
iz 0) 2a sinh (a4-1)» sinh v S 


(7.4) (1, ux 1, B) = B#0, 


We do not modify ¢,(v, 0, 0) and dl, —1, 0) in this way, for we easily 
see from the final expressions for them in (7.3) that they are never 
zero for v» 0. 

We remark that dn, œ, B) has a zero for positive v if and only if 
the numerator in the right member of an equation of (7.4) is zero for 
some positive value of v. Letting N(v, a, B) denote this numerator, 
we may write, for «#0, —1; 8 7*0, 


2N(v, a, ß) = wela-8+2)? — ae- lett?) + («+ 1)e-2v 
— (a + 1)e- 0-2)" + g (atB)o — grt 8v. 


(7.5) 


We observe that Mia, a, B) is identically zero for all v if (a, B) is 
in EE*. For all other (a, 8) pairs, the equation N (v, a, 8) -0 has at 
most five roots counting each root with its proper multiplicity [3, 
(77), p. 49]. N(v, o, 8) is obviously an odd function of v, and we shall 
show that N(v, a, 8) =0 has a triple root for v—0, and hence it has at 
most one positive root. Using the series for hyperbolic sine, we expand 
N(v, œ, B) in powers of v, the linear terms vanish, and we have 


Mia, a, B) — 4a(a-- 1)(a-2 — 38)v?/31--O($5), 
(1.6) if az£0, —1; 8740; a--2— 38740, 
No, a, («+2)/3) = — (64/27) o(a-- 1) (a--2) (o--1/2) (a— 1)/5! 
+0(v"), - if a0, — 1. 
Inspection of (7.6) shows that N (v, œ, 8)=0 has a triple root for 
v—0 if az:0, —1; 80; and a+2—38+0. The multiplicity is five if 


a+2—38=0. Hence a positive root exists only if à-4-2— 38240. Now 
for sufficiently small v, 


sen N(v, o, 8) = sgn o(ad-1) (a-4-2 — 38), 
a0, —1; 8750; a4-2 —38 7*0, 


as one sees from (7.6). As v approaches infinity, N (v, a, B) is domi- 
nated by the term having the largest exponent in the right member 
of (7.5). Hence as 9 c, 


(7.7) 
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(7.8) sgn Min, a, B) = sgn a(a + 1) (v4 — 8), a Æ 0, — 1. 


Plotting the signs of N(v, a, B) for small v and for large v, in the 
aß-plane, we find that they are opposite in and only in those point 
sets specified in Theorem 7.2. If 8—0,1 cr a+1, the number of terms 
of N(v, o, B) in (7.5) having different exponents is four, and hence 
there are at most three roots. Again v=0 is a triple root of N(v, a, B) 
:=0, and there are no positive roots. 

A similar investigation for a= —1 or a —0 shows that a positive 
root exists for Mio, a, 8) 20, if 0 «8 «1 /3 cr 2/3 «8 «1 respectively. 


8. The number of zeros of din, a, B) for positive v. We state the 
following result. 


THEOREM 8.1. A zero of dir, œ, B) exists for positive v if and only if 
(8.2) min (Ya, dai S B S max (Ya, ys), 


where either both equalities hold or neither hoids, and the zero is unique 
if neither equality holds. 


The case where both equalities hold follows from Theorem 4.1, for 
Yala) intersects Js(o) in (—2, 0), (—1/2, 1/2), and (1, 1). That a 
zero exists when neither equality holds follows from the continuity 
of $ (v, a, 8) and Theorems 5.2 and 6.7, since sgn d (v, a, B) for small v 
is opposite to that for large v if and only if both inequalities in (8.2) 
hold. The necessity of the condition (8.2) and the uniqueness of the 
zero follow from the facts: $(0, a, 8) —0, and when an extremum exists 
it is unique. 


9. The character of d(v, a, 6) at all points of the af-plane. In fig- 
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ure 1 we have drawn the aß-plane separated into sets and subsets for 
each of which die, œ, 8) has the following properties: (1) for sets: 
(1) sgn (v, o, 8) for sufficiently small v is invariant, 
(2) sgn $(v, a, B) for sufficiently large v is invariant, 
(3) the number of zeros of déin, a, B) is invariant, 
and in addition to these three, we have (2) for subsets, 
(4) lim,..@(v, œ, 8) is invariantly positive or negative, finite or in- 
finite, 
(5) the number of extrema is invariant. 










e(t, a, B) (v, a, B) 





déin, a, B) pv, a, B) 





FIG. 2 


In figure 2 we have sketched ten curves $ =¢(v, œ, B) in the vó-plane 
which exhibit these properties. We shall call these curves the charac- 
teristic curves for the sets and subsets of figure 1. The lettering in 
the two figures is such that the curve marked 1 in type A exhibits 
the invariant properties of $(v, o, 8) for (o, B) in the set marked 41, 
and so on. A brief description of the curves and an exact definition 
of the point set for each curve follows. 

Type A. The characteristic curves for set A (where y «B ca) have 
the common properties: a maximum for ?—0, a minimum and a zero 
for positive values of v, and a positive limit as v— œ. A has two sub- 
sets: | 
Ai 9 <a < — 2, yz <B X vs 
and | 
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As: — 1/2 <a < +1,42 « B < Ya 


In Ai, lim,..(2, a, B)= ©, but in Ag the limit is finite. 

Type A*. The characteristic curves far set A* (where Y; «B <y) 
have properties as would a reflection of type A in the v-axis. A* has 
two subsets: 


Ar: _2<a< — LV « B <th, 
and 
Ags = 1a <= 1/2). «a < Œ, Va <B « y». 


Type EE*. The characteristic curve for the set EE* is the horizon- 
tal axis or v-axis, since for (a, 8) in EE*: (—2, 0), (—1/2, 1/2), (1, 1), 
p(v, o, B) =0. 

Type E. The characteristic curves for the set E— EE* have the 
common properties: a maximum at the origin, and negative values 
for all v different from zero. There are three subsets: 

E: oS —1, BZmax(ÿ:, Ys) except for the point (—2, 0) in EES, 

Er: —1 <a, f zmax(Ja, J4) except for the points (—1/2, 1/2) and 
(1, 1) in EEF. - 

Es: —1/2 <a <1, h SB «yA. 

In Fi, Dm, sëtz, o, B)= — œ. In Es» and F3 the limit is finite, and 
E; is distinguished by being the only subset of E— EE* in which the 
function has a minimum. When 6 — y in Es, lim,..@(v, o, B) is zero. 

Type E*. The characteristic curves for E*— EE* have common 
properties as would a reflection of type E in the v-axis. Et— EE* has 
three subsets: 

Ef: — œo <a< + =, BSmin(Yo, 0) except for the point (— 2, 0), 
Eğ: —1<a<+o,0<B<min(ÿ:, V4) except for (—1/2, en and 
(1,1). 

Fa: -—1<a<—1/2,Ws<BSyz;and1<actw,W<BSysz. 

10. The sets Ex and Ei Racó showed [1, p. 274] that when: 

(1) f(x) isa general positive and contimuous convex function, 

(2) U(x) is the linear function that coincides with f(x) at x — & and 
x+h, 

(3) L(x) satisfies the inequality (1.1), 
then f(x) satisfies (1.1). 

Now for any given M 0, the class KK x is a restricted digs of con- 
vex functions f(x), containing only those for which 2^1 log (B/b) < M. 

Let us now consider the equation, for any given M>0, 


(10. 1) $(M, a, B) = 0, 
where $ is the function defined in (3.3). We may think of 8 in(10.1) 
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as an implicit function of a, with M as a parameter, which we shall 
denote by Glo, M). The curve 8=f(a, M) in the «B-plane lies entirely 
in the set where (a, 8) satisfies the inequalities (8.2) and passes 
through the points of EE* for all M. For small M, the curve lies 
close to the straight line 8 —y»(a); in fact, using (5.1), replacing v by 
M, setting (M, a, 8)=0, dividing by M?, we find that 8—(a-4-2)/3 
as M—0. For large M, the curve lies close to B=3(a). Approximate 
values of f for given values of a and M may be easily computed by 
the use of tables. l 
We conclude with the theorems: 


THEOREM 10.2. A pair (a, p) belongs to Ex Af and only if 
B zmax(ys, B(a, M)). 


THEOREM 10.3. A pair (a, B) belongs to Ey* if and only if 
B S min(js, Bla, M)). 


We first prove the sufficiency of the condition in Theorem 10.2. Our 
hypotheses are: (1) f(x) is in K, (2) f(x) is in Kar, and (3) the pair 
(a, 8) satisfies 8 z max(ys, Bio, M)). We wish to prove that: (4) f(x) 
is in Kas. 2 

By (3) the pair (o, B) is either in the set E where 8 2 max(yo, Ws) 
or in that part of the set A where B=B(a, M). If (o, 8) is in E it is 
obviously in Ey and f(x) is in Kaa. If (œ, B) is in that part of A where 
Bzf(oa, M) we consider first 8—8(o, M) and then B>B(a, M). 

When 6=6(a, M), (M, a, 8) 20. For the L(x) that coincides with 
f(x) at x—h and x+h, A(l, x, h, B)=A(f, x, h, B), and by (1), 
If, x, h, a) SI(l, x, h, o). For the same I(x), v 27! log(B/b) € M, 
and therefore $ (v, a, 6) €0, for f(x) is in Kar, and the pair (o, 8) that 
we are considering is in A. Hence we have I(], x, h, a) € A (l, x, h, 8) 
and thus I(f, x, h, a) SA(f, x, h, 8), which proves that f(x) isin Kas. 
When 8»8(a, M), (M, a, B) «0, for A(f, x, h, B) is an increasing 
function of 8 [4, p. 26], and therefore $6 (M, a, 8) decreases with in- 
crease in B. Thus for all v € M, (v, a, 8) €0, and f(x) is in Kaz. 

To prove the necessity of the condition we have as hypotheses: 
(1), (2) and (4), and wish to prove (3). Suppose, contrary to our con- 
clusion, for all f(x) in K Ky, there exists aß <<max(W2, B(o, M)) such 
that f(x) is in Kas. In A, where Bio, M) beste), 8 «8(o, M) implies 
that $(M, o, B)>0. In A*, where B(a, M) <a), B «ys(o) implies 
that for sufficiently small v, déin, a, 8) 0. In E*—EE?*, for all v, 
dg, a, B) 20. Thus in any case, we have a value of v € M for which 
$ (v, a, 8) 2 0. Hence for some v € M, the inequality (1.1) is not satis- 
fied, in particular, by a linear function in the class K Ky, which gives 
us a contradiction. 
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The proof of Theorem 10.3 is similar, but with obvious modifica- 

tions. 
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EMMANUEL MISSIONARY COLLEGE 


A SIMPLE SUFFICIENT CONDITION THAT A METHOD OF 
SUMMABILITY BE STRONGER THAN CONVERGENCE 


RALPH PALMER AGNEW 


1. Introduction. A matrix Get of real or complex constants deter- 
mines a transformation 


(1) On = > OnkSk 
kmi. 


and a method A of summability by means of which a given sequence 
$1, 53, * is summable to ø if the series in (1) converge and define 
numbers 01, 62, * * - such that gäe as n—>œ. If a sequence s, is 
summable A, we say that A {s,} exists and that s, belongs to the sum- 
mability field of A. If s, is summable A to c, we say that A EH =o, 
The method À is regular if A {s,} =lim s, whenever lim s, exists. 

Toeplitz [1911] (reference in bibliography at end of this paper) 
proved that A is regular if and only if the three conditions 


(2) > | an < M, n = Í, 2, 3, ° 
kol 
(3) Dundee pid pes 
fj— co 
(4) lim >, Onk = 1 
DA hæl 
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are satisfied, M being a constant depending on the matrix Gap, Im- 
mediately thereafter, Steinhaus [1911] proved that no regular A has 
a summability field containing all sequences; in fact, to each A corre- 
spond sequences, whose elements are zeros and ones, which are non- 
summable A. Actually, Toeplitz and Steinhaus considered only row- 
finite transformations, but their methods give the facts stated. 

An attempt to prove that each regular A has a summability field 
containing some divergent sequences cannot succeed, because there 
exist regular methods A whose summability fields are identical with 
the class of convergent sequences. Convergence is the simplest ex- 
ample. A classic theorem of Mercer [1907] and its generalizations, 
known as Mercerian Theorems, provide further examples. More ex- 
amples of less special forms have been given by Agnew [1932], 
Sunouchi [1934] and Radó [1938]. It is the purpose of this paper to 
prove and discuss the following theorem and a generalization of it. 


THEOREM 1. If A is regular and satisfies the condition 


(5) lim lnk = 0 


n, ko © 
then some divergent sequences of zeros and ones are summable A. 


This theorem and the result of Steinhaus given above combine to 
yield the following theorem. 


THEOREM 2. If A ts regular and satisfies (5), then some but not all 
divergent sequences of zeros and ones are summable A. 


It is of course well known and obvious that if the matrix a,; has 
an inverse az, in the sense that (1) holds if and only if 


a 
Sn = 25 Anko ky 
ken] 


then at least one divergent sequence s, is summable A (such that oc; 
converges) if and only if the matrix an, fails to be conservative. The 
more general case in which the transformation (1) is reversible (in 
the sense of Mazur and Banach) was treated by J. D. Hill [1942]. 
The virtue of the criterion (5) lies in the fact that it is a simple cri- 
terion involving the matrix dy, itself; it may be used when gt has 
no inverse, and when the inverse exists but is so complicated that the 
test for conservatism is not easily applied. 


2. The condition (5). Each of the conditions (2), (3), and (4) has 
an obvious interpretation involving the matrix 
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G11212013 eee Qik CRC 


(6) 21822092 "rr Gare’ * 


For example, (3) means that the elements of each column form a se- 
quence converging to zero. The meaning of (5) is, roughly, that |ang! 
is near zero whenever both # and k are large. 

When a matrix satisfies (2), (3), and (4), there are several condi- 
tions which imply and are implied by (5). One is the condition (8) 
displayed below; it says, in other words, that the limit in (3) is uni- 
form over the set 2=1, 2,3, --. 


3. A generalization of Theorem 1. While proving Theorem 1, we 
can, without introducing complications, prove the following more 
general theorem. 


THEOREM 3. If ihe matrix a,x of A is such thai 


(7) -D| an| < =, nm=1,2,3,-°°, 
Seel 
and 
(8) -> lim ‚max | anu! = 0, 
n=» E-132,... 


then there is at least one divergent sequence, whose elements are zeros and 
ones, which is summable A. 


Actually, the proof will show clearly that there are “many” such 
sequences summable A. 


4. Proof of Theorem 3. Let a4; be a matrix satisfying (7) and (8). 
We establish Theorem 3 by exhibiting a divergent sequence s,, whose 
elements are all zeros and ones, which is summable A to zero. To 
simplify typography, we sometimes write a(n, k) and s(k) for daz 
and sx. Let a(1), a(2), : - + be a sequence, of positive numbers, which 
converges to 0 so rapidly than #a(nr)—0; for example, let a(n) =n. 
Let 8(1), 8(2), - - - be a sequence, of positive numbers, which con- 
verges to 0. The hypothesis (8) implies existence of an increasing se- 
quence z(1)«z(2)« +++ of positive integers such that, for each 
p=1,2,+°°, 


(9) | as] S o£), niES,hei2:e. 


Such a sequence z(p) being fixed, the hypothesis (7) implies that if 
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k(1), k(2), - - - is a sequence of integers which becomes infinite suffi- 
ciently rapidly, then, for each p=1, 2,3,---, 


(10) 2. leal SBO), Np S N Xa. 
kek (p)+1 


Let a sequence k(p) be fixed such that (10) holds and k(p+1) » &(p) 
+1 for each p =1, 2, - - - . Let sı, S2, * ++ be the particular sequence 
of zeros and ones defined by 

Ss, = À, k = hy, Ro, RE, 


sx = 0 otherwise. 


(11) 


Then 5&1 for an infinite set of k’s and s,=0 for an infinite set of Es 
hence the sequence is divergent. Moreover the transform o1, 9», * - - 








of this sequence is such that, when p=1, 2,3,--+ and np En «ms, 
e| =| È ats Data) | =| È a(n, 29 | 
kewl j=l 
= | on, & Bt at k;) | 
j=l 
s Yay) X »" k) | < palp) + 602). 
j-1 heck (p)-F1 


Therefore, since fa(p)—0 and B(p)—0, e,—0. Thus the particular 
divergent sequence of zeros and ones is summable A to 0 and Theo- 
rem 3 is proved. 


5. Relations between two methods of summability. Let B and C be 
two matrix methods of summability regular or not, of the form (1). 
Itis the purpose of this section to discuss standard general procedures 
for determining relations between B and C, and to show how Theo- 
rems 1 and 3 may be used. One says that B includes C, or BDC, if 
B{s,}=C{s,} whenever C{s,} exists; and that B is stronger than C 
if B{s,} exists whenever C je exists, while B{s,} exists for at least 
one sequence for which C{s,} fails to exist. Two methods B and C are 
consistent if B[s,] =C{s,} whenever both B{s,} and C{s,} exist, 
and are equivalent if B{s,} =C{s,} whenever at least one of B{s,} 
and C{s,} exist. 

For simplicity, we assume that C is cus and bas an in- 
verse; this means that ¢,,=0 when k and that c44,»40 for each 
n=], 2,+-++. Let Get be the matrix of the transformation A de- 
fined by A — BC-!. It is standard practice to use the fact that BDC 
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if and only if A is regular, that is, if and only if (2), (3), and (4) hold. 
If, in a particular case, one shows that (2), (3), and (4) hold, one 
knows that BDC; the methods must then be consistent, but it re- 
mains unknown whether (1) B and C are equivalent or (ii) B is 
stronger than C. If, in addition to (2), (3), and (4), one shows that 
(5) holds, then, by Theorem 1, B must be stronger than C. 

There are cases in which, by reason of algebraic difficulties or by 
reason of actual failure of the conditiors, one 1s unable to show that 
(2), (3), and (4) hold. (Those who work in the field know that the 
*norm condition" (2) is frequently the troublesome one.) It may 
nevertheless be possible to show that (7) and (8) hold. In such cases, 
Theorem 3 implies existence of sequences summable B but nonsum- 
mable C. . 
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CORNELL UNIVERSITY 


DERIVATIVES AND FRECHET DIFFERENTIALS 
MAX A. ZORN 


1. Generalities. A function f(x), defined on an open set S of a com- 
plex Banach space X, with values in a complex Banach space Y, 
is said to have a Fréchet differential at a point xo of S if for x —x the 
following conditions (G), (D), and (P) are satisfied: 

(G) The limit limpo | f(x --£&) —f(x) |/£ = 6.4f = f(x, h) exists for all 
h in X; (D) this limit is a continuous linear function of 5; (P) the 
Gâteaux differential 6f(x, h) is a principal part of the increment, that 
is, Diet Heil. 8f (s, h) = olfa). 

We say that f(x) is F-differentiable on S if these conditions hold 
at every point of S; if the condition (G) is satisfied for every point in S 
we call the function G-differentiable on S. 

The reader will find in [2]! or [6] a proof to the effect that a func- 
tion which is G-differentiable on S—or indeed on more general sets— 
leads to a function óf(x, h) which is linear, in the algebraic sense, with 
respect to k. We may thus replace the condition (D) by the require- 
ment that the Gáteaux differential be continuous with respect to the 
argument A, which in turn is equivalent to öf(x, h) being O(1), o(1) 
or O(||4]|) as UA tends to zero. 

Our main purpose is to show that (P) is satisfied automatically if 
(G) and (D) hold on S, giving a new answer to the question: under 
which conditions is a G-differentiable function F-differentiable? 

Previous solutions of this problem have been of two kinds. The first 
kind operates with topological conditions on the function f(x), like 
continuity (see [4]), local boundedness (see [2]), or essential con- 
tinuity (see [6]). The most general characterization theorem of this 
type seems to be the following: Let f(x) be G-differentiable on the 
connected open set S, and bounded on a set V — M, where V is a 
nonvoid open subset of S and M is such that the whole space X is 
not the sum of a countable number of homothetic images oe M 4-05 
of M; under these conditions the function f(x) is F-differentiable on 
S (see [7 ]). 

A solution of the second kind may be abstracted from [2] or [6]: 
if the higher differentials ó"f(x; hj, - - - , An) are continuous functions 
of their 4-arguments for one value xo of x, then f(x) will be F-differ- 
entiable on a suitable neighborhood of xo. The two kinds of charac- 
terizations are rather different; the first type refers to the behaviour 
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of f(x) on an open set; the second is based on the behaviour on a sub- 
set which is only “finitely open” (see the definition (2.1)). The condi- 
tion (D) belongs to the second class, and we look upon it in this 
manner: 

By virtue of (D) there belongs to x a bounded linear transformation 
on X to Y, whose value for the argument k is óf(x, h). The bounded 
linear transformations on X to Y, under the standard definition of 
norms, constitute a (complex) Banach space [X, Y]. The above linear 
transformation is thus the value of a function on S to [X, Y], which 
we denote by f'(x); the name derivative is justified by the formula 


of (x, 4) =f" (x)h. 


2. Derivation of the condition (P). The functions f(x) we deal with 
are at first assumed to be G-differentiable on a set D, which is finitely 
open according to the definition: 

(2.1) A subset D of the (complex) Banach space X is finitely open 
if for xinD,h,---,h,in X, the n-uples (¢:, - - - , &) for which 


wt Silas + + Sahn ED 


form an open set of the n-dimensional (complex) number space. 

Without making use of the topology or metric of X the G-differen- 
tial óf(x, h) and the higher differentials ó"f(x; hı, - - - , ha) may be 
defined; for instance, ö?f(x; h, k) is ó,*[6f(x, h)]. We shall use the 
(trivial) observation that the function f(x) is G-differentiable on D 
if and only if f(«+¢h) is a differentiable function of the complex 
variable ¢. 

The topology of the value space is of course being used; and since 
we want the values of our functions to be in Banach spaces it becomes 
understandable that we restrict the concept derivative as follows: 

(2.2) A function f'(x) on D to the Banach space Ee, Y | of all 
bounded linear transformations on X to Y is called the derivative 
of f(x) if óf(x, b) —f'(x)h, for x in D and k in X. 

The value of this definition may be gauged by the lemma: 


(2.3) The derivative is G-differentiable on D; 
and the theorem: 


(2.4) If f(x) is G-differentiable on an open set S and possesses a 
derivative on a nonvotd, finitely open subset D of S it satisfies the condi- 
tion (P) at every point of D. 


We shall arrange the proofs in such a manner that a maximum of 
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information is derived from the behaviour of the function on the 
finitely open set D alone. 

From the theory of the G-differential in [2] or [6] we shall have to 
use the theorems: 


(2.5.1) The G-differentials ö"f(x; hi, +--+, An) exist and they are G- 
differentiable with respect to x on D, linear and symmetric with respect 
lo the h-arguments on X; 


(2.5.2) For x fixed in D we get f(x--h) =) "d(x; h,- ++, h)/n! 
= px, h), where h comes from a set H, which is defined by the con- 
dition that |t| €1 implies x+{hED. 


From the theory of linear operators we borrow (see [5]): 


(2.6) If the bounded operator ULC) depends on the complex number 
t—which varies in an open set A—in such a manner that U(Ẹ)h ts 
differentiable with respect to & for any h in X, then UU) «s diferenti- 
able with respect to Ÿ, on A. 


Proceeding now to the proof of the lemma (2.3) we note that it 
suffices to show that for kin X the quantity f’(«+¢k) is differentiable 
with respect to ¢. This will follow from A. E. Taylor's theorem (2.6) 
if we know that f(x+tk)h or óf(x--(k, h) is differentiable with re- 
spect tot forany hin X;that, however, amounts just to G-differentia- 
bility of óf(x, k) with respect to x, which is asserted by (2.5.1). The 
lemma is thus proved and we may apply the theory of the G-differ- 
ential to the function f'(x). Its higher differentials will exist, and they 
will be bounded linear transformations. If U(x) is a G-differentiable 
function on D to [X, Y], we shall have the equality [8U(x, k) lh 
= BR [U(x) ]h] , for 


fiim [U(x + FE) — pair) E { [U(x + gk) ]z — [U (a) ]h} /t- 


With the use of this principle and the symmetry of the differentials in 
their h-arguments one arrives by way of a mathematical induction at 
the formula: 


(2.7) ó^f'(x; Has ee, ha) haa = ëriifLer hi - ++, bail, 


The left member of (2.7) is continuous with respect to fa yi; the 
right member is a symmetric function of the k-arguments, so that 
the differentials turn out to be partially continuous in these argu- 
ments. By a theorem of Mazur and Orlicz (see [3, p. 65 | and the refer- 
ences given there; compare also [6, Theorem (3.7)]) they will be 
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continuous jointly in their k-arguments. The functions p,(x, h) 
= "f(x; h,---, h)/n! are therefore continuous in k; in the termi- 
nology of [2] and [6] we have shown that the “G-powers” p,(x, h) are 
“ F-powers” of A. 

We show now that in a suitable neighborhood of A=0 the power 
series ? n(x, h) converges uniformly towards a function which has 
fi(x, h) as its Fréchet differential. By (2.5.2) the sum of this power 
series coincides with f(x-+/) on the set E. The proof is only a slight 
variation of the arrangement in [6]; we may thus content ourselves 
with a mere sketch. 

The set H, on which the power series converges is of the second 
category, since U;za(2H;) is the whole space X. Since the terms are 
continuous functions of A, a classical principle shows that they are 
uniformly bounded on a sphere (compare [1, p. 19]). We may thus 
assume that for a suitable ba and positive numbers p, M the inequality 
| — Ad <p implies, for all x, los (|| € (we drop the argument x). 
It is easily seen that due to the homogeneity and G-differentiability 
of the functions p,(4) the same uniform bound obtains for Wëll <p 
(compare Theorem (4.1) of [6]). 

For IA So<p we find PAN SM(e/p)"; this ensures uniform 
convergence of ? Gab) towards a function g(h), for [zl] Eg «p. 

We might stop here with an appeal to the theory of power series 
(see, for instance, [4, p. 11]); or we may prove, as in [6, Theorem 
(4.3) |, the inequality 


Is» — g(0)] — all S Illu ite — e), 
which yields for x in D, kin H», Ill So « p, 
(2.8) D+ — fo] sfa, ls list jete — 0), 


where the quantities M and e depend on x. | 

At this point we make use, for the first time, of the premise that 
f(x) be defined on an open set S which contains D. The number p may 
then be taken so small that for ||A|| <p the points x+% are contained 
in S; we do not ask for more if we want the points x-Ft£ to be in S$ 
for Es | <1. By virtue of (2.5.2) the power series 3 Dë, h) represents 
f(x+h) in the sphere ID «p, so that the inequality (2.8) is valid 
there. A fortiori, the condition (P) holds at every point of D. We have 
proved the theorem (2.4); let us add the corollary: 


(2.9) If f(x) possesses a derivative on the open set S itis F-differentia- 
ble on S. i 
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Added in proof, January 20, 1946. Professor A. D. Michal informs 
me that more than ten years ago, in connection with a first draft of 
his paper General tensor analysis (Bull. Amer. Math. Soc. vol. 43 
(1937)), he introduced the notion of a derivative as distinguished 
from a differential. 
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UNIVERSITY OF CALIFORNIA AT Los ANGELES 


CONTINUED FRACTION EXPANSIONS FOR FUNCTIONS 
WITH POSITIVE REAL PARTS 


H. S. WALL 


1. Introduction. Let K denote the region of the complex z-plane 
exterior to the cut along the real axis from —1 to — œ. Let E denote 
the class of functions F(z) with the following three properties: 

(a) F(z) is analytic over X; 
(1.1) (b FO) = 1; 
(c) R(F(z) > 0 over K. 


The object of this paper is to prove that the class E is coextensive 
with the class of functions representable in the form 


(1 + 2)! 
1+ = TN 
12 1+ Zei + 5)1/2 + uence or rs 
| 1 + él + dn + ar 


1 + Zeil + 2) + 


where 0 <g, <1, -»<r,<+»,p=1,2,3, - - - ‚orasa terminating 
continued fraction of this form, in which the last g, which appears 
may be equal to unity. The continued fractions converge uniformly 
over every bounded closed region within X. That branch of (1-+z)1/? 
is to be taken in X which equals 1 for z- 0. | 

This result supplements [3].! In fact, the continued fraction (1.2) 
is actually the continued fraction (3.6) of [3]. At that time we did 
not recognize that the latter can be put in the form (1.2), and we 
proved convergence only in the neighborhood of the origin. If 
rp=0, p=1, 2, 3, - * * , the continued fraction (1.2) reduces to a fa- 
miliar form first considered by E. B. Van Vleck [2], and recently 
- by the present writer [4] in connection with totally monotone se- 
quences. From one point of view, the result is a reformulation of a 
theorem of Schur [1] on bounded analytic functions. 
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2. Preliminaries. It will be convenient to introduce, along with the 
class E, two other classes of analytic functions, U and V. The class U 
consists of all functions f(w) which are analytic and have moduli not 
greater than unity for |w| <1. The class V consists of all functions 
k(w) which are analytic and have positive real parts for |w| <1, and 
which have the value 1 for w=0. The transformation 


1 + wf(w) 
1 — wf(w) 


maps U one-to-one upon V. We now map the domain Lol <1 upon K 
by means of the transformation 


4w (14-2)? — 1 
= ——____ D = ———————— . 
(1 — w)? (1 3-2)? r1 
The class E then consists of the functions 
14- gut —1 
ro = MO), 
| 
where k(w) is in V. The correspondence set up in this way between 
E and V is one-to-one. 
To each function f(w) of the class U, Schur [1] makes correspond 


uniquely a finite or infinite sequence of constants o, such that, in 
case the sequence is finite and has 24-2 terms, 


(2.3) |a| «1 p=0,1,2,-..,n, | angi] = 1, 


(2.1) k(w) = 


(2.2) Z 


and, in case the sequence is infinite, 
(2.4) le, «1, p=0,1,2,-+-. 


Conversely, each such sequence determines uniquely a function in the 
class U. The correspondence is set up in the following way. If f(w) is 
any function in U, the sequence {ap} is determined recurrently by 
means of the formulas 


1 a — fr 
(2.5) faw) = f(w), few) = — ue 


= T= aif) æk = f«(0), 


k=0,1,2,---. 


Conversely, if a sequence {ap} satisfying (2.3) or (2.4) is given, we 
construct the linear transformations 


(2.6) s = SW; Ì = ———— 
1 4 wl 
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of the /-plane into the s-plane, the transformations depending upon 
the parameter w. These have the property that if | a | <1 then | t| si 
implies |s| <1. The product of two or more of the transformations 
must have the same property. Thus, if 


Sp(w; f) = S051 * * + S,(w; £), 
then 


(2.7) (ëm | <1 Ze, [wl <1 and list. 


To any finite sequence {œp} satisfying (2.3), there corresponds the 
function S,(w; ol in the class U. To any infinite sequence {ap} 
satisfying (2.4) there corresponds the function j(w) in U, defined for 
Lol <1 by 


(2.8) f(w) = lim S, (w; ipp). 
e pv 
Here fy, és, la, * + + is any sequence of numbers with moduli not greater 


than unity; the limit exists uniformly for [7 Sr for every positive 
constant r less than 15 the value of the limit does not depend upon the 
particular sequence Jil which is chosen. This formulation differs 
from that of Schur only in the introduction of the arbitrary sequence 
cae Di <1, which, moreover, entails no essential modification in 
the proof. | 


3. The main theorem. Let ao, o1, Qo * - * , @» be numbers with 
moduli less than unity, and let 


1 — (ws: — 10 w; t 
(3.1) felw à = — ECKER fi(w; à = ee feti 
w 1 — axfx(w; D 1 — Gib fy i0; D 
k=0,1,2,:--,4, 
where, in the notation introduced before, fo(w; £) =S,(w; D, so that 
foii(w; t) =t. We introduce functions klw; t) by means of the equa- 
tions 
1 — Brfi(w; 0 
1+ wBifx(w; t) 
. where the £8, are numbers to be determined. If we substitute the val- 
ues of flw; OD and fotoen: £) obtained from (3.2) into (3.1) we ob- 
tain the following formula expressing Ar=hılw; i) in terms of 
hai heaQ; t): 
h (Bx — rt B ex1iByo — Br) whrrıt (Brrıdrar— Bu weet war) 
gemeet 
(wart w^ Bx Én WBrrıßaar) — (int wB rt Brt WBi418 1.0%) Whrzı 


(3.2) ba: 1) = k=0,1,2,---,¢+1, 
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We now determine the f, so that the factor multiplying br in the 
numerator is zero. This will be true if 


Br-ı — aua 


(3.3) Bx H k=1,2,3,:°+,/4+1,80=1. 


1 — Braki 


We note that |8,| 21, k=0, 1, 2, ^ - - , p+1. With these values of 
the Bm, the above formula may be written: 


| 1 Br |? 
( ab) — à — ew + (1 — | eb [wh 8) 
In particular, since Bo=1, fo(w; t) =S,(w; t), we have 
1 — S,(w; à) 
1 + wS (w; t) 


(3.4) kw; t) = 


(3.5) 
Ge | 1 — alo 2 : 
(1 — af) — (1 — aoBo)w + (1 — |oufo| 2)whi(w; t) 


On multiplying both members of (3.5) by 2w/(1—w), adding 1 to 
both sides, and then taking reciprocals, we obtain 


1 + wS,(w; à) 


(3.6) i pct 1 1 a 
— _ 2w| 1 — «|? 
1-8) — (1 — an8o)w + (1 — | ooo |?) wh (w; f) 

Let l 
(3.7) By = 1 — Quer, k=0,1,2,°°°,p 
Since |8x| =1, lo] «1, then 
(3.8) | ux — 1/2| < 1/2, —1,2,3,--:,54- 1. 
Thus, R(uz) >0. We now put 
(3.9) gr = | un |2/R(ux), re — Iu) RA). 


Making the substitutions (3.7) and (2.2) in (3.6) and (3.4), we obtain: 
1 + wS,(w; À 


(3.10) ` ML (1 + z)!2 


813 


t F in + 22+ (1 — (A + 2)? — Dk: A) 
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and 


£i (1-2)! 1) 


(3.11) nero HI eg oS 


k=1, 2,3, pe 


By (3.8) and (3.9), the numbers gz, ry satisfy the inequalities 
(3.12) O< g<, ower < + ©, k= 1,2,3,:--,ġ} +1. 


Conversely, if gx, r} are any numbers satisfying (3.12), then numbers 
u, satisfying (3.8) ere uniquely determined by (3.9), inasmuch as the 
latter may be written u= gk COS dr, arg uz=—arc tan r= — x, 
k=1, 2,3,-++, +1. Then, numbers a, with moduli less than unity 
are uniquely determined such that (3.3) and (3.7) hold. In fact, 


WM» ` * Mr 
ao = 1 — 215, ok = ————— — — (1 — 2ux43), 
Uio oo e UE 


ee PUR eee 


We now suppose that {ax} is any sequence such that (2.4) holds. 
Then the preceding formulas hold for arbitrarily large values of p. By 
(3.2) with k=p+1 we have, remembering that foul(w; D=t: 


1 — Bait | 
1 + WB orit 
If we take t=f541=1/Bp41, then fl =1 and h,41(w; 1,11) =0. Then, 
by (3.10) and (3.11), 
1 + wS,(w; tal 
1 — wS,(w; t5:1) 


(3.13) how: f) = 


is the (p+2)th approximant of the continued fraction (1.2). Hence, 
by (2.7) and (2.8), the continued fraction converges uniformly for 

w| Sr for every constant r less than 1, that is, for z in any bounded 
closed region within K, to the function 


(ae V LM auod 
1 — wf(w) en)? 


in the class E. If, on the other hand, (2.3) holds, then we readily 
verify that 
. 1 + wS,(w; Œn+1) m D ) 

1 — wS,(w; o541) idi 


a function in the class E, is equal to the (n+2)th approximant of the 


H 


1940] CONTINUED FRACTION EXPANSIONS 143 


continued fraction (1.2) if 1 —@”418n41=0, and is equal to the (7+3)th 
approximant, with gaseo=1, if 1 —06,4105417£50. 

Conversely, if we start with a function F(z) in the class E, we see 
immediately that there is determined uniquely a continued fraction 
(1.2) or a terminating continued fraction of this form, whose value 
is F(z). 

The proof of the theorem stated in the introduction is now com- 
plete. We remark that the condition (b) of (1.1) may be easily re- 
moved. If we do this, the result may then be stated as follows. 


THEOREM. If c>0, 0«g, «1, —o «r4 <+ o, p=1, 2, ^^, 
then the continued fraction 
c(14-2)!/? 


è Eu 
14-2ro(1 4-2)! - 


(3.14) 1-4-ir(14-2)1/?4- 
1-I-irs( 1--2)1/24- 


(1 — g1)g22 
(1— go) 832 
1+773(1-+-2)}/2+- 


converges untformly over every bounded closed region in the domain K, 
and its value 4s a function F(z) which ts analytic and has a positive real 
part throughout K. Conversely, if F(z) is any function with these proper- 
ties, then there is a uniquely determined continued fraction of the form 
(3.14), or a terminating continued fraction of this form in which the last 
gp which appears may be unity, whose value is F(z). 
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ON THE ZEROS OF POLYNOMIALS WITH 
COMPLEX COEFFICIENTS! 


EVELYN FRANK 


1. Introduction. Problems in dynamics very frequently have physi- 
cally realizable solutions only if the determinantal equation of the 
system has all its roots in the negative half of the complex plane. It 
is therefore convenient to have a simple algorithm for testing whether 
this condition holds without actually computing the roots. Solutions 
to this problem have been considered by Cauchy [1],? Routh [6], and 
many others. Hurwitz [4] gave a method for polynomials with real 
coefficients of the form 


(1.1) P(z) = z^ + az” + aegt sta. 


According to his rule, all of the roots lie in the half-plane R(z) <0 if 
and only if all the determinants 


Q1, 43, G5,*** , @2p—1 
1, Q9, Q4, * * * , 2p? 


0, On, 03, * * * , Gone 
D, = | i we p=el2. ‚na =0,j>n, 
0, 1, Gasser, Cops 


are positive. 

Recently, Wall [8] formulated and proved this theorem by means 
of continued fractions. We extend his method to polynomials with 
complex coefncients, 
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Bemerkung zu einem Satze von Hurwitz, Zeitschrift fur Angewandte Mathematik und 
Mechanik vol. 24 (1944) pp. 77-82 (lithoprinted by Edwards Brothers, Inc., Ann 
Arbor, Mich., 1945). There is presented in Bilharz’ article an algorithm for the com- 
putation of determinants of type D, similar to that given here in $2. Also Theorem 
3.2 is essentially the same as the theorem stated and proved by Bilharz (p. 81), and 
Theorem 4.1 is equivalent to but approached differently from that stated by Bilharz 
without detailed proof. 

3 Numbers in brackets refer to the bibliography at the end of the paper. 
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(1.2)  P(z) = z^ + az) + age? + - - - + an ær = pr + igr 


k=1,2,--++,. Therefore, by a rotation and translation, the results 
can be applied in an arbitrary half-plane. We form 


(1.3) Q(z) = pia) + iger? + pas”? bum bs 

and the J-fraction 

Q(z) 1 1 1 1 
Pe) ut kat 1- on + kat cet ks tee tot ka 


where the c, are real and the kp are pure imaginary or zero. We find 
that all the zeros of P(z) have negative real parts if and only if the 
expansion (1.4) exists and the c, are positive (Theorem 3.1). More- 
over, if this expansion exists with & of the c, negative and (n — k) posi- 
tive, then 2 of the zeros of P(z) have positive real parts and (n—k) 
have negative real parts (Theorem 4.1). We find the proofs of these 
theorems carry over with no basic changes from those given by Wall 
[8] for the case of real polynomials, and at one step the proof of Theo- 
rem 3.1 is even simpler in the complex case. 

We give in $2 some convenient formulas for expanding a rational 
function into a continued fraction of the form (1.4). This leads to 
formulations of the preceding theorems by means of determinants 
analogous to the Hurwitz determinants. 

In $5, we give methods for modifying Theorem 4.1 in case the ex- 
pansion (1.4) fails to exist. 

In 86, we obtain formulas similar to those in [8] for finding bounds 
for the moduli of the zeros of (1.2). 


(1.4) 


2. Expansion of a rational function into a J-fraction. We consider 
here the following problem: If 


fo = aoz” + az"! + +++ + aon; 
fa = az"! + a2”? + + + + + one 


are two polynomials of degree n and n—1 respectively, to determine 


(2.1) 


conditions upon the coefficients coo, - * * , Qon, Qu, * * * , Gin which are 
necessary and sufficient in order that 

1 1 1 
oa Ë= 


fo pee dene + DEE Ee GE 


where the rp and s, are constants, the r, different from zero. This prob- 
lem is equivalent to the problem of determining polynomials f, of 
degree n—p, p=2, 3, +++ , n—1, which are connected with fo and fi 
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by the recurrence relations 

(2:3) f = (725 + Sp) fp Tfno LEIWEN"? 
| Joi = 0, In = Ann * 0, Tr À 0. 


In other words, the expansion (2.2) exists if and only if the euclidean 
algorithm for the highest common factor of two polynomials, when 


applied to fo and fi, gives a system of the form (2.3). 

If we examine the long division process involved in the euclidean 
algorithm, we see that the numbers which contribute to the final re- 
sult are only those contained in the following table. 


ao 


O11 


œ11 


Oo 


022 


9 9 Ss č àù ù % o @ ee ò> 5 > o 8 o a ,@ 89 + + + c 


Q110:91— (00012 
C11812 — 811012 
0250119 — 0110/23 


C'2»[323 — B 22023 


Q01 


Q19 


1277 
O11 


Q23 = 
Q11 


022 


&11%02 77 A0013 
211813 un Dous 
022013 — (110724 


G22D24 — B 22014 


Oo 

Q13 
11403 Moo%14 

B ee 
O11 

o1184— 811634 - 

O94 EE —————————— e + e 
C11 

(220014 —— 0110725 


Œo2 


The expansion (2.2) exists if and only if the numbers ooo, au, a», 
' Gan are different from zero. When it exists, we have 


QŒ p—1,p—1 B.» 
(2.5) „mt, gm, 
Qp,p Xp,p 


Example. Let p=2+(2-+7)2?+(3-+i)2+(2:+2), fi=22°-+iz-+2. 
The table (2.4) in this case is 


sa 354 
i 2 
2+i +2 
31/2 

2 


2:72 
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Therefore, 
r1 = 1/2, ra = 8/9 r3 = 81/64, 
sı = 1 + 1/4, $9 = — 41/27, za = 271/32, 
and the expansion (2.2) is 


* 


Ji 1 1 1 
2.6) Zoo "© m —————. 
di fo 2/2+1+ i/4 + 82/9 — 45/27 + 812/64 + 276/32 


We now formulate the condition for the existence of (2.2) in terms 
of certain determinants. | 


THEOREM 2.1. The quotient fı/fo of two polynomials (2.1) can be ex- 
pressed in the form (2.2) if and only if 


(2.7) D, #0, p=0,1,---,2, 


where Dass oan and Di, Da, - ++, D, are the first n principal minors of 
odd order (blocked off by lines) 4n the array 


Ou | Q12 213 O14 Q15 216 





Oon | C01 Oo 03 Q4 0205 


0 ou  O12| oa au | om 

(2.8) 0 Goo on om os | ao 
| 0 0 ou am 13 | au 

0 0 Qoo or oo Go 


where cor =» =Q tf p>n. 


Proor. We suppose first that the expansion (2.2) exists with 7,0, 
p-1,2,---,m,sothat the numbers &pp, p =0, 1, 2, - - - , of (2.4) are 
not zero. Consider the determinant D, of order 2p —1,2 <p <n. If we 
subtract aoo/on times the (2k—1)th row from the 2kth row, for 
k=1, 2,- --,p—1, we find with the aid of (2.4) that 


Bis, Biz Dass: 


Out «)5, O13 "rz 


0, Bu, B12, ee 
D, = O11 N 
; On A, "rr: 


0, 0, Bi, 7 
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where the new determinant is of order 25 —2. On subtracting Bu Joo 
times the 2kth row from the (2k —1)th row, for k=1, 2,-..,p—1, 
and making use of (2.4), we readily obtain 

(2.9) Det) à 0: He Ses 
where D,® denotes the determinant D, with both the subscripts of all 
its elements increased by k. From (2.9) we then find immediately that 


(2.10) (Ya an P2357, 


Since 07570, b=0, 1, -- - , n, it follows from (2.10) that (2.7) holds. 

We suppose now, conversely, that (2.7) holds. Then, ao0+0, ou 750, 
since, by definition, Do— oo, Dh — o, Since o3; 750, then (2.10) holds 
for p=2, so that Ds-— —ou ges sc, or 0:720. This guarantees that 
(2.10) holds for p=3, so that Ds = — ana» £0, or oan 740. On con- 
tinuing this argument, we finally arrive at &,4740, and the proof of 
Theorem 2.1 is complete. 

We observe that if fı —co2^—:--cs7724- - - - Le, a, fy =3", then the 
condition of Theorem 2.1 reduces to 


Gan Cp+ls * "rv 62» 
p=0,1,-'+,#—-—1(¢, = Oiorp > n i). 


This leads to the well known condition for a power series 


Cn—1 





AREE... x +... 
3 2 3 


to have a J-fraction expansion. We may obtain this expansion from 
formulas (2.4), (2.5) if we take aw=1, aop=0, P21; Gp — 6, 1. 

Analogous considerations show that there exists a Stieltjes expan- 
sion [7] of the form? 


City God --— pem - 0, 
don if fo(0) 7 0, 





i dade pee 


* Expansions for rational functions of the form (2.2) and (2.11) find application in 
certain problems in elect-ical network theory (cf. [2, 3]). 


1 f 
t 
i 


| 
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where d,~#0, p=1, 2, 3, ‚if and only if, in addition to condition 
(2.7), it is required that the principal minors of even order in the 
array (2.8) are different from zero up to and including the one of 
order 27 —2 or 2n, according as fo(0) =0 or fo(0) #0, respectively. The 
coefficients d, in (2.11) can be computed by forming the table 


On ol (og 
œ11 0:12 13 
Q11001— AoA ` 011002 — 90013 031003 — X00214 
(2.12) Te e = eu i Ou 


02202127 011023 0.220213 7 07110024 0220147 031025 
| 34 —M———— O35 — ——— n —— —Ó— ee 


X33 ~= A347 
a22 22 (22 
Then 
(2.13) De, p=1,2,3,-.: 
App 


‘This may be shown if we apply Theorem 2.1 to the function 
zfi(z?)/fe(z?). Since this is an odd function, its expansion (2. 2) will 
have $50, p=1, 2, 3, . From this, (2.11) can be obtained by 
simple Au NT 


3. Conditions for the zeros of a polynomial to lie in a half-plane. 
There is no loss in generality if we assume that the given half-plane 
is R(z) <0 since any half-plane can be reduced to this by a rotation 
and translation. 


THEOREM 3.1. Let P(z) be a polynomial with complex coefficients 
(1.2), and form Q(z) (1.3). The zeros of P(z) all lie in the half-plane 
R(z) <0 4f and only 4f 


Q(z) o" a ge GA 
Pe) z+a+bitz+b+z+b t:e tzt 


where the a, are real and positive and the bp are pure imaginary or zero. 


(3.1) 





Proor. If the expansion (3.1) holds, one may regard the continued 
fraction as generated by the transformations 


ao 01 Üs—1 
t, Wht 


gba th tw C ath te E+ ba F wa 
and show exactly as in [8] that Q(z)/P(z) is irreducible, and 
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Q9 1 
| Pe) 2 


Hence P(z) #0 for R(z) z 0. 
` Conversely, let P(z) be a given polynomial whose zeros are all in 
the half-plane R(z) «0. Let P(z) denote the polynomial obtained from 
P (z) by replacing its coefficients by their complex conjugates. The poly- 
nomial Q(z) of (1.3) is then [P(z) -2(—2)]/2 or [P(z) — P(—2)]/2 
according as the degree n of P(z) is odd or even, respectively. We note 
that the set of zeros of P(z) is symmetrical to the set of zeros of 
P(—z), with respect to the imaginary axis. Hence the geometrical 
argument used in [8] can be applied zo show that all the zeros of Q(z) 
lie on the axis óf imaginaries, and that (3.2) holds. Since the zeros 
of P(z) are in the half-plane R(z) «0 while those of O(z) are on the 
line R(z) —0, it follows that Q(z)/P(z) is irreducible. 

By division we now get 
Q(z) = ao 
P() sca bd CANAL 
where a, is the negative of the sum of the real parts of the zeros of P (a) 
and is therefore positive, b is pure imaginary or zero, and C(z)/Q() is 
an irreducible rational fraction in which the denominator is of degree 
n—1 and the degree of the numerator is less than 2 —1. Just as in [8] 


it follows that R[C(z)/Q(z)| 20 for R(z) = 0, and hence that there is a 
partial fraction expansion of the form 


Ce) = Ly 

QG) past ix, 
where the x, are real and distinct, and the L,>0. Then 
— 4C(— iz) a L 


(3.2) 





1 
| £— for R(z) = 0. 





(3.3) 


(3.4) 





D 


J \ 








Q(— iz) i pel z— E, 
so that 
— iC(— iz) ay ER Ga 3 
Ai)  zrthi-sthi—.—z:Lb 


where the a, are real and positive and the b, are pure imaginary or 
zero. On replacing z by iz and dividing both members by —i, we get 


Co G1 de Q5-1 
Qe) stbhtztb+---+a+b, 
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On substituting this expression into (3.3), we obtain (3.1), and the 
proof of the theorem is complete.* If we put 





1 1 
=, Gp — , = 1,2,---,#—1, —1,2,:--:,m 
(3.5) d Cp pl P ? 
kp = b Cops 


then (3.1) takes the form (1.4). The c, are evidently positive if and 
only if the a, are positive. 

The expansion (1.4) may be conveniently obtained by the method 
of 82. For example, if P(s)=2'+(2+4)2?+(3+1)2+(21+2), then 
Q(z) =222+iz+2, and Q(z)/P(z) is the fraction (2.6). Therefore, 
a=1/2, c — 8/9, c3=81/64, so that the zeros of P(z) are all in the 
left half-plane. Here the zeros are actually —1—7, (—1—3 1.2) /2, 
(—1+2 7112) /2. 

From the formulas (2.5) and (2.10), we may formulate the condi- 
tion for the zeros of P(z) to lie in the half-plane R(z) <0 by means of 
certain determinants analogous to the Hurwitz determinants [4]. In 
fact, we conclude at once that the numbers c, of (1.4) are positive if 
and only if (—1)?(?-Y/2D,>0, p=0, 1,--- , n, where D, is the de- 
terminant of Theorem 2.1 formed with fo=P(z), fı=0(z). By simple 
transformations of these determinants, one may formulate this result 
as the following theorem. 


THEOREM 3.2. The polynomial P(z) of Theorem 3.1 has all its zeros 
in the half-plane R(z) <0 if and only if the determinants 


Ai = f, 

Ay = (— 1)F@-DRD, 
du Pss Ps, tt à Dora) — 2 —Q4, * * ge 
1, po, ecco Daun Qu 7405877055 213 


(3.6) = 0, "3 Pk 0, een. ~ak 
0, da, dà ^^ ° » Q2k-—2; du $95» Dat 3 | 
0, Qu Gë: Gars, |, Pas", Poka 


0, 55, Or 0, ore, Pes 
k=2,3,---,n(o-=@ =0 forr >n), 


4 An additional step is needed in the case of real polynomials (cf. $1), namely, 
to show that the 5, —0. - 
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are all positive. 
If the g, are zero, this reduces to the theorem of Hurwitz [4]. 


4. Determination of the number of zeros of P(z) in each of the 
half-planes R(z) <0, R(z)>0. We suppose that P(z) is a polynomial 
with complex coefficients of the form (1.2). We assume that (1.4) 
exists and that the c,»<0. We then have the following theorem. 


THEOREM 4.1. The polynomial (1.2) has k zeros with positive real 
parts and (n — k) zeros with negative real paris if, in the expansion (1.4), 
k of the coefficients c, are negative and ihe remaining (n —k) are positive. 


PROOF. Since the expansion (1.4) exists, O(z)/P(z) is irreduci- 
ble. It follows that P(z) cannot have a zero on the imaginary axis. 
For, if P(z)—0, r real, then (cf. 85) Q(ér) = [P(ir) + P(-ir)]/2 
= [P(ir) + P(7)]/2 —0, which is impossible since Q(z)/P(z) is irre- 
ducible. Thus the zeros of P(z) have their real parts different from 
zero, so that, for R(2) «0, we can write P(z) —rei**, where r>0. If 
we consider P(z) as the product of the vectors from its zeros to the 
point z, then we see at once that, as z ranges along the axis of imagi- 
naries from t- © to —i- œ, then 8 decreases by the integral amount 
A=N-P, where N and P are the numbers of zeros of P(z) with nega- 
tive and positive real parts, respectively. The same evidently holds if, 
instead of P(z), we consider 4^P( —iz) —rei**, and letz range along the 
real axis from — © to +». Now 


i^P(— iz) = (z^ — quz" — faz"? ga? + punt +...) 
(4.1) F ilhas" — gear? — pass quart...) 
= U(z) + iV(2), 





where 
F(z) 1 1 1 
(4.2) SS ZE Eu 
U(z cz + thy — caz + ike — ee — + th, 


which is real when z is real. This may be seen as follows: 
The pth denominator of (1.4) can be written in the form 


Pal = ez + kd 1, 


ez + kit 1, — 1, 0, EE 
1, 032 + Ra, "E 1, 0, UT SP S 
By(z) = 0, 1, Gs + ks — 1, Ek 0 , 
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p=2, A. n. Since cite +» * c,P(z) =B,(2), we then have 


6103 7 * c, P(z) 





C1 + hi, eeng Le 0, (RES 
1, caz + ke — 1, Uess, 
= | 0, 1, C33 + Rs, —Il,-::, 0 
"xxu Cn + En 
(4.3) 
622 + ka, = Users, 0 
1, 632 + Rs, = Lass 
+ Qs ee ee ee ee ollo’ 
wt v. dh o o s où o ù o ùo o œ Gnd + Rn 
= H,(z) + Gn(z) 
and 
Ga 1 1 1 
(4.4) ON 


Hz) eat Ry + 622 + Reo +: + nz + b. 


If we replace z by —iz in (4.3) and (4.4) and make some simple 
transformations [5, p. 194], (4.4) becomes (4.2) and (4.3) becomes 
(4.1). 

From this point on, the proof runs almost exactly the same as in 
[8]. The number A is the net decrease in 


as z increases through real values from — e to +œ. Using (4.2), we 
form the sequence fo=1, fi=6n2+tikn, © * +, fa, defined by the recur- 
rence formula fp41= ës 52 tikn-p)fp— fp- P 71,2, nl. These 
form a Sturm's sequence, and we find that A =n —2k, where k is the 
number of negative terms in the sequence cı, C2, * * * ; En Therefore, 
N-P=n-2k, N+P=n, so that P=k, N=n-k, as was to be 
proved. 

By means of formulas (2.5) and (3.6), Theorem 4.1 can be formu- 
lated in terms of the numbers ap, in the first column of table (2.4), 
or in terms of the determinants A, of (3.6). In this way the methods 
of Routh and Hurwitz, respectively, are extended to polynomials with 
complex coefficients. 

The method of Theorem 4.1 applies, save in the exceptional case 
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where some determinant A, vanishes and the expansion (1.4) fails to 
exist. In the next section, we give simple methods for taking care of 
this exceptional case. 


5. The case where someA,=0. We assume Q(s)/ P(s) is irreducible. 
This is no restriction since the common factor can be removed by the 
euclidean algorithm. We shall show that the method of §4 may be ex- 
tended to find the number of roots in each half-plane even if some 
A,=0. 


THEOREM 5.1. There exists a number &>0 such that for all numbers a 
in the interval —5<n <0, the expansion (1.4) exists for the quotient 
Q(z-- 0)/ P(z4-1). 


PROOF. Form the determinants A, of (3.6) for the polynomial 
wen PEHD = 2 + Cin agg 
| + (Ca 9? + ar aC m + os)z07? +... + as. 


Then one may readily verify that the A, are polynomials in n of de- 
gree p°, in which the coefficient of the highest power of 7 is 


nC, aC, acá "ttj nC op—1 „Ch, nC, ttt, nC 25-3 
1, e „Ca, an ef 1, aC, TM | nC 25-4 
0, „Ch Zei WA sl, äs 3 ` 0, „Ci, 2 nC 255 


s è è © e e « œ aes m RSEN e 


These determinants are always positive, for they are the determinants : 
(3.6) formed for the polynomial (z-1)^227--.Ciz7-1-E,C,g7?-p . LL. 
"Tata which has its only zero in the half-plane R(z) <0. Then the A, 
for (5.1) are polynomials in n which are not identically zero. Hence 
there must exist a constant 5>0 such that, for —6 «5 «0, none of 
the A, can vanish, and thus the c,+0 since they are quotients of 
the A,. $ 

Example. We shall apply this theorem to find the number of zeros 
in each half-plane for the polynomial P(z) =23 4 (2-+-4)g?4+ ( —3/2-4-2)z 
+(—5/2—5i/2). Here As=0 so that the expansion (1.4) cannot be 
formed. However, if we expand Q(2-+7)/P(s+7) into a J-fraction and 
retain at each step only the powers of n which dominate as n approaches 
zero, we find that, when a is near zero, o €», and cs are positive, nega- 
tive, and positive, respectively. Therefore, P(z-Hn) has two zeros with 
negative real parts and one zero with positive real part for all || 
sufficiently small. Hence P(z) must also have two zeros with negative 


1946] ZEROS OF POLYNOMIALS WITH COMPLEX COEFFICIENTS 155 


real parts and one zero with positive real part. Here the zeros are ac- 
tually (—1+(11)1/2)/2, —1—1. 

We now describe two methods for finding the number of roots in 
each half-plane, which are based on the fact that we may alter the 
coefficients of P(z) by a very small amount without displacing the 
zeros of P(z) more than a very small amount. Therefore, since we have 
assumed that P(z) has no zeros on the imaginary axis, the altered 
polynomial P'(z) will have the same number of zeros on each side of 
the imaginary axis as the original polynomial P(g). 

In the first method, we actually increase one or more of the coefh- 
cients by a small positive amount e, and obtain the J -fraction expan- 
sion (1.4) for the altered polynomial. We then count the signs of the 
c, as before. The following example illustrates the method. 

Example. Let P(z) =25 — 32°— 2023+ 602? —2 — 18. We find that the 
expansion (1.4) does not exist for O(z)/P (2). We therefore form P’(z) 
—25— 325-- ( —20-4- e)z?+ 6022?-2—78, Q'(z2) =Q(z) = — 324+ 602? — 78, 
and the J-fraction expansion (1.4) for Q'(z)/P'(z). In this expansion 
we find, for all e sufficiently small, cı, cs, cs are negative and c4, cs are 
positive, so that there are three roots of P'(z) and hence of P(z) with 
positive real parts and two with negative real parts. The zeros of 
P(z) are approximately —1.0, —4.4, +4.7, +1.86+ Ai. | 

A second method consists in the formation of the continued fraction 
expansion for V(z)/U(z) by the euclidean algorithm, that is, we form 


Yo 1 17 T 
OG qe) + gala) +--+ rua 


where the g, are certain uniquely determined polynomials. Let us 
imagine that we have formed a polynomial 


(5.3) P'(z) = z^ + aiz! + ads"? + ton, 


(5.2) 








j <n, 


whose coefficients differ by very small amounts from the coefficients 
of P(z),.and the corresponding expansion 


V'(z) 1 1 1 
EE e UD See. 





(5.4) 


and compare this with (5.2). The method can best be explained by ex- 
amples. 

Examples. Consider again P(z) —25— 32*— 2023-- 602? —z — 78. Here 
V(z) E 1 1 1 


(5.5) — -——— — - 
U() = 2/3 + (z? + 20z)/9 + 272/78 : 
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We form the Sturm's functions for P'(z), fo=i,fi=as,---, defined 
by the recurrence relation fp41=Cn—p3-fo— [3 p=1, 2,---, where 
the cp are undetermined. We then compare (5.4) and (5.5), and re- 
quire that c4 —27/78, oss —1/3, and fı= His). Therefore, cocscs = 1/9, 
— 606 — 2704/78 — 2702/78 = 60/78. Since fs U(z) — €32(27 227/78 —1), 
we see that if we choose 6; — — €, a small negative number, fs and U(z) 
will differ by a very small amount. Then & = (—29 + (296 4- 36/ e)1/2)/18, 
c4= —20/9 —c2—26/81¢2, so that two of the c, C3, Ca have negative 
signs and one has a positive sign. These, together with the values of C1 
and cs, give three negative and two positive cp for P'(z), so that we 
find the same result as by the first method. 

.. For the polynomial P(z) —z5-1- (; — 5)z4— 1022? -- (104-502)2? — 16z 
+(—16:+80) we find by the same method that in the J-fraction ex- 
pansion of the form (5.4) for V'(z)/ U'(z) three of the Cp have negative 
signs and two have positive. Hence F’(s) and F(z) have three zeros 
in R(z) 20 and two zeros in R(z) «0. Here the roots are actually 
(ke —1—;, 24-2, —2—21, 5-i. 

Still another method, which, however, may nct always be success- 
ful, is to replace z by 1/z and consider the polynomial z*P(1/z). : 


6. Bounds for the moduli of the zeros of P(z). We extend the 
method in [8] to obtain bounds for the moduli. If we set 


1 1 
he en ben o, 
` (ee tbt Dies LA "7" eet b) (032 + ka) 
1 
haa = 


(Cs A8 + ka-1) (cg + Ra) ! 
then (1.4) becomes 





Q (ash)? h A hei 
P(z) 1 +i+1+-.+ 1 


If g1, g2, © © *, Zn are numbers such thet0<g,<1,p=1,2,-++,n—1, 
then P(z)50 if z satisfies the inequalities || Sg, | he] € (1 — gigs, 
IN S(1—ge)g3, e, D S (1-g2-2)£n-ı. This sequence gives the 
bound |z| 2c, where c is the largest o? the numbers 





























—( kd-1 ka +|( ki+1 B Rz + 4 I» 

2 CH Ca C1 C2 gı | 6169 | 

1 dE ks Es ka lN? 4 17 

ay (a re Zielt? - eal ) ne 
2 ( cal ig Gal de — gs(1— g1) | czcs | 
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RCE) 


2 
4 d 
+ |). 
£x-i(1— £n—2) | Ca Aën 


In the example M $3, the ale (6.1) are 3.76, 2.32 for gi, go — 1/2. 
The largest, 3.76, gives an upper bound for the moduli of the zeros. 
The moduli of all the zeros are, in fact, 1.41. By varying the g,, for 
instance, £1—4/5, ge=3/4, we obtain a closer upper bound. The val- 
ues of (6.1) are then 3.38 and 2.87. 


LE E 
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Cn—1 Cn—1 
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A NOTE ON THE DU BOIS-REYMOND EQUATIONS IN 
THE CALCULUS OF VARIATIONS 


WILLIAM T. R=ID 


vi" e 
1. Introduction. McShane [2]! and Tonelli nm given con- 
ditions on the integrand function whick insure that every absolutely 
continuous solution of the problem of minimizing the integral 


(1.1) I|y] = Í "fa. y, ld 


satisfies the du Bois-Reymond form of the Euler equations. The prin- 
cipal purpose of the present note is to give an alternate proof of these 
results of McShane and Tonelli. In addition to being simpler in de- 
tail than the previous proofs. the differentiability theorems of §§2 
and 3 involve weaker hypotheses than the corresponding theorems of 
McShane and Tonelli, both in regard © conditions on the integrand 
function and in regard to the class of ercs considered. Basically, the 
present proof is intimately related to -he proof of the fundamental 
lemma as given by Bliss [1, pp. 20—21 . 


2. A general differentiability theorem. Suppose that for (x, y, r) 


—(x,yu*--, Ym fn *, Yn) in a region R consisting of all values 
(x, y, r) satisfying x1 Ex €x», y in an oven region A of (yi, * * * , y4)- 
space, and r= (ri, : - - fal arbitrary, the integrand function f(x, y, 7) 


satishes the following conditions: 

(Hi) For fixed values of (y, r), f(x, y, r) ts finite and measurable on 
XXa, ' i 

(Hs) For fixed values of x, f(x, y, r) is of class C' in (y, r). 

We shall be interested in proving a Cifferentiability property of an 
arc y, — (x) which minimizes Z|y] in a class of arcs K. /Jnquestion- 
ably, the case in which K consists of absolutely continuous arcs is the 
most important. Our argument, however, is not complicated by allow- 
ing K to be any prescribed class of arcs which possesses the following 
properties: 

(Po) If the arc y, — y;(x) (xix <x) belongs to K, then for each x on 
xix the point y= [y.(x) | is in the region A; 

(P) If ys=yi(x) (Qn Ex <x) belongs to K, then the functions yx) 
are continuous on xx, and the derivatives yi (x) exist and are finite a. e. 


Presented to the Society, April 15, 1939; received by the editors August 29, 1945, 
and, in revised form, September 28, 1945. 
1 Numbers in brackets refer to the Bibliography at the end of the paper. 
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(almost everywhere) on this interval; 

(Pr) If ys= yix) (41 Sx €x) belongs to K, and the functions n(x) are 
Lipschitzian on xix» and satisfy a, (21) =0 — q (x2), then for a suitably 
small in absolute value the arc y;— y(x)--am(x) (xix xs) also be- 
longs to K. 

Actually, in the following proof we use (DJ only for sets of func- 
tions 7;(x) for which 2 —1 of these functions are identically zero on 
Ze, 

Along an arc of K the function f(x, y(x), y'(x)) is defined a.e. on 
ees, In considering (1.1), and similar integrals; it is to be understood 
that the integrand is the indicated function where this function is 
well defined, and equal to zero elsewhere on xix. Correspondingly, 
a function F(x) which is defined a.e. on xix» will be said to be measur- 
able on xix» if the function which is equal to F(x) at the points where 
it is defined, and to zero elsewhere on x1%2, is measurable on this in- 
terval. In view of (Hi) and (H;), and the measurability of a function 
that is the limit a.e. of a sequence of measurable functions [3, p. 122], 
it follows that along an arc y of K the function f and its partial deriva- 
tives with respect to y; and r; (j=1, - : - , n) are measurable on xixs. 

It is to be noted that we do not suppose that the integral (1.1) 
exists and is finite for every arc of K. An arc y of K is said to mini- 
mize (1.1) in this class if 7 |y] is finite, and for arbitrary arcs Y of K 
for which I[Y] is finite we have I[Y]27{y|. 

The following lemma will be used in the proof of the subsequent 
theorems. 


LEMMA 2.1. Let A* be a given bounded and closed subregion of A in 
y-space, and for a given positive integer N denote by Ry the subregion 
of R consisting of all (x, y, r) satisfying xy Ex xs, y in A*, and | 21 sN 
(G=1, 2,-+-,m). Then there exists a corresponding function Wy(x) 
which ts finite and measurable on xx», and such that for (x, y, r) in Ry 
we have 


(ns nal stet, |f y als dax), 
IA »Dizuw(2 (6-12, --,n). 


In view of hypotheses (Hi) and (H;) it follows that for fixed values 
of (y, r) the partial derivatives of f with respect to y; and 7; 
=1,---,n) are finite and measurable on xix». Consequently, in 
R the function 


(2.1) 


(2.2) £x y», = fa nal XS [| fo y» n | + fix, v 01] 
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is continuous in (y, 7) for fixed values of x on xix», and measurable 
on xx: for fixed values of (y, r). Now Rx is the product of the interval 
xix €x, and the closed and bounded region Dy in (y, r) space con- 
sisting of all sets (y, r) having y in A* and |r,| EN (21,2, - - - n). 
For each x on xix; define the functional value Ya(x) as the maximum 
of g(x, y, r) on Dy. In view of the continuity of g(x, y, r) asa function 
of (y, 7) it follows that Yw(x) is finite on os, Moreover, ¥w(x) is 
measurable on this interval [3, ». 122], since it :s the limit superior 
of a sequence of measurable functions g(x, y, r®), where (y(9, r9?) 
(k=1, 2, - » -) is a countable sequence dense in Dy. The function 
Vx(x) thus defined clearly satisfies the conclusion of the lemma. 


THEOREM 2.1. Suppose that y,—3,(z) (41 Sx <x) is a minimizing 
arc for (1.1) in a class K, and, in addition to 2ypotheses (Hi) and (Hs), 
the integrand satisfies with this arc the further condition: 

(H;.,) There exists a constant 572 0 ard a function },(x) integrable on 
x1X» and such that for TEE ET <6, 45; yix) (2257), we have 


(ts, $o'()| s eio) 


a.e. one, Then there exists a corresponding constant c; such that 
dd = fal, (2), ya) — |. An 00, 02 
Tl 


is equal to c; a.e. ON X1X». 


Condition (H:.;) implies the existence of the integral appearing in 
the definition of z,(x); it also implies that tbe integral 


[rc rte), yas 


exists for all arcs Ross Y;(x) of K satistying | Y (x) —y,(x)] «8, 
Y:(x) — yi(x) (£257) on zua, since for such arcs, 


(2.3) | Kæ Y (2, V) | = | fx, 22, ya) | + 50,2). 


Corresponding to a positive integer N, let Ey denote the set of all 
points x on xix»; at which the derivatives y; exist and |y? | <N-I 
(2251,---,2). We may suppose that N is sufficiently large to insure 
that m(Ey), the measure of Ey, is positive, since Ey is a subset of 
Ent (N=1,2, -- - ) and limy.„m(Er) —x2—2x1. Furthermore, let the 
region A* of Lemma 2.1 be such that it contains in its interior all the 
points y= [y;(x)] (xn Sx Sx) belongiag to the supposed minimizing 
arc, and denote by Ex:x the subset of Ex where the function Yy(x) 
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of that lemma satisfies the condition vu(x) SM (M-1,2,---). 
Since Eyy is a subset of En;my and limy..m(Ey.m) =m(En)>0, we 
may also assume that M is so chosen that m(Ey.u) >0. 

Now on Zx;x the function zj;(x) defined in (H;,,) is bounded and 
measurable, hence integrable. Consequently, there is a unique con- 
stant c; such that 


(2.4) 0= i [z — c;]d« -{ 2,(x)dx — cym(En;a). 
En: Ex;u 

Now define n7,(x)=0 for t7, and 

(2.5) n(x) -{ ku — cj] nidi, 


where Je is the characteristic function of the set Bea, The func- 
tions 7,(x) are clearly Lipschitzian on xix» and satisfy 7,(x1)=0 
=7,(%2); moreover, nj =0 a.e. on CEn;m, the complement of Ey.x 
on xix». In view of the Lipschitzian character of the functions 7,(x) 
and property (P5), there exists a positive constant a, such that for 
D «ao the arc y, — y;(x) -aqi(x) belongs to K and lies in the region 
AT of Lemma 2.1. We shall also suppose that a is chosen so small that 
gel 7:(x) | <ô on xx: and ao) 7 (a) | <1 a.e. on this interval. In par- 
ticular, we have that | yf (x) +an} (x)| <N a.e. on Ey, and hence a.e. 
on the subset Baar, For such values of a the integral I[y-+an] exists 
and is finite, and 


Tiy +a] f Ke y+ am onde 


(2.6) 
+ l. f(x, y + an, y! + ande. 


The existence and finiteness of the first integral of (2.6) follows from 
(2.3) for Y(x) =y(x)-+an(x). The existence and finiteness of the sec- 
ond integral of (2.6) follows from the measurability of the integrand, 
together with the fact that a.e. on Ew. the set (x, y(x)+an(x), y'(x) 
+cn’(x)) is in the region Ry of Lemma 2.1, and consequently 
(et, ye) +an(«), (x) +an’(x))| Sv (X) SM on this set. 

Now, in view of (Hs3,;), for | a! <a, the partial derivative of 
f(x, y(x)+an(x), y'(x)) with respect to a exists and does not exceed 
in absolute value the integrable function | GÉIE | bi(x), which, in turn, 
is not greater than (ö/ao)d,(x). Moreover, a.e. on Ey; the partial 
derivative of f(x, y(x)+an(x), y’(x)+an’(x)) with respect to a exists 
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and does not exceed in absolute value (| ni(x)| tv (x) Yn (x) 
< [(8+1)/aolM. It then follows [3, p. 216] that the derivative of 
(2.6) with respect to a exists for |a| <a», and is given by-the usual ' 
differentiation under the integral sign. For a =0 this derivative is 


f fund zz f [fums T jui lex’ 
CEN; Ex;u 
(2.7) s R 
= f Ié? T fni lex = f Zing dz, 

zı : “z 
where the arguments of the partial derivatives of j occurring in (2.7) 
are (x, y(x), y'(x)). The last relation follows by the usual integration 
by parts, and use of the conditions 7,(x1) =0 =7,(x2). Since the mini- 
mizing property of y requires that this derivative be zero, and as the 
integral of 7; (x) over xix» is equal to zero, it follows, in particular, 
that n 


0 = Í La — ech (x)dx 


z 


f | [z;(z) — ¢;]*2n;acdx 
H o 


=f ba epu 
Ey.“ 


From (2.8) we have that z;(x) =c; a.e. on Ey.w. Now the constant 
c; is seemingly dependent on N and M. Since, however, Eva is a 
subset of Bou (M—1,2,:--) and limw..m(Ex:a) =m(En), it is 
seen that a.e. on Ey we have 2;(x)=c;, where c; is the constant de- 
termined by any set Ew:x for which zm Sea) » 0. Similarly, since Ey ` 
is a subset of Enya; (N 51,2, - + - ) and limy..m(Ey) =x2.—4, it fol- 
lows that z,(x) =c; a.e. on xix». 


(2.8) 


3. A second differentiability theorem. We shall now prove another 
differentiability property of a minimizirg arc for (1.1) under the fur- 
ther hypotheses: 

(H) f(x, y, r) is of class C' in all its arguments on R; 

(P4) If y:=7,(x) (x1 Ex <x) is an arc of K, and the function t(x) 
is such that E(xı) — x1, C(x2) — xo, while there is a consiant k=1 such that 
(x' —x'/k &t(x') — C(x'") S k(x! —x'^) for arbitrary values x’, x'' satis- 
fying xy Sx'! <x! Sx then y, — y.(C(x)) iz also an arc of K. 

Condition (P7 ) 1s satisfied if K is either the class of arcs of bounded 
variation, the class of absolutely continuous arcs, or the class of Lip- 
chitzian arcs. 


THEOREM 3.1. Suppose that y,— y;(x) (x1x Sx) is a minimizing 
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arc for (1.1) in a class K satisfying (Po), (Pı) and (Pi), and, in addition 
to hypothesis (H), the integrand satisfies with this arc the further condi- 
tion: 

(OT, al There exists a constant 6 and a function box) integrable on xix» 
and such that if x and & are on this interval and satisfy |%—x| <6, then 


a.e. ON XıX%a, 
| SC, (x), Y) | S dola). 
Then there exists a constant co such that 


s(x) = f(a, ya, yo) — À yi (fus, ya, te 


- fir». yox 


is equal to co Q.e. ON xix». 


Condition (Haal implies, in particular, that the partial derivative 
Le, y(x), y'(x)) is integrable on xıx:. Corresponding to a positive 
integer N, again let Ey denote the subset of x1%2 on which the deriva- 


tives y/ (x) exist and satisfy |»! (x) | EN—1(2-1,---,2). Hypothe- 
sis (H) implies that along the minimizing arc the integrand f and its 
partial derivatives with respect to r; (¢=1, + - - , n) are bounded func- 


tions of x on Ey. As in the proof of Theorem 2.1, we may suppose 
that N is so large that m(Ex)>0. Now on Ey the function z(x) is 
bounded and measurable, and hence integrable. Let co be the con- 
stant determined by the condition 


Des f. [z(x) — a]dx = J. 2(x)dx — com(Ex), 


and set 


n(a) = | [t — edrsat, 
SI 

where Iy is the characteristic function of the set Ex. Then n(x) is 
Lipschitzian on us, n(&ı)=0=n(x2), and for ao sufficiently small the ` 
function T(t; a) 2t--aq(t) is such that (t^ —2/)/2z T(t'; a) - T(t''; o) 
€ 2(t! —1'") for all values of a such that la] «ao, and for arbitrary 
H. t’' satisfying xi St!’ <i’ €x; moreover, T(xı; a) 2x1, T(&2; a) — xs. 
Hence for such values of a the equation 


x = t+ ant) = T(t; a) 


has a unique solution ¢=¢(x; a), which is Lipschitzian on xx: and 
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such that (x'—x'/2xt(x'; a)— t(x"; a) S2(x' —x'^) for arbitrary 
values x’, x’’ satisfying x1 Sx" «x' Sx. We have also that {(x1, a) 
= x3, (x2, a) — x», while f(x; 0) zx on xx: It then follows from (Di) 
that y,(x; a) 23.(£(x; a)) (x1Sx Sx) defines an arc of K such that 
y(x; 0) — (x). 

From known theorems on the change of variable in a simple in- 
tegral [3, p. 215] we then have that the integral (1.1) calculated 
along the arc y; —y,(x; a) is finite and equal to 


[16+ 090,90, 7 + onto D + or Y 
GD =f fet ould, 0, OT + on OD [1 + oa 


+f Met on, 90, Oat. * 
CEN 


Since Ei | =N-1 on Ey, it follows from (H) that a.e. on Ey the 
partial derivative with respect to a of the integrand of the first in- 
tegral of (3.1) exists for la| «a; moreover, this partial derivative is 
uniformly bounded for x on this subset of Ex and lal <a. Hypothe- 
ses (H) and (Hs,o) imply that for sufficiently small values of a the 
partial derivative with respect to a of the integrand of the second in- 
tegral exists and does not exceed in absolute value the integrable 
function Lat | $o(i). It then follows from the previously applied theo- 
rem on differentiability of integrals that the derivative of (3.1) exists 
for a —0, and is given by 


(3.2) Í 8 IU — X x) "+ ja dx, 


where the arguments of f and its partial derivative occurring in (3.2) 
are (x, y(x), y'(x)). 

In view of the minimizing property of the arc y; 2 y;(x), the integra- 
bility of f; along this arc, and the conditions 7(x;) 20 =7(x2), we con- 
clude that 


0 = f E f ECIAM T. 


ie IN [z(3) — co]? /ndx = f. [z(z) — col dx. 


That is, z(x) = co a.e. on Ex. As Ey is a subset of Ben (N —1,2, * * *) 
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and limy .„m(En) =%2—4%1, it then follows that z(x) = co a.e. on x1%2. 


4. Further remarks. The general differentiability theorems of §§2 
and 3 involve, respectively, hypotheses (H;,;) and (El: al for the con- 
sidered minimizing arc. Now suppose that the integrand function 
f(x, y, r) satisfies (Hi) and (He), and, in addition to (Po), (Pi) and 
(P2), the class K contains only arcs y; —4,(x) such that the derivative 
functions y/ (x) are integrable on xx». Then every arc of K for which 
I|y] is finite satisfies (H3,;) whenever the integrand function satisfies 
the following condition: 

(H3) There exist positive constants Mi, Ma, Ô such that if (x, y, r) 
and (x, 5, r) are points of R with 15:—»il <6, 34; 90 ($753) then 


2 1/2 
4.) Ae s ls läis nlii Dal 


Correspondingly, if f(x, y, r) satisfies (H), and, in addition to (Po), 
(Pi) and (P7), the class K contains only arcs y; — y;(x) such that the 
functions y} (x) are integrable on xix», then every arc of K for which ' 
I[y] is finite satisfies (H3:0) under the following additional hypothesis: 

(Hin) There exist positive constants Mi, Ma, 6 such that if (x, y, r) 
and (€, y, r) are points of R with | %—2| <ô, then 


9 1/2 
(4.2) |f2(#, 9,9] s M| fla, » 0| Mal 1 + DE] 


The above hypotheses (Hz) and (H3.) have been used by Mc- 
Shane [2]. In connection with the above remarks it is to be noted 
that if the term Ma [1 +3 ,7,2]"/? in (4.1) and (4.2) is replaced by M2, 
then the condition that the functions y; (x) be integrable on zx» is 
not needed to insure that every arc of K for which I [y] is finite will 
satisfy the corresponding condition (H3,,) or (H3,0). 

Finally, it is to be remarked that as a very special case of Theo- 
rem 2.1 one has the following generalization of the fundamental 
lemma of the calculus of variations: 


If M(x) ts finite and measurable on uge, and the integral 
LA 
f uaaa 
31 
is zero for every Lipschitzian function n(x) satisfying n(x1) 20 =1(x2), 


and for which the above integral exists and is finite, then there exists a 
constant c such that M(x) =c a.e. on XıXa. 
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A NOTE ON WEAK DIFFERENTIABILITY OF 
PETTIS INTEGRALS 


M. EVANS MUNROE 


Pettis! raised the question whether or not separability of the range 
space implies almost everywhere weak differentiability of Pettis in- 
tegrals. Phillips? has given an example which answers this question 
in the negative. His construction is based on a sequence of orthogonal 
vectors in Hilbert space. We present here a different example of the 
same type of function. Our basic construction is that of a function 
defined to the space C. Using that function as a basis, we are able to 
give a specific construction of such a function defined to each member 
of a large class of Banach spaces. 


1. Metric density properties of a non-dense perfect set. Let 
BC[0, 1] be a non-dense perfect set of measure one-half, and let B 
be its complement. B may be constructed by taking the sum of a set 
of open intervals classified as follows: 

1 interval of length 1/4, 
à intervals each of length 1/16, 
4 intervals each of length 1/64, 


€ > 9*9? ù ù y o o o $9 ù o o 8 o * #8 o Ò = @ 


.». B» *9 oo a ee 9 9 è à ù è = ee 9 8 e H 


We shall refer to the intervals of length 1/22?" as intervals of B of 
order n. We shall assume that each interval of B of order n is the 
center portion of the space either between two intervals of B of lower 
order or between one such interval of B and an end point of the unit 
interval. These spaces we shall refer to as gaps of order n, and we shall 
denote such a gap by the symbol Ga. If B is constructed as noted 
above, then for each #, any two sets each of the form Ga: B are con- 
gruent; hence we shall use G, to denote a gap of order z, and we shall 
not find it necessary to specify which one. 
The following three lemmas are now obvious. 


1.1. Lemma. | B: G,| =1/22n-1, 
1.2. Lemma. IG —1/274-1/21»-1. 


Presented to the Society, September 17, 1945; received by the editors July 18, 
1945, and, in revised form, August 28, 1945. 

1 See [3, p. 303]. Numbers in brackets refer to the references cited at the end of the 
paper. 

> See [4, p. 144]. 
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1.3. DEFINITION. If I is any subinterval of [0, 1], we define 
e) =| B-1|/|1]. 
1.4. LEMMA. g(G,) =1/(1+27-%). 


The following important lemma demonstrates a lower bound on the 
density function p. This lower bound may tend to zero as | 7| tends 
to zero, but it is independent of the location of J. 


1.5. LEMMA. If 


| | I| z|G,| = 1/27 + 1/2231, 
then' 
p(I) > 1/(2 + 277. 


First suppose | Z| =|G,|. For all such I the Ga have minimum val- 
ues for p; for if T=G, and then is moved a little to the right or left, 
some points of B are excluded and only points of B are included— 
thus obviously increasing p(J)—until the interval of B is covered. 
However, this interval of B is of order at most 1 —1 and hence has 
measure at least 1/2?"-?; thus so long as J contains this interval of B, 


1/2?»-2 


D Uri T 1425 


= 2p(G,). 

If J is moved on beyond this interval of B the above argument applies 
again by considering the movement in the reverse direction. Compari- 
son with Lemma 1.4 now shows that Lemma 1.5 is established in case 
|I| =|G,]. 

Consider now the effect of increasing |7|. If |Z] =|G,! and I con- 
tains no interval of B of order less than or equal to 2 —1, then one 
end point of J (let us assume it is the right-hand one) lies in the closure 
of such an interval of B. Thus any small extension of J to the right 
will (until the interval of B is covered) add to J only points of B, 
thus obviously increasing p(T). If 7 =G, at the start, a small extension 
to the left will have the same effect. Otherwise an extension to the 
left may be regarded as a translation to the left and a subsequent 
extension to the right, and these cases have already been discussed. 
In case J contains an interval of B of order not greater than & — 1, we 


have | B. 1| »1/22775; thus if | I| € |G, 1| —1/27»-14-1/22733, 
D) = 1/2°*-3 1 
" 1/291 + 1/2273 2424 


If |I |> | Gail , the above argument may be repeated with #—1 sub- 


, 
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stituted for z, thereby obtaining an even larger lower bound for p(1). 
This proves Lemma 1.5 for all cases. 


1.6. LEMMA. For all I C [0, 1], 
p(I) > | B.r [u2/2s, 
We shall prove Lemma 1.6 by showing that, for each z, the required 
inequality holds for 
1/275 < | B-I| < 1/271. 
This will cover all possibilities. For | B- Z| in this range, we consider 
first the case | 1| < | Gal =1/2r+1/2?”-1, In this case 
1 D | 7| 1/2" + 1/221 
e = | Sr tope 1/22» 
= 4+ 23 [1/22»-1]-1/2 eu d. 2312| B.I Lan 


= 4 L Zen 








Considering now the case | | =|G,| (and assuming | B- 7| still in the 
same range) we have, using Lemma 1.5 and the above inequalities, 
1/p(I) <2 + 271 < 4 + 29 < 4 + 232 | BT |: 

Now for all IC [0, 1], | B. 7] 1/2; hence | B. 7| 1/22 21; hence 
Asian B. 1| -i?, Combining this with the above results, we have 
l/o(I) < 4+ 23/2 | B.i |n < 25/2| B.I am 
whence " 
p(I) > | B.I |v2/285, 


2. An approximately continuous function whose integral is non- 
differentiable. For each 4C B we define the function f,(x) for xc [0, 1] 
as follows 


0 forx Stor xCB, 


fix) = d B. [z x] Lan for x fand x E B. 


2.1. THEOREM. For each (CD, Jı(x) is an integrable function of x, 
and for xq4zxzl, 


jJ, ons = 4(| B. [t, x2] [1/4 E | B- [4 xi] |ua, 


Let zc B- [t, x]|. Since the intervals of B are dense in [0, 1], this 
defines z as a strictly monotone function of x; hence x is a single- 
valued function of z, and we may write f,[x(z)]. Now for x>t and 
x€ B, dx=dz; thus the function z(x) is measure preserving over B 
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- [x] and hence maps B. [t, x] into a set of measure zero. Therefore, 
for almost all z, f.[x(z) ] 29/4; and dx =dz except where f (x) =0; so 


z2 22 = 
f f(z)dx = f ji das Ate ` — 2). 
zi zl 


2.2. THEOREM. For tCB, the function 


Pua) = | Mais c 


ts not differentiable with respect io x at x =t. 


Again letting z=| B. [t x]|, and using Theorem 2.1 and Lemma 
1.6, we have 


F(x 4271/4 Z 
d ) = = u ) = 4g 8 ([4, x]) 
x—i x—í oie 


> 4973/4(g1/2/75/2) = (42)-4, . 








Thus 


F(x) 





> lim Latäin = æ. 


lim sup 
t g~f 20 


1 

In the next section we shall make further use of the functions fı(x) 

and their properties as shown in Theoréms 2.1 and 2.2. We might 

note here, however, that f(x) is approximately continuous at £ pro- 

vided B has metric density zero at t. This is true for almost all ż in B; 

hence for such /, f:(x) furnishes a specific example of an approxi- 
mately continuous function whose integral is not differentiable. 


3. À Pettis integral in the space C which is not almost everywhere 
weakly differentiable. We shall here define a function $(x) from [0,1] 
to the space C. Our notation will be as follows: For each x€ [0, 1], 
$ (x) stands for a continuous function on [0, 1]; we denote this con- 
tinuous function by ¢.(t). We shall define the functions $.(t) by de- 
fining a function ó (x, t) over the unit square and setting $.(/) ^4 (x, 1). 
We first define $ (x, t) over a portion of the unit square as follows: 


0 for xCB, 
dl, t) = 
f(x) for iC B. 
Since f,(x) =0 for x CB, these statements are consistent. 
3.1. LEMMA. For a fixed x, px, t) ts continuous in t over B. 


This statement follows immediately from the fact that if one end 
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point of I is fixed, | B- I|? is a continuous function of the other end 
point over any set such that |I | is bounded away from zero. This 
latter restriction causes no difficulties here. If x CB, $(x, ¢) =0; if 
x C B, dist (x, B) » 0. 

We now continue the definition of d(x, t). For each x € B, let d(x, #) 
be continued linearly over each interval of the set 4€ B. This com- 
pletes the definition of d(x, £) over the entire unit square, and it is 
clear that for each x, ó(x, £) is continuous in ¢ over [0, 1]. 


3.2. THEOREM. $(x) is integrable in the sense of Pettis. For each 
measurable set E C [0, 1], its integral over E is the function 


gl = J oc t)du. 


We show this by considering the functions $(? (x) whose values are 
the continuous functions ¢,‘” (t) 2$ (9? (x, t) where 


px, i) for dx, Sn, 


Mix f) = 
eh { n for (x, D > m. 


It is easily seen that for each 4€ [0, 1], each $9? (x, OD is bounded and 
continuous in x over B. Thus? each $(? (x) is weakly continuous over 
B. Since $(? (x) «0 for «CB, it is clear that each $(? (x) is weakly 
measurable. Since C is a separable space, it follows? that each 6‘ (x) 
is measurable. Now each ¢™ (x) is bounded, hence Bochner integra- 
ble, hence Pettis integrable, therefore integrable with respect to each 
of the linear functionals yilo (x) ] =p: (t); thus 


QE) = f sma 


is the continuous® function 


DPH = | 6 Dam 
E 
Clearly for each x and each f, 

å n) 

lim ge () = $.(); 


3 See [1, p. 224, Theorem 8]. 

4 See [3, Theorem 1.1]. 

5 An independent proof of continuity of @g)(t) is unnecessary. Since $9 (x) is 
Pettis integrable, it is integrable to an element of C; and the set ivi of linear func- 
tionals defines this element uniquely. 
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furthermore this approximation is monotone in n. Thus || oc» (x) —9(x) | 
is bounded in # for each x; hence? $(? (x) g(x) weakly for each x. It 
now follows’ that (x) is Pettis integrable provided the sequence 
Me (E) | converges with respect to the norm in C; that is, provided 
g™(t)} converges uniformly in ¿ We shall complete the proof of 
Theorem 3.2 by showing that for each measurable EC [0, 1] 


Geif = ic Ddu 


exists for each ¢ and that this function is the uniform limit of the se- 
quence {#r™®(t)}. 

To show that ®z(?) exists is trivial. For ‘GB, this follows from 
Theorem 2.1. For each x, (x, t) is extended linearly over each inter- 
val of 4€ B; hence for 1€ B, $(x, t) &ó(x, Hi) +(x, t2) where h and t 
are each in B. This completes the proof of integrability. 

Now with each ¢€ [0, 1] we associate two numbers 4 and Gas fol- 
lows: & is the greatest number such that 4C B and f; St; ia is the 
smallest number such that ŁEB and t2=t. Geometrically this means 
that if {EB, ı=t=t,, while if £C B, h and t are the left and right 
points respectively of the interval of B in which t is located. 

Now for h Ex «1s, O(x, t) Slx, t) while for x =t, $(x, t) Six, fa). 
Thus for any given 4€ [0, 1], it is possible to have $(x, t) >n only for 
those values of x for which either 


1 X x «1 and |B-[h, x] | «yn 
Or 
x > and |B. [t all < n. 


Outside these two intervals (x, £) —$ OU? (x, £) 20; hence if we denote 
these intervals by Jı and Je, we have 


f [ó(z, 2) — p™(x, )]dx € f px, f)dx + | d(x, Ddx 
E I1 Is 
, ld d(x, id 
s | «6 Qs [ (x, de 
nijs 
<2 gs = 83718, 
J 2 2 CA 


See [1, p. 224, Theorem 8]. 
7 See [3, Theorem 4.1]. 


A. 


1946] WEAK DIFFERENTIABILITY OF PETTIS INTEGRALS 173 


Thus, clearly, lim, Pz(? (t) = g(t) uniformly in £. This completes the 
proof of Theorem 3.2. 


3.3. THEOREM. If xo B, P(x) = f. ó(u)du is not weakly diferentia- 
able ai xo. 


By Theorem 2.2, it fails to be differentiable at xo with respect to 
the linear functional Yz, [&(x) ] = $:(xo). 


4. Extension to other spaces of continuous functions. The function 
d(x) of $83 may be used as the basis for the construction of a large set 
of examples as follows: 


4.1. THEOREM. If Q is a compact metric space containing non-de- 
numerably many points and if C(Q) is the Banach space of all continu- 
ous functionals on Q, then there is a function p(x) from the unit interval 
to C(Q) such that p(x) is Pettis integrable but W(E) = fub(x)dx fails to 
be weakly differentiable on a set of positive measure. 


Since Q is non-denumerable, it contains a perfect set. This perfect 
set is a complete metric space which is dense in itself and hence con- 
tains a homeomorph H of the Cantor set B.? 

Let B=h(I) be the homeomorphic mapping of II into B. Then 
h(w) is a continuous function defined over II, assuming values be- 
tween 0 and 1, and assuming for some oC Il each value in the set B. 
Let H(w) be a continuous extension? of bie) over the whole of 2 with 
0x H(o)zX1. 

Now for each ¿€ [0, 1] we define 


K(t) — E {H(«) = t}. 


It should be noted that although for some t, K (t) may be vacuous, 
for each £C B, K(t) contains at least one point. 
Referring back to the functions ¢.(#) of $3, we now define 


Welw) = $.( for w € EI, 


It follows from the continuity in £ of each function ¢.(¢) and from the 
continuity of H(w) that for each x € [0, 1], Y-(w) is continuous over Q. 
For each x€ [0, 1] we now let V(x) be the element ÿ.(w) of C(Q). 


8 See [2, p. 228]. The author is indebted to the referee for the suggestion that non- 
denumerability of Q is sufficient to insure the existence of II. 

? See [2, p. 211]. In connection with our remark in the introduction that we have 
a specific construction applicable to the more general spaces, it should be noted that 
this extension theorem is not merely an existence proof. A definite formula for the 
extension is given. 
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That v(x) has the required properties may be seen as follows: To 
show integrability, we note that for each e CQ, y.(w) is identical (as 
a function of x) with $.(/) for some elo, 1]. Then noting that 
Banach's criterion for weak convergence? applies to the space C(Q), 
we apply the proof of Theorem 3.2. To show non-differentiability, we 
note that for each (CB there is an wEQ such that ÿ,(w) =¢.(t) for 
all xc [0, 1]. The proof of Theorem 3.3 then applies. 
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NOTE ON A NOTE OF H. F. TUAN 
I. S. COHEN 
The following theorem is proved. j 


THEOREM. If Z is a nilpotent matrix with elements in a field K, then 
the replicas of Z are those and only those matrices which are of the form 
f(Z), where f(x) is an additive! polynomial in K |x|. 


The concept of a replica was introduced by Chevalley,? who proved 
this theorem when K is of characteristic zero. The theorem was 
proved in general by H. F. Tuan? by elementary methods. The ob- 
ject of this note is to give a simplification of Tuan’s proof; in particu- 
lar, computations involving the specific form of Z are avoided. 

If k(x) is additive, then according as K is of characteristic 0 or f, 
h(x) will have one of the two forms 


(1) ix, 25 Lx?! (t, iy c K). 
jal 


For if A(x) had any other terms, then h(x)+h(y) =h(x+y) would con- 
tain product terms x?y?, a>0, 870. Conversely, polynomials of the 
form (1) are clearly additive. If h(x) =) 1. ocux* (c4 C K), then we de- 
fine 


BUl(x) = V C, eux, 


koi 


where the Cz, are binomial coefficients. Evidently 


8 


h(a) = id, He + y) = Y hay 


i20 


It follows from this that h(x) is additive if and only if co=0 and 
hl x) = c; for 270. 


Received by the editors November 1, 1945. 

1A polynomial f(x) is additive if f(x+y)=f(x)+f(y). The statement of the 
theorem in terms of the additivity of f(x) rather than in terms of the explicit form (1), 
as well as the use of the derived polynomials fl'l(x) to replace explicit computation 
with binomial coefficients, was suggested by Professor Jacobson. 

? Claude Chevalley, A new kind of relationship between matrices, Amer. J. Math. 
vol. 65 (1943) pp. 521-531. We make use of the definitions and notations of this 
paper. 

3 Hsio-Fu Tuan, A note on the replicas of nilpotent matrices, Bull. Amer. Math. 
Soc. vol. 51 (1945) pp. 305-312, in particular Theorems (A) and (D). 
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If f(x) is additive then it is easily seen that f(Z),,, —f(Z,,.) ; hence 
(Z) is a replica of Z if f(x) is additive. The converse follows from :* 


LEMMA 1. Let Z be a nilpotent matrix over a field K and let Z' bea 
matrix such that Z' 2f(Z), Zoa- g(Zo), where f(x) and g(x) are poly- 
nomials without constant terms. Then f may be assumed to be additive. 


This lemma does indeed imply the theorem since Chevalley? has 
proved (p. 529) that a replica Z' of Z satisfies the hypothesis of the 
lemma. 

We now recall some definitions. If A and B are 7 Xu matrices over 
K, then A X B is the n° Xn? matrix formed by the » X# array of mat- 
rices 0;;B, where À = (a,;).The following statements are evident: 


(4 X B)(C X D) — AC X BD, 
(A--A)XB-SAXB--A1X B, 
cAXB=cAXB) if cCK, 

(2) AXB=0 impie A=0 or B=(. 
Finally, Zo,» is defined as ZX E--EXZ; E is the nXn unit matrix, 
where z is the dimension of Z. 


Since Z is nilpotent and since it may be assumed that Z=0 (for 
Lemma 1 is trivial if Z=0), there is an integer # such that 


(3) Z^" 540, Z"ilc-, 1 Sm Sn-1. 
LEMMA 2. If Ao, Ai, * * - , Am are n Xn matrices such that 
Ao X Ed A1XZ t: dT dS XZ" =), 
then Aus Ais +++ =A,=0. 


Proor. Multiplying by EXZ", we obtain AoXZ"=0, A920 by 
(2) and (3). Multiplying successively by EX Zr-1, EXZ»7, - ++, we 
obtain Aus Aar + + + =Q. : 

PROOF or LEMMA 1. In view of (3) the polynomial f(x) may be as- 
sumed to be of degree at most m. We show that it must then be addi- 
tive. Now 


k 
(Zo) = (ZX EJ-EXZ)* = D CZ X Zi. 
e 


It follows that (LUoalimti-zD. so that g(x) may be assumed of degree 
at most 2m. We observe incidentally that Lemma 2 implies that 


* Loc. cit., Theorems (B) and (C). 
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(Zo2)"#0; if K is of characteristic 0, then also (Zo.2)?"0, for 
Li aal = Cow m2" X Z7. 
Now we have : 
Zo2 = g(Zo,2) = g(Z X E + E X Z) = 2, g"! (Z X EE XZ)! 
i=0 
4 
(4) = g(Z) X E+ gl(Z) XZ + g@l(Z) X Zt 4 --- 
+ gi” (Z) X Z”. 
On the other hand, placing f(x) 3 7? 1a,x', we have 
Zu =Z'XE+EXZ' —-fZ)xE-JEXIQ 
= fZ) X E--auE XZ-- aE XZ2+++++anE XZ". 
A comparison of (4) and (5) gives, by Lemma 2, 
g(Z) = f(Z), gul(Z) = aE, ı= 27171714, 
g(x) x Klar), DAME = alors), 1 = l; sm. 
From the first congruence, gll(x)=ftl(x)(x"t1-i), and from the sec- 
ond, fUl(x)ea,(x"t*17). Since fll(x) is of degree at most m—1, 
f(x) = a: By a previous remark it follows that f(x) is additive, and 
this completes the proof. 


(5) 


HARVARD UNIVERSITY 


NOTE ON THE MERSENNE NUMBERS Mia; AND Mig; 
H. S. UHLER 


The information here offered supplerzents two short papers written 
respectively by Charles B. Barker! and the present author.? The de- 
lay in presenting this material was due primarily to the miscarriage 
of a letter dated Februarv 2, 1945, to Barker from the author which 
was not delivered to the addressee nor returned to the sender's ad- 
dress as given on the envelope. 

With reference to the smaller Mersenne number Barker wrote 
(January 23, 1945): “I also completed the proof for Mis7—still igno- 
rant of your result—and I found precisely the same value for the last 
residue that you determined.” This agreement should establish be- 
yond reasonable doubt the composite character of Msz. The signifi- 
cance of this verification is somewhat enhanced by the facts that 
Barker performed direct long division while my potential divisions 
were effected by multiplication by the reciprocal of the modulus Misy, 
and that the first computation was done on a ten-bank electrically 
driven machine and the second on a similar eight-bank machine. 

In the case of Mie: the value of the 166th residue as finally ob- 

tained by me on December 2, 1944 was 59077 89471 97183 05021 
04043 18653 76339 69475 17591 49076. Unfortunately the two in- 
vestigators used different Lucasian sequences for ries. Barker em- 
. ployed 3, 7, 47, 2207, - - - and the writer used 4, 14, 194, 37634, - 
This fully explains the lack of agreement between the datum ah 
by Barker! and the residue shown above. Nevertheless since both 
values are nonzero they agree qualitatively as to the composite char- 
acter of Mier. 

Incidentally Barker has just informed me that he used other checks 
than the one given in the Bulletin, such as the auxiliary moduli 

1053-1 and 1074-1. Finally the character of the Mersenne number 
Mo is now under ee ie by the author on the basis of the se- 
quence 4, 14, 194, 


YALE UNIVERSITY 


Received by the editors October 25, 1945. 

1 Charles B. Barker, Proof that the Mersenne number M; is composite, Bull. Amer. 
Math. Soc. vol. 51 (1945) p. 389. 

2 H. S. Uhler, Firs: proof thaï the Mersenne number My is composite, Proc. Nat. 
Acad. Sci. U.S.A. vol. 30 (1944) pp. 314—316. 
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ON THE COEFFICIENTS OF THE 
CYCLOTOMIC POLYNOMIAL 


PAUL ERDOS 


The cyclotomic polynomial F,(x) is defined as the polynomial 
whose roots are the primitive zth roots of unity. It is well known 


that 
F(x) = [| (a — 1)#@), 
. d ` C 

For 2 «105 all coefficients of F,(x) are +1 or 0. For 2=105, the co- 
efficient 2 occurs for the first time. Denote by A, the greatest coeff- 
cient of F,(x) (in absolute value). Schur proved that lim sup A„= ©. 
Emma Lehmer! proved that A „> cn"? for infinitely many n. In fact 
she proved that infinitely many such ae are of the form pqr with 
p, 4, and r prime. In the present note we are going to prove that 
A 4,7 n* for every k and infinitely many z. This is implied by the still 
sharper theorem: 


THEOREM 1.? For infinitely many n 
A, > exp [ex(log n}#/#]. 
Specifically we may lake n=2-3-5 - - - py for sufficiently large k. 
Since — 
mar | F(x) | € 4,[6(x) + 1], 
Theorem 1 follows at once from the following theorem. 


THEOREM 2. For infimtely many n 


es | Fala) | > exp [co(log al, 


lz 
For the proof of Theorem 2 we require several lemmas. 


LEMMA 1. Let f(x) bea polynomial of highest coefficient 1 of degree m 
with all its roots on the unit circle. Suppose that in ihe unit circle f(x) 
assumes its maximum at xo ( | xol — 1), and let yo be the root of f(x) closest 
to Xo. Then the arc between xo and yo is not less than w/m; and if it 
equals t/m, f(x) 2x"—1. 


Received by the editors May 5, 1945, and, in revised form, August 22, 1945. 

1 Bull. Amer. Math. Soc. vol. 42 (1936) p. 389. Reference to the older literature 
can be found in this paper. 

2 Throughout the paper c; denotes a positive constant. 
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This is a theorem of M. Riesz.? 
Set 2=2-3-5 +++ pp. 


LEMMA 2. py~log n. 
LEMMA 3. d(n)e-vn/log log n, where "y is Eulzr's constant. 


Lemma 2 is a well known consequence of the prime number theo- 
rem, and Lemma 3 follows from Lemma 2 2nd a taeorem of Mertens.* 


LEMMA 4. Suppose pr? Su Sp, where 1 <a<4/3, and let N be the 
number of integers not greater than u waich are trime to n. Then for 
sufficiently large k, 


N » (1--e)uó(x)/n. 


Proor. The integers in question are primes greater than p}. By 
the prime number theorem 


N ~ u/log u — pi/log pr ~~ u/log u. 


Now 1/log 4 > 3/(4 log p+); and, by Lemmas 2 and 3, log px »log log n 
c-e Tata), Lemma 4 now follows from e^ « 3/4. 


LEMMA 5. Suppose that for an infinite number of integers m we are 
given a polynomial gn(x) of highest coefficient 1 of degree m, with all its 
roots on the unit circle and symmetric wich respect to the real axis, and 
with | £m(1) | —1, Let im be a function of m such that t4,/m <r and In © 
Gs m». Suppose constants cs, e (O<e<1 O<ey<1) given such that 
for any u with tm‘ Su St» the number of roots of g,(x) =8m(e") with 
D <u/m is greater ihan (1+-ca)u/x, tha? is greater than (1+-c4) times 
the number of roots cf x" —1 in the same interval. Then for sufhcienily 


large m 
Se | g(x) | > exp (Gem) A 
z|=i 


Proor. Denote by A, B, C the following arcs: 


A: le] = in /m, 
B: |0| <t,/m, 
C: |6| € (ta + v. 
We define new polynomials h(x) =x"+ +--+ as-ollows. Outside B, 


? Tber. Deutschen Mach. Verein. vol. 23 (1914) pp. 354-368. 

4 See, for example, Hardy and Wright, Introducitor to the theory of numbers, p. 349. 

5 An analogous but weaker theorem has been stated in a previous paper (Ann. of 
Math. vol. 44 (1943) p. 337. 
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hm and gm have the same roots. In A, hm has no roots. On B-A we 
place consecutive roots spaced by the angle Ze / m. Finally the remain- 
ing roots of km are placed at the end points of B, half at each. 

Let O1, 8e, - and dn, da, - © - denote the arguments of the roots 
of gm and km in B above the real axis; we number them in increasing 
order of magnitude. Our construction implies 
(1) d, = min (in /m + 2rr/m, tm/m) 


while the hypothesis of Lemma 5 translates into 


(2) 6, S max (in Zo, 2nr/(1 + cm). 


From (1) and (2) we deduce df, that is, the process has pushed 
roots of gm away from 1. If e”, e'* are points above the real axis re- 
spectively inside and outside B, then 


à | (et — eif) (ee — ©) | /80 = 8 sin A(cos æ — cos 0) <0 


so that the process reduces gm outside B, that is, 


(3) | hmla) | S | gn(x) | 
outside B. 

We shall next prove 
(4) | An(1) | > exp (Cetm). 


Take m large enough so that fn‘22 and confine r to the interval 


(1+c)im /2r E r 


e) Eee N 


Then (2) reduces to 


(2^) 0, € joeri + cam. 
Since from (5) and c4<1 we have 2rr Stm, (1) similarly becomes 
(1) or = 2ar/m. 


Combining (1^) and (2’) we find ¢,/6,—1 2c, whence 





| 1 — exp (i$) | > el — exp (8) 


From this it follows that | 2, (1)| zc:*| ef) , where R is the number 
of values of r permitted in (5). Since for large m, R>Catm, we have 
cy®>exp(Celm), proving (4). 

Let X denote the number of roots of km at the end points of B. 
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It follows from our hypothesis that X > Caitn/a. We define a further 
polynomial k(x) =*x"+ --- by placing roots at the points with 
arguments sin, t 3m/m, +5r/m, --- on the arc A. If the number 
of these points is Y, then Y X csl. *. We place (X — Y)/2 roots of km 
at each end point of B and otherwise the rocts of A, and Èm coincide. 
In moving the Y roots to pass from km to £, the greatest migration 
along the arc is from i„/m to t/m. Hence 


(6) | Es) | à (610/4)? | Rai) |. 


Outside the arc C the movement of roots tends to increase km; the 
worst place is right at the end points of C and there we have the 
similar estimate 


(7) | kala) | S (cum)? | tnla) | 


outside C. Now ka has roots all through B spaced 27/7 apart, and 
Es 75x" —1. By Lemma 1, E must assume its maximum at a point x 
outside C. Then, applying (3), (7), (6), and (4) in succession, we ob- 
tain 
| &(29) | > (e1t) Y (cr0/tm)® exp (eua) 
= (¢12/ém)?¥ exp (cuts) 
> exp (cm), 


which completes the proof of Lemma 5. 

PROOF OF THEOREM 2. Take 2—2.3.5 ... pz. It is well known 
that | F,(1)| =1. In view of Lemma 4, we may apply Lemma 5 with 
M, £X), tm, e replaced by G(x), Fa(x), Dr“? and 1/6 respectively. The 
conclusion is precisely Theorem 2. 

Theorem 2 is probably not the best result. It should not be difficult 
to extend the method to show that 


An > exp (log z)* 


for every k and infinitely many z. A very much stronger result may 
be true, namely 


(8) An > exp (¢isz/log log a 
for infinitely many n. If true, this would be essentially the best possi- 
ble result, because for a certain cu and all z, 

A, « exp(cun/loz log n). 


(The proof is omitted.) 
The possibility that (7) may be true is indicated in the following 
theorem. 
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THEOREM 3. Let n be the product of k distinct primes pi, Da, ` * * Du 
and denote by f(x) the number of integers not greater than x which are 
relatively prime to n. Let 


P=(1—1/p1) +--+ (A1—1/p9), 
g(x) =f(x) — Pr. 
Then there exists an xo, 1Sxo<n, such that 
(9) | g(x) | > ex2** (log AJ, 


The connection between Theorem 3 and (8) is as follows. The func- 
tion g(x) measures how much the roots of F,(x) are displaced from 
the uniform distribution. Lemma 5 then suggests that it might be 
possible to prove 


(10) max | F,(x) | > exp [cıs2*!?(log ky-1/2], 
Iz| 21 


If in particular we take n=2-3-5 - - - Pr, then 
pirclog n--k log k, 


and (10) is a result similar to (8). 
PROOF or THEOREM 3. The usual sieve process gives 


x x 

Ja) = [s] - E +D |E]- = Dele, 

Define (x/r) =x/r— [x/r], so that g(x) = 3 r1nu(r)(x/r). Then 
X Lela]? = X uen); (l. 


rain 


Let r=ud, s=vd, (u, v)=1. Then the final sum becomes 


n d—1 
D (ar) (a/5) = ndr)? [o+a+d+..-+a+(u— Dal 


[a+a+d+...+a+(r- Ne] 
= n(3rs — 3r — 3s + d? + 2)/12rs. 


In carrying out the second summation, the first three terms vanish. 
Hence 


125 Id =n D (+ Dulr)u(s)/rs 


r,8|n 


= a(2*P + 2P?). 
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Now P>cır/log k, as follows a fortiori from Lemma 3. Hence 


n 


Kä [g(«) |? > 61372*/log k, 


zum] 


from which the existence of an x, satisfying (9) follows at once. 
I am indebted to Dr. Irving Kaplansky who shortened some of the 
proofs and extensively revised the firs- draft of the manuscript. 


UNIVERSITY OF MICHIGAN 


ON SOME ASYMPTOTIC FORMULAS IN THE 
THEORY OF PARTITIONS 


PAUL ERDOS 


Let p(n) denote the number of unrestricted partitions of n. pa(n) 
denotes the number of partitions of into precisely k summands, or 
what is the same into partitions whose largest summand is k. Auluck, 
Chowla and Gupta! announced the following conjecture: 

For n fixed let pr(n) be the greatest Bai: that is, bz (nm) z pin). 
Then 


(1) ko ~ cn? log n, c = v(2/3)!!. 
They prove that 
n? < ko < (1 + 6)c 1n! ^ log n 


c 


for every 6>0 if n is sufficiently large. 
In the present note we shall prove (1). In fact we shall prove that 


(2) ko = cni? log n + ant? + o(n'/?) where c/2 = ez, 


They also conjectured that for ki<keSko, baln) Spr (n) and for 
ko bib, baln) <pa(n). They verify this conjecture for n £32. 
Recently Todd? published a table of all the p(n) for n $100, and 
it is easy to verify the conjecture for 7100. I am unable to prove 
or disprove this conjecture. They also remark that p:,(7) differs from 
cn? log n by less than 1 for n $32; (2) shows that for large n the 
difference tends to infinity. | 
Lehner and I? proved that if we denote 


Pı(n) = A. pAn) 
(eat 


then for b =c tn! log n-+An!!2 we have the asymptotic formula 
(3) Pi(n)/p(m) = (1 + o(1)) exp (— Q/9ge P). 


In proving (2) we shall use (3) a great deal, we shall also use the 
well known asymptotic formula 


(4) p(n) = (1 + o(1))(1/4-3"?n) exp (cn). 


Received by the editors March 12, 1945. 

1 T. Indian Math. Soc. vol. 6 (1942) pp. 105-112. 

? Proc. London Math. Soc. vol. 48 (1944) pp. 229-242. 
3 Duke Math. J. vol. 8 (1941) pp. 335-345. 
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Let f(z) tend to infinity arbitrarily slowly; we easily obtain from 
(3) that for ky = [c714,1/2 log n+f(n)n¥2] ka= Len? log s — f(n)ni2], 


(5) G/A) (Pule) — Pu m))>1 as no. 

We immediately obtain from (4) and (5) that for some Ks ba «hi 
(6) Pi) > apa) mM > (cafn) exp (cm). 

Ci, C2, * * * denote absolute constants. Thus | 

(7) PU) Z prn) > (es/u32) exp (en?) 

Now we show that for sufficiently large c; 

(8) ko < Tin! Jog n + c yi. 


Let Zee log sent It clearly follows from the definition of 


p(n) and P,(m) that Pi (nm) = Pin — ka) <t(n—k). Thus from (4) 
Pulm) < Lola exp (eln — Ejus) < (ca/n) exp c(n!? — d'Zait 
< (c4/n) exp (c(#1/2 — log 1/2 — ¢3/2)) 
< (c/n!) exp (cn?) < p, (a) 


for sufficiently large cs, and this proves (8). 
Next we prove that for sufficiently large c; 


(9) ko > cM? log n — cut, 


Suppose (9) does not hold. We obtain from (7) that for some 
ko <en! [og a — c nt 


(10) fin) > (62/n*/?) exp (en!) 

We shall show that (10) leads to a contradiction. First we show that 
(11) ` Pan) S parila +7) for j > à. 
We have 

(12) b(n) Spinto < Pas + 7). 


The first inequality of (12) we obtain by mapping the partition 
a+: - +kof pin) into Gi + +-+(k-+7) which belongs to Pirna), 
the second part we obtain by adding j—2 1's to every partition of 
Drenkt this proves (11). | 

Put [212] =b; we have from (10) and (11) for Osi xb 


Prosila + b) Z bi (n) > (c2/n3/2) exp (¢n1/?) 


> (ce/n?!?) exp (e(a + Suen, 
Thus 


a, 


rm 
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b 
(13) I birila + b) > (co/n) exp (eln + AO, 


Now we obtain from (5) that for every e and sufficiently large cs 
and z 
(14) p(n +b) 0-292». 
k>ko+6 , 
The proof of (14) follows immediately from the fact that ko+b . 
«c1g!? log n—(cs—1)n!!2, thus (5) can be applied. From, (13) and 
(14) we have 
"b 
b(n +b) > A. Prori(n + D) + 2, peln 0) 


i=0 k>korb 


> (1 — e)p(n + 5) + (cm) exp (e(n + Au, 
Thus e 


ep(n + b) > (cem) exp (e(n + b)™?), 
which contradicts (4); this proves (9). 
We now know from (8) and (9) that ko has to satisfy 
cn! log n — on? < ko < c In? log n + can!!?, 


Put 
ko = cia? log n + xni?, 


We obtain from (3) and (4) that 
Pu = Prin — ko) : 
= (1 + 0(1)) (mn? exp (— cx/2 — (2/c) exp (— cx/2)).* 
The right side is maximal if c/2=exp(—cx/2), which completes the 


proof of (2). 
We immediately obtain from (2) and (15) that 


lim f, (2)nV*/5(n) = exp (— ca/2 — (2/c) exp (— ax/2)). 


It would be easy to sharpen the error term o(n!/?) in (2) by getting 
an error term in (3), but it seems very hard to get a sufficiently good 
inequality to prove the conjecture of Auluck, Chowla and Gupta. 

Denote by O(n) the number of partitions of n into unequal parts. 
O,(n) denotes the number of partitions of into precisely k unequal 


parts. Define ko by 
On) à Qila). 


(15) 


4 This formula is due to Auluck, Chowla and Gupta (ibid). 
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It has been conjectured that for ky <k: S ko, Qi, (n) « Qs, (11) and for 
ko ki <k, Qu(m) z Qu(n). This conjecture we can not decide. But 
by using Theorem 3.3 of our paper with Lehner we can show that 


Ro = 2 log 2nV?/2(1/3)1/? + dg + o(nt4) 
for a certain constant d. Also 
lim n1/40;,(2)/Q(n) > e, for a certain constant e. 


We do not discuss the proofs. They are similar but slightly more com- 
plicated than the proof of (2). 

It would be interesting to get an asymptotic formula for p(n) and ' 
Qx(x). Perhaps the first step would be to get an asymptotic formula 
for log pz(n). It is easy to see that for &—o(nV?) 


log p(n) = o(n1/2) 
and if k/n!!?— œ 
log px(m)/log p(n) — 1. 
The proofs can be obtained easily by simple Tauberian theorems. 


UNIVERSITY OF MICHIGAN 


THOMAS FRANKLIN HOLGATE 
1859-1945 


The death of Thomas F. Holgate on April 10, 1945, at the age of 
eigthy-six years, marks the passing of another of the figures promi- 
nent in the early history of the Society. He was one of the organizers 
of the Chicago Section, and was its first secretary, serving in that 
capacity for eight years. Although the press of administrative work 
thereafter lessened his active participation, he missed but few meet- 
ings of the Society in Chicago up to the time of his death. 

His early life was spent in Canada, where he was born, not far from 
Kingston, on April 8, 1859. From the University of Toronto he re- 
ceived a bachelor’s degree in 1884 and a master’s degree in 1889. 
Meantime he had been teaching, first in rural schools, then in a col- 
legiate institute. At the end of his work at Toronto he had defi- 
nitely decided to become a mathematician in the field of pure 
geometry, in spite of a comparatively late start. The next year he 
enrolled as a graduate student at Clark University, and obtained his 
doctor’s degree there in 1893. 

At Clark he had formed a close friendship with Henry S. White. 
The latter had come to Northwestern University in 1892, replacing, 
in the course of that year, E. H. Moore, who had accepted the head- 

ship of the department of mathematics in the newly founded Uni- 
versity of Chicago. When this vacancy developed, White urged 
Holgate to come to Evanston, and in 1893 the latter began his career 
at Northwestern, which was to last for fifty-two years, as professor 
of mathematics, dean of the college, acting president of the university, 
and finally as dean emeritus. 

Dean Holgate was fond of quoting John Bunyan’s line, “I was once 
a promising professor,” thus referring to the nine years from 1893 to 
1902 before he started on the administrative work of his next seven- 
teen years. To this time belong his published papers on various sub- 
jects in pure geometry, including ruled surfaces of the fourth order, 
and loci determined in part by imaginary elements. He had been in- 
spired by Reye’s Geometrie der Lage, a translation of which he pub- 
lished in 1898. To the same period belongs his text Elementary 
geometry, plane and solid, following the Euclidean form of pres- 
entation. Ata later time, in 1911, he wrote the monograph on Modern 
pure geometry in J. W. A. Young's Monographs on modern mathematics. 
For many years thereafter he was developing and recasting his ideas 
on this subject. The final result was his text on Projective pure geome- 
try, published in 1930. 
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In 1902 he became dean of the College of Liberal Arts. From that 
time on his opportunity to do mathematical work was more and more 
limited. In 1904he was a secretary of the geometry section of the math- 
ematical congress at St. Louis, and in 1908 he acted as a secretary of 
the International Congress of Mathematicians at Rome. 

Á new responsibility was added to his duties as dean when, in 1904, 
the president of the university, E. J. James, unexpectedly resigned to 
take a similar post at the Universitv of Illinois. For the two years 
1904—1906, Dean Holgate, as acting president, carried the university 
through a critical period when substantial funds were obtained with- 
out which the development of the institution would have been seri- 
ously checked. In 1905 Professor White resigned his headship of the 
department of mathematics to go to Vassar. These cumulating re- 
sponsibilities led Dean Holgate, with great regret, to give up the sec- 
retaryship of the Chicago Section, a post thereafter filled so capably 
by H. E. Slaught. He retained, however, his titular headship of the 
department of mathematics for nearly twenty years. The writer, as 
acting head during that period, found the relation an ideal one, termi- 
nated only at Dean nn request that he be allowed to drop the 
title. 

In the trying years from 1916 to 1919 he was again called to be 
acting president of the university. His sound judgment and adminis- 
trative ability brought Northwestern through what seemed then to 
be a crisis, but proved to be the beginning of a period of unprec- 
edented expansion and addition to resources. The strain was great, 
and at the age of sixty, in 1919, he retired from both the presidency 
and deanship with the title of dean emeritus. He did not cease teach- 
ing, however, until he reached the age of-seventy-five, and his active 
interest in the department of mathematics continued until his death. 
In his last years he prepared a history of the department, with some 
account of the well known mathematicians who had studied or taught 
there before 1910 (E. H. Moore, J. W. Young, W. H. Bussey, Ll 
Dines, C. S. Slichter, among others). 

His later years of teaching included the year 1921—1922 at the Uni- 
versity of Nanking. He had always been deeply interested in foreign 
students, and returned to Northwestern to become more than ever 
their guide and friend, and even financial helper. 

If he had never undertaken administrative work, Dean Holgate 
would still have been notable as a teacher. He was a master of presen- 
tation, with a fine sense of proportion, and a feeling that what he 
taught was significant and important. 

He is best known, however, to thousands of Northestern alumni, 
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as “the Dean,” who somehow, in their student years, managed to be 
the friend and adviser of every one of them, and never forgot their 
names or faces. “Nothing human was foreign to him”; his life was 
made up of friendships, where he always gave more than he took. 
We of the faculty remember him best thus, but we cannot forget, 
either, his wise advice and practical sense, and judgment of men. In 
spite of his kindliness he had a firmness of character that once drew 
from a colleague the remark, “There he stands, like a rock.” 

No account of Dean Holgate could omit his many activities outside 
the University. He was particularly interested in the Methodist 
Church, serving five times as an active and prominent member of its 
quadrennial General Conference. He became deeply interested in 
negro colleges, advising and visiting them frequently, and helping in 
their financial affairs. He was a member of the Church Board of 
Education for over twenty years, and for a time its treasurer. During 
the years 1923-1925 he was president of the Chicago Church Federa- 
tion. In 1917-1918 he was president of the North Central Association 
of Colleges and Secondary Schools. This is by no means a complete 
list of his activities. He was never one to rust away, even in his old 
age. He used to say, with a touch of self-deprecating humor, that as 
he grew older he became busier and busier—on less and less. 

During his life he received many honors, among them L.L.D. de- 
grees from the University of Illinois (1905), Queen's University 
(1919), and Northwestern University (1937). A far greater tribute 
was the respect and affection of students and colleagues, and of his 
wide circle of friends outside the university. 

D. R. CURTISS 


CLASSES OF SEQUENCES OF POSITIVE NUMBERS 
E. H. MOORE! 


The results presented in the following pages engaged the attention 
of Professor E. H. Moore at various times, but were never written 
up for publication. Notes dated December 1909 indicate that the 
impetus came in connection with utilization of the “no last absolutely 
convergent series” theorem of Du Bois-Reymond (see General analy- 
sis, p. 48) and the paper of Landau in Nachr. Ges. Wiss. Góttingen 
(1907) pp. 25-27) in which Landau proves that if {an} is a sequence 
such that 3 a,b, | converges for all sequences such that 3. b,| ?, with 
p>1, converges, then e. »/(2-9 converges. This latter theorem 
proved interesting not only because it is asort of converse to the theo- 
rem: If >>| anl? converges and if 3 | b„| »/&-? converges then 3 | a45, | 
converges, a consequence of Hoelder's inequality, but also because 
the theorem which Landau actually praved was the contrapositive 
equivalent theorem, namely, if > an! »/(»-9 diverges, then there ex- 
ists a sequence such that 3 |b„|? converges, but > |a,b,| diverges. 
By noting the trivial identity a, =(a,b,)(1/b.), the last theorem has 
the skeleton form: If the sequence {an} belongs to a class ti (namely, 
the divergent p/(p—1) power) then there exist two sequences {ba} 
and {ca} such that a4 —5,c,, and {bn} belongs to Mz (convergent p 
the power) and {ca} to Mt; (divergent). Since logical questions were 
always of great interest to him, this instance in which the contra- 
positive of a given theorem has an independently interesting state- 
ment led him to speculations concerning the true nature of contra- 
positive proof. Among other things he stressed the idea that many 
so-called contrapositive proofs could be formulated to advantage as 
direct proofs. 

From his notes, it appears that the subject matter of the first half 
of this paper engaged his cóntinued attention from December 1910 
to January 1911. But apparently he made no attempt to write up 
the results for publication until about 1918. However, only a few sec- 
tions of the manuscript were completed. On several occasions he 
worked out a "multiplication table" (see end of Pert II) and added to 
it from time to time. We have not always been able to connect the 
references which some of these tables contain with his notes, and con- 
sequently reconstruct his proofs. Instead we have used the final re- 
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sults and taken the liberty of arranging the proofs in what appears 
to us as a possible logical order. 

The first part of the paper, which serves as an introduction, gives 
the basic notation and certain general theorems and their interrela- 
tions (most of which are taken from the unfinished manuscript). In 
the second part of the paper, we give a body of theorems sufficient 
to cover all of the cases of the “multiplication table” which concerns 
itself with a system of classes of sequences of positive numbers, and 
is in a sense closed in this system. The third part of the paper is con- 
cerned with what Professor Moore called a General Multiplication 
Theorem, which he stated in a letter to T. H. Hildebrandt dated 
January 4, 1926, but gave no hint as to its proof. Since no proof ap- 
pears in his notes, we have worked out a proof of the theorem in 
question. 

Whether Professor Moore would have approved of the publication 
of these results, since in many ways they seem trivial, we do not 
know. We have found some of these things interesting to play with 
and it is not impossible that they may suggest further results which 
are worth while. The connection with linear functional operations on 
sequences, the closure of the multiplication table, and the fact men- 
tioned in footnote 5 that the Hoelder inequality basic to the Pring- 
sheim-Landau Theorem, and the proof of the Abel-Dini Theorem 
basic to the Landau Theorem, both can be derived from the same in- 
equality: x* X1--e(x—1) for 0<e<1, x>0, are some of the points 
which made these developments attractive to us. 

H. H. GOLDSTINE 
T. H. HILDEBRANDT 
I. INTRODUCTION 


1.1. The class V. We consider throughout sequencesof positivenum- 
bers: a= {an} , with a,>0. Such sequences may be regarded as posi- 
tive-valued functions on the range PIH of positive integers, or geo- 
metrically as points in the space of infinite dimensions, limited 
however to points all of whose coordinates are positive. We designate 
the space of all such sequences by V and call its elements either se- 
quences, functions or points. Since we shall be interested only in 
elements of V, it will be understood that the word sequence refers only 
to a sequence consisting of positive terms. 

We shall be interested in certain subspaces or subclasses of V, the 
points of each class being all of the points of V which possess a certain 
property. For convenience we use the same notation for the class 
and the characteristic property, that is, the class P is the class of all 
sequences having the property P. We shall use the standard notation 
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relative to sum and product of classes, that is, PO, the sum of P 
and Q, or the totality of all sequences which have either the property 
P or the property Q, PAQ, the product of P and Q, or all sequences 
having both the property P and Q. — P shall be the complement of 
P relative to V, that is, the class of sequences not having the prop- 
erty P. 

In an obvious way we say that a class P contains a class Q if every 
element of Q is contained in P. With respect to properties, Q implies 
P if the class P contains Q. Under the circumstances we can speak of 
a monotonically increasing or decreasing set of classes. 


1.2. Fundamental subclasses of V. We consider the following basic 
classes (properties): 

F: the class of all bounded sequences, that is, of all points in which 
the least upper bound of the coordinates 1s finite; 

Lo: the class of all sequences having zero as limit; 

L,, : the class of all sequences having infinity as limit; 

C: the class of all sequences with convergent sum; 

D: the class of all sequences with divergent sum. 

ObviouslyC = — D. 

Any sequence and real number p defines the sequence a? = [02]. 
For every property P and number 5, the property P, of a point a is 
defined as the property P of a”. Thus C, is the class of all sequences 
such that 3 af is convergent; D, is defined in a similar way. 

We note that if 0 «e«f, then the class Cy properly contains the 
class C., C. ; properly contains C ,, D; is contained in D, and D. , is 
contained in D_,. Obviously if e>0, then Fand F,, Lo and (Lo)., Le 
and (L,), are each identical. But (Lo)-4= (Lo) is L, and (L,).. 
=(L,„)-ı is Lo. F_, is the same as F, which is the set of sequences 
such that lim sup, (1/a,) < ©, that is, the class of sequences bounded 
from zero. Then — F is the class such that lim inf, a, — 0. 


1.3. Derived classes. If for e>0, the system of classes P, is mono- 

tonic increasing in e, then we define 
re U P; and PY = NP; 
0</<e f>e 

Thus C? = Usese.Cy is the class of sequences œ such that there exists 
an f <e such that oi is in C. C;’ is the class of sequences such that o^ 
is in C for all fe. 

If for e>0 the system of classes P, is monotonic decreasing in e, 
then the inequalities in the definitions are reversed, that is, we define 


Pi = UP, and P; = N Pr 
J>e 0c f« e 


4 
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This applies then to the definitions of DI and D?’ as well as D’. and 
D'', with e>0. In general P' is a sum of classes, P" is a product of 
classes. 
The application of these notions to the limiting cases e=0, ©, is 
obvious, but one can define only the following: 
Co” : for every e the property C,; Cl’: for every e the property C_.; 
Ch: for some e the property C,;  C',:forsomeethe property C_,; 
Dj : for some e the property De; Do: for some e the property De; 
DY: for every e the property D,; D” a: for every e the property D_.. 
An application of the same process to the classes C’ and D’ yields 
nothing new in classes, for we have the following results for e» 0: 


(a) U C} «Ci; (b) N C = Cr 

1.31 — ee 
(c) U cl Cj; (d) NC et: 

0cf« e S>e 


and similar results for classes of divergent series and negative expo- 
nents. Of these (a) and (d) are obvious. For (b), suppose a belongs 
to CT Then « is of C; for all fe. Consequently œ belongs to C; 
for all g>f>e, that is, for all g>e. Conversely, suppose that a be- 
longs to fei. Then « is of C/ for all f e, that is, there exists a 
g €f, such that a is of C,. As a consequence a is of C; for all h>g>e, 
that is, œ is of CZ’. Similar considerations show the validity of (c). 
In a way the classes P' are of the nature of greatest of limits of a set 
of classes, and P” of the least of limits, as these results seem to in- 


dicate. 


1.4. Fundamental systems of subclasses of V. We shall be inter- 
ested in the following two systems of subclasses of V: 


SYSTEM I 
0, Co’; Ce, Ce Ci Cj, Cy, C7’, Cs Lo, F (^ = F3, F or =F 
FU — BA — Een D, D, D_, Da Dia De Dia Da, 


SYSTEM II 
V, Dé, D! , Da DL, D/", De, D, Da, — Lo, — FOU Fai, —F or F, 
GE ET E 0 N CIC CIC uc. 


In the first system, the classes are of increasing content, assuming 
0<e<f, each class being a proper subclass of every succeeding class 
(excepting that there is a certain ambiguity in the middle of each, the 
remark preceding holding in each system whichever reading is 
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adopted). In the second system the classes are complements relative 
to V of the corresponding classes of the first ae so that the sec- 
ond system is of decreasing content. 

The proper monotoneity is in general obvious, excepting for cases 
of the type: C? « C, « Cj’. For this it is sufficient to consider the case 
where e=1. We note that the sequence a, —1/7 is an element of C, 
for e» 1, but not for e=1, that is, is of Ci”, but not of C1. On the other 
hand if ¢,=1/n log? n, then « is an element of Cı but not of C, for 
e<1, that is, of C1 but not of Cy. Since P «Q implies P_1<Q.1, we 
get at once C,« C ,« C". The corresponding results for divergent 
series follow by taking complements. 


1.5. Multiplications of sequences, and classes of sequence multi- 
plications. If a= {an} and B= {bn} are any two sequences of V, then 
aX is the sequence {anba} of V. 

In a similar manner if P is the class of sequences « having the 
property P and Q the class of sequences B having the property Q, 
then we denote by PXQ the class of sequences aX with a in P 
and B in Q, that is, y is in P XQ if and only if there exists an a of P 
and a 8 of Q such that y —o X8. The Pringsheim-Landau Theorem 
gives a characterization of the classes P XQ, where P = Cy, Q = Cy, 
and PXQ=Crycety), e>0, f>0. . 

By analogy, we define the class P/O as ihe class of all elements y 
such that for all B of Q, the product sequence YXß of P. The Lan- 
dau Theorem states-a result for the class P/Q for the case where 
P = Cires), and Q is Cys, namely, that P/Q is the class Ce, e» 0, 
f>0; or as a matter of fact, where P is C1, Q is C, and P/Q is C, with 
p>1 and (1/2) - (1/2*) =1. 


The following relations are self-evident: 
1.51 PXQ =Q X P; (P X Q) = Pa X Qa; (P/Q)-1 = P/Q- 


There also exist relations between the product and quotient proc- 
esses embodied in the following theorem: 


1.52 P/Q = — (Q X — P), 
from which we deduce by an obvious substitution the corollary: 
1.53 P XQ = — (- P/Q) 


For the proof suppose that P/Q =R, that is, y in R is equivalent 
to a y such that, for every B of Q, itis true that y X£ isin P. Then y in 
—R is equivalent to a y such that there exists a B of Q for which 
y XB is of —P. Let yXB=a. Then BXar!=y!. Then y of —R. is 
equivalent to a y such that there exists aß of Q and ana of — Pa 
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such that y=8 Xa, symbolically: 
— Rı=0X — Pa andso R= — (Q X — P... 
The following additional equivalences are now obvious: 
Pim = (QX = Paar = TOSS emu) 
mode NO) Seu sa 
1.55 Pr = PVO) (OP) 


A theorem of the form PXQ-R or P/O=R can be divided into 
parts, namely, PXQDR, PXQCR, and P/QDR and P/QC R re 
spectively, the theorem being considered as a relation between the 
classes. A theorem of the form PX QR is called a factorization theo- 
rem since it asserts that if y is of R then there exists a of P and 6 of Q 
such that a XB =y. A theorem of the form PXQCR will be called a 
multiplication theorem, since it asserts that if a is of P and B is of Q 
than oa XB is of R. A theorem of the form P/QCR will be called a 
division or Landau theorem, since it asserts that if œ is such that for 
every B of Q itis true that o X is of P, then a is of R. The theorem 
P/ODR is really a multiplication theorem since we have: 

1.56. P/ODR is equivalent to RXQC.P. 

For the statement P/ODR is equivalent to the statement that if a 
is of R then, for every B of Q, it is true that a Xf is of P, which is 
logically equivalent to: if œ is of Rand f is of Q then a Xf is of P, 
that is, a multiplication theorem. We have as an immediate corollary: 

1.57. P/ODR is equivalent to P/RDQ. 

Since P/O is the same as — Q_1/—P_1, we have also the following: 

1.58. P/ODR is equivalent to —Qi/—PiDR is equivalent to 
—R.a/ —P.3:2Q is equivalent to —O1/RD—P_1 is equivalent to 
—R_1/QD —P_1. 1 

The theorem and corollary also give: 

1.59. PXOCR ts equivalent to PX —R1C—Q_1 ts equivalent to 
—RaxQC-P.. 

We note however that the theorem and corollary are not in general 
true if the implications are reversed, that is, we have: 

1.510. P/OCR does not always imply OXRDF. 

1.511. OXRDP does not always imply P/QCR. 

1.512. P/OCR does not always imply P/RCQ. 

Instances of these are the following, which depend on theorems to 
be proved later: 


ad 1.510. Take P=L,, Q=Ci, R=F. Then by 2.43 
P/Q ES Lo/C1 MEE (Ci Aoc La) =F. 


1.54 
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On the other hand by 2.41 
OS R-OG(XFz-C,;, 


and Ci does not contain Lo =P. 
ad 1.511. Take Q— C4, R=L,, and P =C. Then by 2.44 


OX R=C1X Lo = Ci, 
but by 2.21 
P/Q = Ou = — (C1X — Ca) = — (Ci X Di P 


and F is not contained in: R = Lo. 
ad 1.512 Take P =L., Q=C and R= F. Then as in 1.510, P/OCR, 
but by 2.41 


P/R = Lab = — (F X — Lo) = Lo 


and Lo is not contained in C. 

Other instances of 1.510 and 1.512 are obtained if P = V, Q=0 and 
R=V. 

Even so, every division or Landau theorem is equivalent to a fac- 
torization theorem, and conversely, but the equivalence is not as sim- 
ple as one might expect. We have: 

1.513. The statement P/QCR is equivalent to the statement QX — Pı 
D —R-1. 

This follows immediately from 1.52 | 

In view of these theorems, we shall in the sequel focus primary 
attention on the product class P XQ, of two classes P and Q. We em- 
phasize however that while a theorem of the form P/QDR has as its 
equivalent the form QXRC P, a theorem of the form P/OCR has 
the more complicated equivalent QX — P.,1» — R 1. 


N 


1.6. Set addition and set product. We consider next the effect of 
set addition and set product on the theorems of multiplication and 
factorization type. We have the following theorems. 


1.61. THEOREM. If P, and R, are any sysiems of classes such that for 
every p: P,XQOR,, then (UP) X QOUR,. If for every b: P,XOCR,, 
then (UP) XQCUR,. Consequently if P,XO=R, then (UP) XQ 
=UR,. 


1.62. THEOREM. If for every b: PpXQCRz, then (N Pp) KOC Rp. 


These theorems follow immediately from the definitions. How- 
ever, conclusions concerning (f]P,)XQ Of|R, as a consequence of 
P,XQDR, for every p are not so immediate. Suppose for instance 
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that PAXODRı and P;XQORs, and assume y is of R#NR2 Then 
there exist a, of P, and fi of Qı and a2 of P; and fs of Q: such that 
y = 1 NÉI sa XB2. In order that y be of (P1/\P2) XQ, it would be 
necessary to establish the existence of a single ß of Q and an « of 
P,(\P2 such that y ^a X. A sufficient condition for this can be ob- 
tained as follows. If Q has the dominance property? A; (if £1 and f» 
are of Q then there exists a ß of Q such that 826: and 8 zs. (point- 
wise)) and if a —y/8 sy/Bı=aı and a —y/0 <y/B2=02 were in both 
Pı and Pa, then y would have the property desired. This would cer- 
tainly occur if the classes P1 and P; had the dominance property Ai : 
if a, is of Panda Sos then a is of P. Since the same method of proof 
would apply to a finite number of classes we can state the theorem: 


1.63. THEOREM. If Q has the dominance property A, and Py, >» +, Pr 
have each the dominance property Ag , and if P;XQDR; for each 1, then 
(NPs) XQDNRi. 


The case when sequences of classes {Pm} and {Rm} are involved 
would obviously require some alteration in these conditions. We re- 
place the property Ad by the following modification: 

A class P of sequences has the dominance property Ag’ if any se- 
quence a which is ultimately dominated by some sequence & of P 
belongs to P. 

We replace the dominance property A; by one involving a sequence 
of elements, and define: 

A class Q of sequences has the dominance property K if for any 
sequence of elements B1, * * + , Bm * - - of Q there exists an element Bo 
of Q so that each f, is ultimately dominated by Bo, that is, if 
Bs = [ba] and Bo= {bon}, then lim sup, bmn/bon €1 for all m. 

An examination of the proof of the simple case above shows that the 
same method will give the theorem: 


1.64. THEOREM. If each of the classes P,, has the property Ag’, and 
O has the property K, and if P,XQOR,, then we have (NP) XQ 
Of Rm and consequently if Da XQ=Rn then VPm)XQ=N Ra. 


All of the classes in System I have the property Ag’. On the other 
hand the dominance property A, is not found in the classes — F_,, 
FU — Fa, FA— Fa, —L., D These do not have the additive prop- 
erty either. For instance, for DA if a, —2? for n even and n for n 


2 For dominance properties see E. H. Moore, Introduction to a form of general 
analysis, Amer, Math. Soc. Colloquium Publications, vol. 2, New York, 1910, pp. 39- 
41, Since we have used tbe letter D to signify divergence, we shall use the correspond- 
ing Greek letter A for dominance properties. 
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odd, while 5, = for n even and ai for n odd, then & and 8 belong to 
D but «4-8 does not,? and a and 8 do not have a common dominant 
in Da. | 

The dominance property K is obviously implied by the dominance 
property* Ko, which is defined as follows: For any sequence of se- 
quences f, of Q there exists a sequence ß, such that lim, bmn/bon =0 
for every m. The classes V, C, and L have the property Ko and con- 
sequently A, as demonstrated in Introduction to a form of general 
analysis, pp. 44 ff., but since D_, does not have the property Ai, even 
in the ultimate sense, D_, does not have the property K. 

For purposes of reference, we mention the following theorem whose 
proof is obvious: 


1.65. THEOREM. If PiC P, then PıXQCP:XQ. Consequently if 
PıXQ=P:XQ =R, and if DC DCD, then PXO=R. 


II. THE CLASSES P XQ IN SYSTEM I 


‚In this part we shall prove theorems sufficient to characterize the 
class P XQ where P and Q are any two classes in the System I of 1.2. 
In view of Theorems 1.52, 1.53 and 1.54 this will give not only a com- 
plete set of multiplication and factorization theorems in this system, 
but also division or Landau theorems. We note that corresponding 
theorems for the classes of System II are immediate consequences of 
those in System I, since when P is in I then Pisin II, and PXQ =R 
implies P AaxXQa-Ra 


2.1. We note in the first place: 
2.11. THEOREM I. —F iX — Fa =V. 


, 


Since the multiplication of any two sequences is a sequence, it is 
only necessary to prove that if y= fca} is any sequence, then there 
exist two sequences a = {an} and B= {ba} such that lim inf a, =0, and 
lim inf 5, — 0 and Co zs Gala, For this purpose we set a, —1/7, b, —c,n 
for n even, and a, =C, b,=1/n for n odd. 

An immediate consequence of this theorem 1s: ; 

2.12. PXQ=V for all P and Q of the system I, such that — F_\ZP 
CV, -FACOCV. 

For under these circumstances we have 


V=-FAuUxX-FUCPXOICV. 
As an instance of this we might note D_, XD, =V. 


* Asa matter of fact D_1+D.1=V, 
4 Cf. Moore, loc. cit. p. 44. 
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2.2. Hoelder-Landau theorems. 


2.21. THEOREM II. We have (a) CX Cy = Coss cts) if e>0, f>0; 
(b) Gs: = H (if) af e>f>0; (c) C,XD.,-— — Fa af fze>0. 


The first of these: (a) is mentioned in the introduction. From the 
inequality 5 (e--f) (ab) +) <ea*+fb it follows that if o is of Cy. 
and B is of Cy, then a Xf =" is of Cycern. The substitution e'=1/e, 
f=1/f, g=1/(e+f) —e'f'/ (e LI) gives the result Ce XCyCC,. Con- 
versely suppose ¥ is of C, with g=ef/(e+f). Set a. —y*!'* and B =y, 
Then « is of C, and Bis of Cy, so that C,X C; Cs. 

For the second part (b) of this theorem, we use from 1.59 the 
equivalence of PXQCR to PX —RaC —Qa, so that part (a) yields 
C, X D. ,CD. ,. Setting g=ef/(e+f) =f’ and f=g’ gives g' = ef’ /(e-f’), 
so that we must assume e>f’, that is, we have, dropping primes, 
C,X D. ;C D stie- The converse of this statement, that is, GI: 
2D sj 0-4 is the contrapositive of the Landau Theorem. Assume that 
y is of D_, where g=ef/(e—f), and set o= {sat = f nn}. Then by 
the Abel-Dini Theorem,® y-?Xc-* is of C; for v>1 and of D, for 
v€1. Consequently if we let =y! Xo! and a XB =Y, that is, 
B —^2! x gt, then a* =y Xo-*// which since e>f is of C1, so that a 
is of C,, while B-f =y" X07! is of Dy, that is, B is of D. y. 

Note the similarity in form between the first two parts of this theo- 
rem. 

For the last part (c) of this theorem, we show first that C,X Dy 
C — F, using a contrapositive method of proof. Suppose a= {an 
is of C, and B — fbn} is of D_; and if possible lim inf a,b,>0. Then 
there exists an eu 0, such that for all n, Ge, > ev. Consequently 


Y d = (D bn) = ©, 


that is, æ is of D; contrary to hypothesis. On the other hand we show 
that C,X D.,2 — F1 for any positive e and f. Let y= {cn} be such 
that lim inf c, —0, and select a sequence a = {don} from Ce. For each k 
determine 247 714.1 so that Cn; «aos, and define the sequence a= {as} 
as follows: Gn =am if 57414, dn =Cn for n=n,. Then obviously: 


ONCE SE D (an) 55.2 5 aon < o, 

5 This inequality can be deduced from the well known inequality: x* S 14-e(x — 1), 
0<eS1,x>0. Replace x by A/B, with A >0, and B 70. Then A*B1-* eA + (1 —e) B. 
Let e=f/(f+g),f>0, g>0. Then 1 —e=g/(f+g). Also set Ai =a, and B2? =b. Then the 
inequality (f+g)(ab)/U+o x fa --gbM? results. We might note that x21—+e(x—1) 
for e» 1, and e «0, and that each of the three cases can be deduced from each other. 

8 See for instance Knopp, Infinite series, London, 1928, 839, p. 290. Note that 
the C, property follows from the initial inequality of the preceding footnote. 
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that is, a is of C.. Obviously b, —1 for all k. Hence B= {dat is of D. , 
for all f, or of Da. 

An examination of the proof just given shows that it applies to a 
much wider group of classes. In particular we have: 

2.22. PXQD — F, for any class P coniained in Lo and any class Q 
containing —L.. 

From the fundamental Theorem 2.21 we obtain theorems concern- 
ing PXQ=R where P and Q are sums and products of classes of the 
C or D_ series. The procedure is illustrated in the proof of: 


2.23. THEOREM III. If 1/g —1/e--1/f or g=ef/(e+f), then 
Ce XCy=C{ XC] =C XCF =C! 
while CeX Cj =C; XC =C. 


From C,.XC;=C,, we obtain as a consequence of the sum theo- 
rem 1.61 


( U Cv) x Cy = U Cy or CL XC; CH 
0<e’<e 0c g^«g 
since g —ef/(e--f) is continuous and monotonic in e for fixed f. By 
repeating the operation we get since UC =C}: C! XC} =(/. 

Since C, has the property K for all e>0, as well as the property 
Ao’, we can also apply the product theorems 1.62 and 1.64 to 
CaXC;=C, and obtain C,X C/! =C}, it being assumed that f’ runs 
over a monotonic decreasing sequence approaching f, and the corre- 
sponding g’ obviously approaches g in the same way. If we apply the 
sum theorem 1.61 to this result we obtain by 1.31c 

0 sci es Oi e 0d. 


h<g 


Finally to prove that C/’xC/' =C}, we note that by 1.62 we have 


n C: XCC N Cy, thatis, CU XxC/' CCL. 


ai ze g’>9 
On the other hand since C/’DC,, we have 
C; =C. XC} CC! xc}, 


from which two statements the desired conclusion follows. 

We might note that if in the proof of C! XC}! =C} we had started 
with the identity C? X C; C/ and been able to apply the product 
theorem then the equality C? X C/' =(,’ would have resulted, in 
other words the product theorem 1.64 is not applicable. Since the 
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class C, has the property Ag’, it follows from this that the class C7 
does not have the property K. 

For the case where e= ©, we need consider only Ch. We obtain at 
once for f>0: Owes, From this follows at once: CSC" 
= CXC =C XC = Ch X Ch = Ch 

For the case where e=0, we need consider only the class Cy’. Ob- 
viously Theorem 1.64 also applies here if f 7*0, that is, we have 


Cy’ X Cr = Ci’ for all 0 <f< e, 
Consequently for the same range of f we have also 
Ci! XCI = KO = Ci! XC, = Cl. 


It is further obvious from 1.62 that Cy’ X Cj! CCo’. To prove the in- 

clusion in the other direction, we take an arbitrary sequence y of Cy’ 

and let a=y"? and 8 =y¥?, and then obviously a and f are of Cy’. 
We incorporate all of these results in the form of a theorem. 


2.24. The classes of System I between Ci’ and C', form a closed sys- 
tem under multiplication (X), the various multiplications can be read 
from the following table, in which g —ef/(e--f): 


E me nt a | nn rg m an m m 
nd | nee en meng | e eme | Gum | nn 


——, ee | A | ae nt 


Ge Ce EE Ge 
GE Ve zët | 3927-3. Beer CE 
ce BE MME TE TE 


We turn next to the extension of 2.21(b) to the classes C', C", D’ 
and D". We have: 


2.25. THEOREM IV. If g=ef/(e—f) and ef 70, then 
CN Dass Dias CN Dias CN D5 =C} X Dl; = Dl, 
and CX D',2 C/! XD.,2C/ xDU,=D", 


Starting from the equation C,X D. ,—D.,, the methods of proof 
used for 2.23 or Theorem III apply here also, with the exception of 
the characterization of the classes Cj‘ X D^, and Ci’ XD.. For the 
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Ge Cz’ X Dy, we note that the product theorem 1.62 applied to 
C,XD.,CD., yields C2’ XD.,CD''. Applying the sum theorem 
1.61 and also L3ic gives C/XD',CD',. On the other hand 
C; XD';oC.XD',2D',. So that CT XD' ,2D' ,. 

For the class C;' XD_;, we need only show that it contains D”, 
as the inverse inclusion is contained in the preceding paragraph. It is 
not permissible here to use Theorem 1.64, because D. , does not have 
the dominance property K. Instead we proceed directly. Suppose that 
y is of D^, that is, there exists a monotonic increasing sequence £g, 
approaching g, such that y is of D. ,, for every n. Let e, be determined 
from the equation g,=e,f/(e,—f), so that e; approaches e monotoni- 
cally decreasing. Since D. ,, — Can X D. ; there exist n= {am} of Co, 
and Br = { Dam} of Ds so that y=a,XB, for every Let the se- 
quence da, with 0 «d, «1, be such that 3 de converges. Determine the 
sequence 742,2 74.1 SO that 


eo 


lnm < dn, > b. > 1. 


mon, mg SM CM pl 


Define dm=Gnm and bm=bnm for mm SM KM, With an =0m and 
bm = Dim for m Sm. Then obviously y =a Xf. o belongs to C, for every 
e’>e since a, «1 for mZmı, so that if e’>e,, m>mı, then af, «at 
and consequently ? Zug <J dn. Obviously B belangs to Dy. 

The equation Cj’ XD! xs D' , could also have been deduced by the 
sum theorem 1.61 from C7' XD. Ass, Also the case e= œ which 
concerns Ch follows immediately so that we have for f 50 


e X D = CLX Dl; =C} X Diy = Diy’ 
and C^, Diaen D' 0. 


2.26. THEOREM V. If 0<e< f. then CO x DO) — — EA where CH 
may be either Ci, C, or C?! and pe =, may be either DLs, D-, or DT. 


This is an immediate consequence of the inclusion theorem 1.65. 


For the case e —f, Theorem IV separates into two parts, namely 
C. X D-a = Ca X De = C. X Dle = C, X DL. 
2.27 7 ti 41 / 
= C. X Dl. = Ca X De = "d'acte 


This includes also the case where e=0 or x, namely 


2.28 CX D. SDS] =F x 
On the other hand 
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2.29 C X D. = Ce X DU, = C, X DL, = Di. 


For 2.27 the first class is covered in 2.21 (c), the next three classes 
each are contained in C,XD_, and by 2.22 contain — F_ı. For the 
last two the method of procedure is 


CH, ( U cs) x D, = U (Cy XDI) = — EF, 


J<e . J«e 


C. CD ums X ( U p.,) = U (C2, X D) = — F 
J>e Le 

The first of these two is also valid for e= œ and the second for e=0, 

giving 2.28. 

For 2.29 the methods used in the proof of the corresponding results 
in 2.25 are applicable. 

To finish this group of cases, we need to consider yet the possibility 
of having e=0, that is, the class Cy’; f —0, that is, the class Di; and 
the case f= œ, that is, DU... 

For Co’ we have: 

2.31. C/ XP =— F for every class P between and including — Fi 
and IN o. 

In 2.28 it was shown that Cj X D' ,— — F. So it remains to prove 
that Cd! X —F.i5— F. It is obvious that since Co’ CF, we have 
Ci’ X — FAC — Fa. On the other hand suppose y= {cn} is of — Fi 
and let œo = {don} be any element of Ci’, that is, > non <œ fore>0. 
Select a sequence #4 so that cn, <aor/k. Then define a4 =a, for n SH 
and a, =o. for 4 254. Then obviously D 105 5522 ann for e» 0, that 
is, œ is of Ci’. On the other hand since bp, —6,,/05, — €4,/Gox <1/k, 
Bisof — F. 

For D' 4 we have: 

2.32. D -oX P — D' for all classes P between Cy’ and F, including F. 

Obviously D',XF-2D',. It is then sufficient to prove that 
D' XC, -D' , for all e>0, which follows immediately from 2.25, 
namely, C, XD. ; — D. 4, by applying the sum theorem 1.61. 

For D'', we have: 

2.33. D” XP =— F for all classes P between and including Co’ 
and C... 

The equality D” X Cj! = — Fis included in 2.31. Since for every 
e>0, C, has the dominance property K, we can apply the product 
theorem 1.64 to C,X D. — F to obtain C,XD'', = — F for all 
e>0. Applying the sum theorem 1.61 to this equality yields C, X DU. 
=— Fy, 
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2.4. The classes between L, and — L,. We consider next results 
involving the classes Lo, FO — F, F, — Fa, FU—F_4, —L., so far 
as they have not been previously treated. We have: 

2.41. FXP=P for every class P of System 1. 

Since the sequence a= {1} is of F, itis obvious that FX PDP. On 
the other hand, since all classes P of System I have the property Aj’, 
FXPCR. 

2.42. — F 1XP = — F_ for any class P contained in or equal to F. 

Since — FıX FC — F, it follows that - Fı XPC — F for all P 
contained in F. On the other hand suppose y= {Cn} is of — F_.. Se- 
lect a o= {bon} of P, and the sequence n, so that Cn, X box/R. Let 
b, =bon If n An, and b, — boi if n — m4. Then if a4 Ss Gei Ba it follows that 
lim inf, 24 —0, that is, œ is of — F. But for the classes P of System I, 
B= {bn} is of P if Bois. 

Since — F 1C FU— F. 1C —L4,CD'"., we can conclude from 2.33 
and 2.42 that: 

2.43. — Fa XP=(FJ— F) XP=(-L.)XP=D".,XP=-F41 
for all classes P between and including Cò’ and Ch. 

2.44. LyX P =P for all classes P between and including Ci’ and Lo, 
and also between and including D'! , and Do. 

Since LoC F, and FXP=P for all P it follows that Lo XPCP for 
all P. An analysis of the statement Lo XP DP shows that it is equiva- 
lent to the fact that the classes P have the dominance property’ Ko, 
namely, that if œ = {an} is of P, then there exists in Pan u = | s 
such that lim, 2,/ao, —0, which in turn is related to the “no last ab- 
solutely convergent or divergent series" theorem. The proof for C1=C 
and consequently for C, can be based on the Abel-Dini Theorem for 
convergent series. Let y= fca} be of C and let p= {ra} =D cm 
Then y Xp^*** is of C for e>0. If we set a=y Xp-t*s, then B =p! 
which is of Zo. For the other classes between and including Cg’ and 
C4, we can apply 1.61 and 1.64, since Lo has the property K. For 
Lo XLoCLo, we take a — —yV?. For the class D. 4, we utilize in a 
similar way the Abel-Dini Theorem for divergent series, that is, de- 
fine a —yXoc, where c = { (OD Bell so that 8 =o—! which is of Lo. 
The extension to D_, and the other classes between D'/', and D/, is 
then similar to that for the C. 

2.45. (F'Y— F3) XP = P for all P between CG" and Lo inclusive and 
DÉI, and D^, inclusive. 

This is a corollary to 2.44 and 2.4i in view of the fact that 
FF —- Fa 5L, 

7 See Moore, loc. cit. p. 44. 

8 See Knopp, loc. cit. p. 293. 
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These theorems while they cover a wide range still leave a few par- 
ticular cases. We have: 

2.46. —L.XLo=—Fi; —-L.X (FO) — Fi) = — Lo. 

From the definitions it is obvious that —L XLC — F, for if 
‘Q= {an} is of — L., then a, contains a bounded subsequence, so that 
if B= {bn} is of Lo, then lim inf, a,b, — 0. On the other hand suppose 
that y= {ca} is of —F_1 Let æo= {an} be any element in Lo and 
select an increasing sequence #4 so that Cn, Saor. Then define a= {an} 
so that a, =an, for n An, and a, sot for n=nx. Then bn, =Cn,/@n, S1 
so that B is of —L, and « is of Lo. 

For the second part, it is again obvious that —L4X(F(— F^!) 
C-—L,,. On the other hand let y ^ fca} be of —L,, and let (c,,] be 
a bounded subsequence of {Cn}. Let a,=c, if m=n, and a,=c,n if 
^ zÉny. Then b,=1 for n =n; but b,=1/n for nn, so that ais of —L, 
and B is of F(Y— Ri 

2.47. LoX (FU — Fa) = — F. 

This is a consequence of 2.42, namely, ZoX(— F) = — F, and 
2.46, namely, LoX(— L4) = — F, and the fact that — F- 3C FY — F 
(eau 

2.48. (FU — Fi) X(GTY— F) = — Fa. 

We have (FN—-F:)XF=FN-—F 1 and (F.\—-Fi)X—-FA 
= — F, by 2.41 and 2.42. By addition we then get 2.48. 

2.49. (FN—- F 3) X (FO — Fi) = FO — F. 

This is obvious. 


2.5. The classes V and 0. We finally consider the classes V and 0 
and note: 

2.51. PXV=V for all P of System I excepting 0. 

2.52. PX0=0 for all P of System I. 

These are self-evident. 

It may however be of interest to apply Theorems 1.52 to these re- 
sults in order to obtain corresponding division theorems. Thus 


0/0 = — (0 X — 0) = — (0 X V)-1 = V, 
V/V = —(VXV.)au2 — (V X 0) = F, 
V/0 = — (0 X — V) = (0 X 0)-1 = V, 
DH = — (V X — 0) = — (V X V) = 0. 


Of these V/0 = V is an example available for 1.510 and 1.512. 

We have collected all of the results of this part in the form of a 
table, indicating in each place the particular theorem on which the 
entry is based. Because of the fact that PXO=OXP, it is obvious 
that it is sufficient to fill in only one half of the entries, as the re- 





O<e<f. g-d/(ef). Seit 


————— 
ft EEE zu | 
— 
— | |— 
—— 
——— | M | | ——————— | gr 
—, 
—— | cet | | eet: | py | — 
















—Fa —F_4y 

2.31 } 2. 31 2. 28 2.51 
S" Fly 
2.21.12, 27° 2. 32 2.51 
—F. —1 —D V 
2.27 2. 27 2.29 | 2.32 | 2.51 


—Fa D" s -0 —0 V 
2.27 | 2.29 | 2.27 | 2.32 | 2.51 
Lx [Dos Da | Y 
2.25 | 2.25 | 2. 32 2.51 


D 
2.21 | 2. b 2.32 


—Fa DD, Del D'al Dal Y 
2.25 | 2.28 | 2.25 | 2.3 
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mainder can be obtained by reflection on the diagonal. We note that 
System I is a closed system under multiplication. Also we recall that 
with this table it is possible to make a cor-esponding table of division 
theorems by using 1.52. 


III. A GENERAL MULTIPLICATION THEOREM 


3.1. On classes (P — Q) X (R —S). In the preceding part, we made 
a study of the classes P X Q, where P and Q are any two classes chosen 
from System I. We noted that the theorems of that part gave rise to 
theorems relative to the class PX Q if P and Q are both in System II, 
because of the fact that if P is in I, then PL, is in II, and from 
PXQ=R it follows that P.3XQ 3—R 1 A natural question is to 
characterize P XQ if P is in System I and Q in System II: The answer 
to this happens to be trivial. For we have: 


3.11. THEOREM. If P is in System 1 and Q in System II, then 
PXQ=V, unless P or Q is the null class 0, in which case PXO=0. 


To prove this theorem, it is obviously sufficient to consider only 
the case in which P=Cy’ and Q— C^. Further since PXQ is con- 
tained in V for any P and Q, we need only show that if y — {Cn} is 
any sequence of V, then there exist æ = [a4] of Cd’ and B= {bn} of 

o Such that c, —c45,. We note that if œ is any sequence of Cy’ and 
if we define B =y Xa“ then ß will be of Ca provided y is bounded 
from zero, that is, in F_;. Also if B is of C^, and a =y XB-1, then a is 
of Cy if y is bounded from infinity, that :s, in F. Assume then that 
y isin — Fa(/1— F. Then divide the sequence of integers n into two 
mutually exclusive ordered sets ng for which c, 21 and ng’ for which 
€, X1. Let a be any element of Cj’ and fs any element of C'^. De- 
fine a= fan} as follows: 


=a, if n= nj, On = Geint if n = nj’: 
so that 
b, = Cn/Qor if n= nd, b, = Du  n=n/". 


Then obviously « is of Cj’ and f is of C^. 

The System I (as well as II) defines also classes by taking differ- 
ences, particularly the class P — Q where P properly contains ©. Since 
if P is in I then —Q is in II, and conversely, the classes P —Q are 
really products of a class in I by one in 1I. There arises the question 
of the characterization of the classes (P — Q) X(R—S). If we note that 
P —Qisin fact POA —Q, then if a product theorem similar to 1.51 were 
universally applicable, we might guess that 
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(M): (P—Q xX(R—-S)-(PXR)'Y(-0QX-—5) 


If Q2 S20, or P=R=V, the identity is trivial. If we take Q=0, 
R=V then the guess would give 


PX—S-(PXV)'A(-0x-S)-2V 


since P #0 and S# V. If P and S arein I, then — S is in II and this is 
Theorem 3.11. The object of this part is to determine limitations on 
the classes P, Q, R and S so that the equality (M) is valid in Sys- 
tem I. Corresponding results for System II follow. Throughout this 
part it will be assumed that P properly contains Q and. R properly con- 
tains S in the differences P—Q, R-S. 

The method of procedure will be to find conditions for the validity 
of the equations 


(P—Q XR-2PXR and (P-O)X-S=-OX-S, 


which are the special cases of the general equation for Q —0 and R= V, 
respectively, and from these to derive the general equality. 

It is however not necessary to prove both of these two equalities, 
since we have: 


3.12. THEOREM. A theorem of the form (P —Q)XR-PXR has as 
consequence a theorem of the form (P' —Q') X —S' 2 —Q'X —S', and 
conversely. 

For if (P—Q)XR=PXR, then (P.1—Q. 1) XR 13 P aoAXR. 1 Now 
if P is in I, then Pı is in IT, and — P is a member of I. If we set 
P'=—-0_, Q =— P, S’ = — R, then obviously Q’ is properly con- 
tained in P’ and our identity becomes 

(P—Q0x—SsS'-—Q0'x-S. 


Because of the dual nature of these two equalities, we shall refer 
to the process of substitution involved as a dualizing process. 

We might also note that the Systems I and II are combinations of 
half of the System I, namely, 


0, Co’ Ce C CS”, Ce; Lo, EFEO — Fa, F. 


If we denote this set of classes by Ia, the balance by Ib, and similarly 
for IT, then 


3.13 Ib = — (Ia) ,, Ila = (Ia)., and IIb = (Ib).; = — Ia, 
so that 
I = (Ia, Ib) = (Ia, — (Ia)_1) and II = ((la)_ı, — Ia). 
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3.2. On the relation (P—Q)X R=PXR. It is obvious that if Q is 
properly contained in P, then (P—Q)XR is contained in PXR. 
Hence we need to derive only sufficient conditions so that (P —Q) X R 
contains P XAR. In order to state a general theorem easily, we define 
a dominance property related to two classes, namely: 

3.21. DEFINITION. The pair of classes P, Q with P properly con- 
taining Q have the dominance property Kz relative to each other, if for 
any element $ of Q there exists an element «æ of P — Q which ultimately 
dominates f, that is, a, 2b, for & 7 nc. 

Also dually: | 

3.211. DEFINITION. The pair of classes P, Q with P properly con- 
taining Q have the dominance property Ke relative to each other, if 
for every a of — P, there exists a 8 of P—Q such that f is ultimately 
dominated by o. 

We then have the following theorem. 


3.22. THEOREM. If R has the dominance property Ag’, and P and 
Q have the dominance property Ka with respect to each other, then 
(P—Q)XRDPXR, and so (P—Q)XR=PXR. 


The proof of this is almost self-evident. Suppose ô is of PXR, that 
is, there exists a of P and y of R suck that 6=a xy. If a is of P —Q, 
no further steps are necessary. If however a is of Q let 8 be of P—Q 
ultimately dominating o and set y1— 0x87 —a Xy X8-*. Then yı is 
ultimately dominated by y and so of R, that is, ö=ßXyı is of 
(P—Q) XR. 

‘In order to apply this theorem to the case where P, Q and R are 
classes in System I, we show: 

3.23. If P and Q are any two classes of System d P properly contain- 
ing Q, and excluding the case where P is FÜ—F_, then P and Q have 
the dominance property K, relative to each other. 

The method of demonstrating this property for any two classes of 
System I chosen from Ja, that is, those lying between 0 and F inclu- 
sive, is illustrated by the following special case: 

3.234. P=C,, Q- C7. Let a be anv element of CG. Then since by 5 
1.4, C, properly contains C/, there exists an element Bo of C,— C7. 
Define B so that bn = bo if UN and 5,084 if a fon, Then since | 
B= Ba, it follows that 8 is not of C7. On the other hand since "e 


2 bn = D bwt’ an< bw 3,0. 


it follows that B is in C,. 


~ 
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It is obvious that in this proof we used the fact that —Q has the 
property Ad in reverse, which is true for all Q in System I. Further 
we have used the fact that if œ and ß are sequences of P, then Y, 
the greater of o and B, is also in P. This holds for all of the classes of 
System Ia, excepting F/1— EA However the procedure above is still 
effective in this case, since if ß is of Q and Q is properly contained 
in F/A— F then a is of Lo. If B is of F(Y— F and a is of Lo, then 
the greater of œ and £ is still in FO — F3. Hence we have the theorem: 


3.232. THEOREM. Any two classes P, Q with P properly containing Q 
from System Ia have the property Ke relative to each other. 


This is no longer true if we continue in the System I; we have: 

3.233. The class FU —F does not have the property K relative to 
— F, or relative to F, but it does have the property Ke relative to 
FN — F, and so relative to all the other classes of System I. 

Let o be an element of — F for which both lim sup &, = œ, and 
lim inf a, =0. Then there exists in FU — F_, no dominating element 
belonging to —(— F), that is, F1. Similarly if œ is in F with 
lim inf a,>0, there does not exist in (FU — F—ı)—F, that is, in 
— F_4(\—F, an element dominating a. On the other hand let o be- 
long to FA — F_1, and let lim; a4, —0, with a4, € 1. Define B= {ba} by 
the conditions b,=a, for n séin, or for n=n,, k even, and b,=1/dn 
with n=n;, k odd. Then f is of — F1, dominates o, but is not in 
FN — E. 

For the remaining members of System I, we demonstrate the prop- 
erty K: between adjacent classes, from which it then follows in gen- 
eral. We consider the following cases: 

3.234. —L has the property Ka relative to —F4, F, and F U — Fu, 
and consequently all classes of System I. 

Suppose that a belongs to F and lim inf a,>0, that is, œ is not in 
— F. Then define f: b, =a, for n even, b„=na, for n odd. Then B 
isin —L,, but not in For — F 

Suppose o belongs to — PA Let n’ be the set of integers for which 
a, €1. Divide the integers n’ into two infinite subsets n”, n” so that 
lim, an: =0. Then define b, =a, for n sén, b, —1/a, for n=n” and 

„=1 for n 2n". Then 8 is of —L,, but notin F nor — F. 

3.235. D! o has the K: property relative to — Lo. 

Let a be of — L,, that is, lim inf a, =ao< © and suppose that lim 
Gn, =o. It is obviously sufficient to assume ado >0. Suppose Bo is any 
element of D", not belonging to —L,,, for example, n exp (1/(log 2)*”). 
Define f= Íbn} by the conditions b, —na, for n #nı, b, —bo.a4 for 
n=n,. Then f is in D', but lim, bd, = o. 
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3.236. All pairs of classes P, Q in ike D group of System I have the 
K» property rerative to each other. 

We prove this by showing that the theorem holds for the following 
cases: (a) D-a, D_; with e«f, (b) DA Dha, and (c) D'^, D. since ob- 
viously the case of any two pairs from the D group can be deduced 
from these three cases. 

(a) Suppose that a is of D. y, that is, 3 aay! — œ. Without loss of 
generality it is possible to assume that a, 21. Leto = {sn} = [9 Zoe! h 
and let B=aXo*. Then since p =e Xol. and f/e>1 the Abel- 
Dini Theorem assures us that 87 is of C1, that is, 8 belongs to C_y. 
On the other hand 


Bees a Xol a oi we? 


since f>e, and „21. Now &’Xot is in Di, that is, B is of D_,. 
Obviously 8 dominates a. 

(b) Suppose a is in D' 4, that is, there exists an f» 1, so that o is of 
D. y. Using the same notation as in (a). we now define B =a Xo. Then 
if g>1, 87"—o7?*Xo-* Sa^! Xa- is of Ci, that is, B is in C. , for all 
£21, and so in C7, = —D' 4. On the other hand f is in D_1 and domi- 
nates a. 

(c) Suppose o is in D. ;. Using the same notation as in (a) with f=1 
and assuming a, 21, we set b, =a,5, log? Sn, that is, B=aXo Xlog? c. 
Then by an extension of the Abel-Dini Theorem,? ß is of Cı. On the 
other hand f is of D. y, for f «i. For if f «g«1 


B!-—oa!xc!Xlog?"/ezaoat!xs!xlog" e > a7! X o7 


ultimately, since lim, s? log” 7 s, = œ. 

The fact that V has the X, property with respect to any class in 
System I (or System IT) is trivial. 

With respect to the property Ka, we have: 

3.237. If P and Q are any two classes of System I, with P properly 
containing Q, and (P, Q)isnedher (F, FO — F) nor(— Fa, FO — Fi), 
then P and Q have the Kı property relative to each other, that is, for every, 
element a of —P, there exists an element B of P —Q, such that æ ultimately ^ 
dominates B. 

This follows immediately from the preceding results by the dualiz- 
ing process, 

As a consequence of these results, we are able to state the following 
theorems: 


? See T. H. Hildebrandt, Remarks on the Abel-Dini Theorem, Amer. Math. 


Monthly vol. 49 (1942) p. 443. | 


Don 
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3.241. The relation (P—Q)XR=PXR provided P, Q and R are 
classes of System I, excepting possibly (P, O)=(FÜ-F_, — Fx) or 
(FU — Fa, F). 


3.242. The relation (P—Q) X —S2 —QX —S, with P properly con- 
taining Q, holds for all classes of System I, excepting possibly (P, Q) 
=(F, FEA — F) or (— Fa, FO\— Fi). 


For the exceptional cases we have: 

3.243. The relation ((FU — F) —(— Fa) XR 5 (FU — Fu) XR îs 
not valid for any R of System I excepting 0 and V. 

For if œ belongs to (FÜ—F:)—(—F 1), then © >lim supa, 
lim inf a,>0. Consequently ((FU—F.1)—(—Fu))XR=R. But 
from the final table of Part II it is obvious that (FU — Fa) X R-R 
only for R 20 and V. 

Applying 3.12 we have: 

3.244. The relation ((F— (FOA — F3) X — S= — (FAO — Fa) X —S tis 
valid for no S excepting the classes 0 and V in System I. 

On the other hand we have: 

3.245. The relation ((FU — F_1) — F) XR =(FU — F) XR holds for 
all R of System I excepting F. 

By Part II, (FI —Fa)XR= — Fa, for any R between Co’ and 
FN — F inclusive. On the other hand, the class (FU — F_1) — F is the 
class of sequences o such that lim sup a, = œ and lim inf a, =0. Leta 
be any element of — F and Bo any element of Co’. Select the integers 
n, so that Cn, «bos. Let b, —bos for n Ann, b, = (bo)? for n=n; and 
k even, b, —c,/k for k odd. Then for k odd a,,=cn/bn < (box)? which 
approaches zero with k, while for k even a4, —& and bn, <box/k. It fol- 
lows that B is of Cd’ and a of (FU — F) — F, so that ((FU — F3) — F) 
X Ci! D> — F. The same type of proof works for all classes R between 
and including Cy’ and FA — F 1. 

For R between and including — F.; and V we have (FU — F) XR 
= V. It is consequently sufficient to prove that ((FU — F1) — F) 
X(— F1) DV. Let y be any element of V and suppose in the first 
place that lim sup c, = œ, that is, there exists a subsequence such 
that lim, Cn, = ©. For n #nı, take a, and b, arbitrary with abs — c. 
For n=n, and k even, take a, —d, so that b, —1/c,. For n=n, and 
k odd, take dn —1/c,, 6, =d. Then both a and B are of (FU — F) - F 
and so also of —F_;. Suppose next that o >lim sup c, 0, so that 
there exists a sequence Cn, such that lim; ¢,,=¢o>0. Take a, and b, 
arbitrary for n # nr, with a,b, —c,. For n=n,, k even, take a, = kCn, SO 
that b, =1/k, and for n=, k odd, take a, =c,/k, so that b, =k. Then 
a and B have the desired properties. Finally if lim c, —0, a disposi- 
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tion similar to the first case will work. 
For R=F we have ((FU-—F.1)—F)XF=(FU—F.)—-F but 


(FU — Fi) X F= FU — F. This completes the proof of the theorem. 


As a corollary we have: 


3.246. The relation ((— Fa) Kam (FA T F_)) KK (— Fa) X —S 
holds for all S of System I excepting — F_1. 


3.3. Decomposition theorems. It will be useful later to have certain 
results on the decomposition of sequences of a class into mutually ex- 
clusive subsequences belonging to the class. We have: 


3.31. THEOREM. If a és any element of a class P of System I (or 
System II) then there exist two complementary infinite subsequences of a: - 


a! = {an} and o" = {aq} so that each subsequence belongs to P. 


For the classes which are characterized by a convergence property, 
this theorem is obvious, since every subsequence of any element of 
such a class has the same convergence property. The same is true of 
the class Ly and F. For an element œ of FOA — F_:, we select a subse- 
quence {a,,} such that lim, a, —0, decompose it into two sequences 
having the same property and include the remaining elements of the 
original sequence in either of these subsequences. The same procedure 
is obviously applicable to — F_;, and consequently to FU — F_1 For 
an element a of — L4, we use a similar procedure, excepting that in 
this case, we utilize a subsequence a,, such that lim, a4, —ao« ©. For 
the classes of divergent character, D. , and D' ,, the following proced- 
ure is effective. Select a subsequence #4 such that 

b» a, > 1. 
nki ENKE 
Take n=n’ if nu 3€n«mi, k even, and n=n" for k odd. For the 
classes D”, we modify this procedure slightly. Let f; approach e mono- 
tonely decreasing, and select ną by the condition 


>, a 2I. 


nk—1$27n«ny 


Then the same decomposition as in the preceding case will give two 
subsequences each in D”, 

For System II the result follows from the one-to-one correspond- 
ence between sequences a and oc, 

For products of classes we have a similar result, namely: 


3.32. THEOREM. If P and Q are any two classes chosen either from 


ES LS 
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System I or II, and a belongs to POQ, then there exist complementary 
subsequences fan} and {dar} of a each of which belongs to Pr, 


The proof of this theorem depends upon the following lemma valid 
for all'classes or properties of System I and System II: 


3.33. LEMMA. If ao is any sequence having the property P and ay 1s a 
subsequence of a sequence having the property P then any combination 
of ao and a into a single sequence has property P. 


Obviously this includes the case when the sequence a; has the prop- 
erty P. 

We return to the proot of 3.32. Let a belong to PAQ. Then there 
exist a’ = faw} and a” = (a,^], complementary subsequences of o 
each belonging to P. By 3.33 one of these sequences must belong to Q. 
Suppose it is the first. Then this can be divided into two subsequences 
a! = faw} and œ = (a,i*] both of which belong to Q and one of 
which belongs to P. Let it be the first. Then o"" and the rearrange- 
ment of far} {ani} in proper order gives by 3.33 two complemen- 
tary subsequences each belonging to both P and Q. For a” is of P 
and ai is a subsequence of a sequence of P, while ai’ is of Q and o" 
is a subsequence of a sequence of Q. As a corollary we have: 


3.34. If P and Q are classes of System I, such that P properly contains 
Q, then any sequence of P —Q can be divided into two complementary 
subsequences both of which belong to P—Q. 


We finally make the following two observations: 

3.35. The classes P of the System la with the exception of FFN— F4 
have the property: If ais of P then every subsequence of a has the prop- 
erty P. 

This holds also for the classes of System IIa, excepting FO — F. 

3.36. The classes P of the System Ib with the exception of FU — Fi 
have the property: If a’ is a subsequence of a sequence of P, which has 
the property P, then the sequence B obtained by altering in any way the 
elements of a complementary to o! will have property P. 


, 3.4. The multiplication theorem. We are now in position to prove 
_ the following theorem. 


3.41. MULTIPLICATION THEOREM. If P, Q, Rand S are of System I, 
neither P nor R is FU — F, and Q nor S is FOA — F, P properly 
contains Q, and R properly contains S, then (P—Q)X(R—S)=(PXR) 
(Y —QX —S). 

As we have already noted that (P — Q) X (R —.S) C (P XR) 
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(MX —QX —S), only the inverse inclusion needs to be shown. Since 
neither P nor Rare FU — F., and Q nor S are FO — F, the applica- 
_tion of Theorems 3.241 and 3.242 yields 


PXR=(P-0)XR=PX(R-S), 
-0X-S=(P-)X-S=-0X(R-S). 


If then y is a member of (PXR)/A( —QX —S), it also belongs to the 
four classes (P—Q) XR, (P—Q)Xx—S, PX(R—S), -OX(R-S), 


that is, we can write 


= aj X Bi = ae X Bo = as X fass a4 X 


where o and o» are of P —Q, a is of P, a: is of —Q, £i is of R, Be is 
of —S, and £s and f4 are of R—S. Obviously the theorem is proved 
. unless fi is of S, 8s is of — R, a; is of Q and o4 is of — P. We shall con- 
sequently make these assumptions. We break up the proof into cases. 

Case I. P and R are both of System Ib with FU — F. 1 omitted. We 
assume then 


y = a2 X Da with o; of P — Q, Ba of — R, 
y = a4 X Ba with u of — P, Ba of R—8S. 


By 3.34, the sequence os can be divided into two subsequences, az 

and a’, such that both are in P—Q. Consider the corresponding 

sequences B4 and BT. Since f, is of R, by 3.33, not both 87 and Bi’ 

can be of — R, and since f, is of —.S not both 84 and 04' can be of S. 

By considering all possibilities it develops that we have either Bi or 
4’ is of R—S, or one is of — R and the other of SS. 

Suppose then that 84 is of R—S. Then we define a — (o4 , az’), 
B= (B4 , Bg’) arranged in proper order. Then since a’ is of P—Q, and 
P is in Ib, and not FU — F, a is of P by 3.36. Since ag’ is of —Q, 
and aj is a subsequence of a, which is of — P and so of —Q, a is of 
—Q by 3.33. A repetition of this reasoning shows that B is of R— S. 

In case one of the 87, Bi’ is of —R and the other of S suppose that 
Bi is of —R. Then by 3.237 there exists a sequence fj <8? of R-S, 
if Ris in the Ks relation to S, which is true since S is not the class ! 
F'A— EA Define a= (o2 X81 XBi- a!) and 8 — (BM, Bi). Then B | 
is of R—S as above. Further « is of P as above. On the other hand 
a’ Zaz , and consequently is a subsequence of a sequence having the 
property — P and so of —Q. Hence a is of —Q. 

Case II. P isin la, Rin Ib with FU — F_: omiited. Then take 


` y = ae X Bo with as of P — Q, Bo of — R, 
y = a3 X Bs with o; of Q, 83 of R — S. 
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Proceed as in Case I, that is, break up &= (o4, ag’) each of P—Q 
and assume in the first place that BJ is of R—S. Then define 
œ= (o3 , ag! ) and B = (841 , 82’). Then « is of P since af’ has property P 
and oi is a subsequence of a sequence of P. ag’ is of —Q. Then any 
sequence added to a?’ will give a sequence which is still in —O, if 
Q is in Ia and not E/1— F_.. Then @ is of —Q. The proof that B is 
of R —.S is the same as in Case I above. 

If one of the pair 83, 83’ is of — Rand the other of S, we assume Bi 
of S. Then there exists a By Zß3 of R—S, since R has the K: property 
relative to S, when R is not FA — F. Let a (od XB? X84, ad’), 
B=(B¢, B£'). Obviously B is of R—S. On the other hand since 
o —o3 XP; XBd 1 <a, and aj is of Q, it follows that a is of P. Fur- 
ther o is of — Q as above. 

Case III. P is in Ib with FÜ— F omitted, R in Ia. This follows 
by parity from Case II. 

Case IV. P is in Ia, Rin Ia. This can be deduced from Case I by 
the dualization process. We can also proceed directly. We take 


y —0iXfi with Q1 of P—Q, Bx of S, 
y = a3 X Bs with os of Q, B3 of R—S, 


and follow Case II. 

This concludes the proof of the theorem. We might point out that 
the reasoning in Case II still applies if P is any class in System I, 
Q is in Ia with F/Y— F_; omitted, R in Ib with FU — F omitted, 
and 5 any class in I; while Case IV applies if P and R are in System I, 
Q and S are in System Ia with FA — F. omitted, and R has the K: 
relation to S. By a careful analysis of the sufficient conditions in- 
volved, it is possible to extend the multiplication theorem to cases in 
which P or Rare the class FU — F, and Q or S the class F/Y— F 1. 
A complete analysis requires the use of the Table of Part II and is 
rather tedious. We therefore conclude with a combination of classes 
where the multiplication theorem is not valid, namely: 


3.42. THEOREM. If P ts the class FU — F, and Q is ihe class — F1, 
then for no R properly containing S is (P—Q)X(R—S)-—(PXR) 


(M —QX —S); and dually the equality does not hold if Q is the class 


F(Y— Fand P the class F, Rand S any. 


This follows at once from a reference to the table of Part II. 


BOOK REVIEWS 


The theory of rings. By Nathan Jacobson. (Mathematical Surveys, 
no. 2.) New York, een Mathematical Society, 1943. 150 pp. 
$2.25. 


In recent years the theory of rings has been one of the centers of 
most vigorous mathematical life. Although originally an outgrowth 
of the theory of algebras, it has made itself completely independent 
of its origin. This was necessitated by two considerations. Firstly, it 
appeared that the special hypotheses inherent to the theory of alge- 
bras were not needed for the greater pars of the theory of rings. The 
latter theory, thus stripped of unnecessary encumbrances, became 
more general and at the same time simpler, clearer and more elegant. 
Secondly, there are some important applications of the theory of 
rings that do not fit into the framework of the theory of algebras, such 
as the applications to the rings of endomorphisms of abelian operator 
groups. 

In the book under consideration a comprehensive account is given 
of the theory of rings. In view of the fact that mathematicians from 
all over the world have contributed toward the growth of the theory 
and that their results are scattered over all the international mathe- 
matical periodicals, the collection of the material is by itself no mean 
task (Jacobson's bibliography covers eigat pages of fine print). But 
it is even more important and difficult to obtain a unified treatment 
of such a host of different methods and points of view. In this Jacob- 
son has succeeded admirably by means bf the methodological prin- 
ciple which he uses. The knowledge obtained in the abstract theory 
of rings is first applied to the study of abelian operator groups over 
rings (Emmy Noether's representation moduli). The structural the- 
ory of abelian operator groups is next used for an investigation of 
their rings of endomorphisms. The cycle is closed by means of the 
following theorem which permits the application of the theory of 
endomorphism rings to the abstract theory of rings: If R is an abstract 
ring with an identity element, we denote by a, (by ai) for a in R the 
linear transformation which maps the element x in R onto xa (onto 
ax); if we consider the additive group R, of R as an operator group 
with respect to the a, the ring of the a, is just the full endormorphism 
ring and it is essentially the same as the original abstract ring R. 

It would lead us too far to give a halfway complete description of 
the wealth of material covered in this bcok. It must suffice to men- 
tion some of the more salient facts. 
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In the first chapter the generalities of the theory of operator groups 
are developed, including a lucid treatment of the uniqueness theorem 
for direct decompositions which is based on Fitting’s Lemma. These 
two results are used continuously in the sequel. 

The general structure theory of rings has been developed solely on 
the basis of the descending chain condition for ideals. This is made 
possible by proving C. Hopkins’ two theorems which assert the exist- 
ence of the radical (and its nilpotency) in such rings and the validity 
of the ascending chain condition for ideals, provided the ring contains 
an identity. Principal ideal domains enjoy many surprising properties. 
Most significant are the elementary divisor theorem of Jacobson- 
Teichmüller and the corresponding invariance theorem of Nakayama. 

The structure of finitely generated abelian groups over principal 
ideal rings is elucidated by proving that such groups are direct sums 
of indecomposable cyclic groups, and that their structure 1s com- 
pletely determined by the bounds of the orders of these cyclic direct 
summands which are thus shown to be characteristic invariants. 

The whole book culminates in the chapter on multiplicative ideal 
theory. Almost every result is applied here and many concepts find 
an illustration in this theory. It is shown that for the two-sided ideals 
in an order one may obtain unique factorization in the classical sense, 
including the commutativity of multiplication, and that under com- 
paratively simple necessary conditions on the orders in the ring one 
may construct Brandt’s groupoid of ideals. This arithmetic theory of 
ideals may be considered, in a way, as the conclusion of a develop- 
ment that started with Emmy Noether’s famous five axioms and with 
Dickson’s Algebras and their arithmetics. 

Numerous applications are given in the book: the ring which is ob- 
tained by adjoining a semi-linear transformation to a field, the proof 
of the complete reducibility of a finite group of semi-linear transfor- 
mations provided the characteristic of the field is not a divisor of the 
subgroup of ordinary linear transformations, R. Brauer’s group of 
algebras over a field, the author’s Galois theory of non-commutative 
fields. 

This very excellent treatment of the theory of rings is more than a 
compendium. For not only does it offer a résumé of the contents of 
this theory, but it gives at the same time a very instructive introduc- 
tion into the working methods used here which will be helpful to 
others than the algebraists. Since the book is, apart from a very few 
exceptions, quite self-contained, not much previous knowledge is 
needed, although it seems desirable to be familiar with the ways of 
thinking practised in abstract algebra. Thus the book should not only 
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be indispensable to every worker in the theorv of rings, but may also 
be used in connection with an introductory course in abstract algebra. 


REINHOLD BAER 


An essay on the psychology of invention in tke mathematical field. By 
Jacques Hadamard. Princeton Universizy Press, 1945. 143 pp. $2.00. 


Professor Hadamard points out at the beginning of his little book 
that he is handicapped in the study it deals with by not being a 
psychologist. Perhaps I should point out that I am handicapped in 
reviewing him by being neither a psychologist nor a mathematician. 
But as he bravely goes on, so must I; both of us converging on that 
question of extraordinary interest in the history of ideas: How do 
great discoveries and inventions come about? 

Hadmard’s answer—limited, of course, to the mathematical field— 
is based on a variety of evidence: the testimony of contemporary 
mathematicians, the writings of previous psychologists, philosophers 
and scientists, the interpretation of certain cnaracteristics (logical or 
intuitive) in the work of famous discoverers and, finally, the author’s 
own minute introspection. 

From a careful analysis and comparison of these diverse materials, 
Professor Hadamard concludes that the general pattern of invention, 
or, as it might also be put, of original work, is three-fold: conscious 
study, followed by unconscious maturing, which leads in turn to the 
moment of insight or illumination. Thereupon another period of con- 
scious work ensues, the purpose of which is to achieve a synthesis 
of several elements: the novel idea, its logically deduced consequences 
including proof, and the traditional knowledge to which the new item 
is added. 

Hadamard’s investigation, modest and ten-ative as are its results, 
seems to me of capital importance in the realm of criticism and cul- 
tural history. For what he has done is to show that the human mind 
tends to behave much the same way whenever it invents, whether in 
mathematical or in poetic form—a conclusion which does not deny 
differences of temperament. Our author, on tae contrary, is at pains 
to distinguish among types of mathematical geniuses. He classes them 
as logical or intuitive, concrete or abstract, yet with enough flexibility 
to allow for deceptive appearances and far the overlapping of cate- 
gories. But it is clear in the end that in any process of creation there 
lurks a mystery—a mystery at least equal to that of thinking itself. 

It is worth noting that Hadamard is ever ready to accept as side- 
lights on his subject the reports of a Mozart or a Paul Valéry on their 
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respective arts. In other words, the customary distinction between 
mathematics, “cold,” “logical,” “precise,” and the fine arts, presuma- 
bly hot, chaotic, and gaseous, disappears on a really close view of 
what goes on. Historical examples show how mathematical genius has 
leaped ahead of funded truth and thereby become unintelligible to 
its contemporaries (Galois), just like the “modern” artists of any 
period; and again, how defiance of common sense and logic has oc- 
casionally led to a magnificent expansion of the field (Cardan) though 
incurring the charge of madness, just like a revolutionary artist, a 
Blake or a Berlioz. The recurrent adjective “beautiful,” which mathe- 
maticians have been fond of using since Poincaré, is therefore not 
misplaced. Rather, it serves as a reminder of the real bond uniting 
mathematical (that is, scientific) and artistic creation. 

So useful and substantial is Professor Hadamard’s book, and so 
compact as well, that one feels a certain reluctance to isolating a few 
defects in its composition. Yet in the interests of further research, this 
must be done. A first and usually superficial but constant fault isits 
misuse of English words cognate with French. Since the author thanks 
his publishers for their help, I presume they made suggestions as to 
his English; but these were inadequate in kind and number, leaving 
the text here and there ambiguous for any reader who does not guess 
the original thought in the author’s mind. 

A possibly related error, but more serious, is the misinterpretation 
of what William James says in a passage quoted from A pluralistic 
universe. Oddly enough, Hadamard is blaming James’s narrow con- 
ception of logic as verbalized thought when, in fact, the impugned 
passage precisely asserts James’s independence of that conception. 

Still with respect to sources and quotations, J regret that Professor 
Hadamard’s attempt at covering “the literature” should have led him 
to deal with a good many second-rate French writers of the late 19th 
century. Souriau and Paulhan, even Ribot, Fouillée and LeDantec, 
are scarcely impressive, either in reputation or in actual utterance. 
Nor does one find much new light in the suggestions culled by the 
author from contemporaries such as Valéry and A. E. Housman. 
Again, Graham Wallas in his Art of thinking was only a high class 
popularizer; his ideas come from James and others who should be 
preferred as authorities. Similarly, it would have been better to quote 
Freud on the unconscious instead of Dr. de Saussure. This methodo- 
logical error only thickens the essay; in the room occupied by the 
epigoni, one could have had the weightier words of the great artists 
and psychologists, matching the scientists, whom Hadamard is care- 
ful to take only from the first rank. 
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Both because of these minor blemishes and for the sake of wider 
influence, it is to be hoped that the autho- will return to his theme 
and at once revise and expand his essay. There exists, outside mathe- 
matics, a considerable literature of “creztors’ confessions” in which 
he would find support and amplification of his results. 


JACQUES BARZUN 


Table of arc sin x. Prepared by Mathematical Tables Project, Na- 
tional Bureau of Standards. New York, Columbia University 
Press, 1945. 19 4-124 pp. $3.50. 


The principal table lists the values of arc sin x to twelve decimal 
places at intervals of .0001 for the range 0 Sx S.9890 and at inter- 
vals of .00001 for .9890 Sx € 1. The second central difference is also 
tabulated. The methods and accuracy ofinterpolation are discussed 
in the introduction. For example, using the Gregory-Newton formula 
through second differences one may obtain to twelve decimals the 
arc sine of an argument (in a suitable range) given to seven decimals. 
This operation may be carried out conveniently on a ten-bank cal- 
culating machine. There are six short auxiliary tables which facilitate 
interpolation. 

E. R. LorcH 


Tables of associated Legendre functions. Prepared by Mathematical 
Tables Project, National Bureau of Stancards. New York, Colum- 
bia University Press, 1945. 464-306 pp. $5.00. 


Work on these tables was begun in 1940 to meet an urgent need for 
a table to six significant figures at intervals af 0.1. As here presented, 
the tables are subject to difficulties in interpolation in the neighbor- 
hood of certain values of the argument. The Mathematical Tables 
Project hopes to carry out a subtabulation program which will elimi- 
nate these difficulties. Since the date of completion of this program 
is very uncertain, the tables so far completed are herewith made avail- 
able. 

There are fourteen principal and five supplementary tables. For 
example, table I gives the values of P” (cos 8) for values of n from 
1 to 10, of m from 1 to 4 (m Sn) and of 0 irom 0° to 90? in intervals ` 
of 1°; results are given to six significant figures. Also tabulated are 
dP(cos 0)/d0, P(x), 1SxS10; O7(x), 1<xS10; its derivative; 
and other variations of these functions involving pure imaginary 
arguments and half integral values of n. Dr. Lowan has written an 
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introduction detailing the methods of computation and of checking 
the manuscript. There is a valuable bibliography listing cognate ma- 
terial. ` 


E. R. LORCH 


Note. In the November, 1945, issue of this BULLETIN appear re- 
views of Mathematical theory of optics by R. K. Luneberg and of the 
Supplementary notes which accompany the book. Inadvertently 
M. Herzberger was credited with the authorship of all four notes. 
N. Chako and A. A. Blank were, in fact, the authors of the first note. 


NOTES 


In accordance with regulations drawn up by the Office of War 
Mobilization and Reconversion, in cooperation with the Army and 
Navy, it is now possible to request the release from the services of 
persons who are qualified to serve as instructors in the colleges and 
universities. Requests must be made through the U. S. Office of Edu- 
cation. Details regarding the procedures to be followed in making 
requests are contained in a Bulletin, issued by the Office of Scientific 
Personnel, a copy of which may be secured by writing to the Secre- 
tary of the Society. 


_ In connection with Netherlands-America week held in Amsterdam 

during the first week of December, addresses by Professor H. M. 
Gehman of the University of Buffalo and Professor Gabor Szegó of 
Stanford University were given in the Science Section. 


A symposium on mathematical statistics and probability was held 
at the University of California at Berkeley January 28-30, 1946. 


The following persons have received pre-doctoral fellowships from 
the National Research Council. The institutions given are those at 
which the individuals will study. E. J. Akutowicz, Harvard Univer- 
sity; B. Altshuler, New York University; M. G. Arsove; S. I. 
Askovitz, University of Pennsylvania; Richard Bellman, Princeton 
University; R. H. Bowker, Columbia University; Herman Chernoff, 
Brown University; R. M. Cohn, Columbia University; J. Dugundje, 
Massachusetts Institute of Technology; B. R. Gelbaum, Harvard Uni- 
versity; A.W. Goodman, Columbia University; William Gustin, Univer- 
sity of California at Los Angeles; L. A. Henkin, Princeton University; I. 
I. Hirschman, Brown University; P. Olum, Harvard University; E. 
Paulson, Columbia University; I. H. Rose, Harvard University; W. R. 
Scott, Ohio State University; Daniel Zelinsky, University of Chicago. 


The Department of Mathematics of Harvard University is receiv- 
ing applications for Benjamin Peirce Instructorships for the academic 
year 1946-1947. A candidate should ordinarily have the doctorate or 
its equivalent. Applications and requests for further information may 
be sent to the Chairman of the Department. 


Professor Subrahmanyan Chandrasekhar of the University of 
Chicago has been awarded the Sir Cattanmenchi Ramalinga Reddy 
National Prize for Mathematics by Andhra University of India. 
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Associate Professor Garrett Birkhoff of Harvard University and 
Professor Oscar Zariski-of the University of Illinois have been elected 
members of the Academico Correspondiente of the Academia Na- 
cional de Ciencias Exactas Fisicas y Naturales de Lima. 


- 


Professor W. C. Brenke of the University of Nebraska has retired 
with the title professor emeritus. 


Dean L. P. Eisenhart of Princeton University has retired with the 
title professor emeritus. 


Professor F. L. Hitchcock of Massachusetts Institute of Technol- 
ogy has retired with the title professor emeritus. 


Dr. D. G. Humm has been elected president of the Southern 
California Academy of Criminology. 


Professor R. E. Langer of the University of Wisconsin has been 
elected vice president of the American Association for the Advance- 
ment of Science. 


Professor J. H. M. Wedderburn of Princeton University has retired 
with the title professor emeritus. 


Mr. Walter Pitts of the Radiation Laboratory, Massachusetts In- 
stitute of Technology, has been awarded a Guggenheim Fellowship. 


Professor J. G. Van der Corput has been appointed to a professor- 
ship at the University of Amsterdam. 


Dr. R. H. Bing of the University of Texas has been promoted to 
an assistant professorship. 


Assistant Professor F. L. Brooks of Kent State University, Kent, 
Ohio, has been promoted to an associate professorship. 


Dr. W. B. Caton of the Illinois Institute of Technology has been 
appointed to an assistant professorship at Duluth State Teachers 
College. 


Assistant Professor Claude Chevalley of Princeton University has 
been promoted to an associate professorship. 


Assistant Professor Helen E. Clarkson of Hardin-Simmons Uni- 
versity has been appointed to an adjunct professorship at the Uni- 
versity of South Carolina. 


Assistant Professor G. F. Cramer of Tulane University has been 
promoted to an associate professorship. 
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Dr. M.M. Day of the University of Illinois has been promoted to 
an assistant professorship. 


# 


Assistant Professor Douglas Derry of the University of Sas- 
katchewan has been promoted to an associate professorship. 


Assistant Professor J. L. Dorroh of Louisiana State University has 
been promoted to an associate professorship. 


Professor Harold Hotelling of Columbia University has been ap- 
pointed to a professorship at North Carolina State College. 


Professor W. V. Houston of the California Institute of Technology 
has been elected president of the Rice Institute. 


Dr. Rufus Isaacs has been appointed to an assistant professorship 
at the University of Notre Dame. 


Mr. O. C. Kreider has been appointed to an assistant professorship 
at Iowa State College. 


Dr. W. G. Madow has been appointed visiting professor of statis- 
tics at the University of São Paulo, São Paulo, Brazil. 


Dr. Szolem Mandelbrojt has been appointed to a professorship at 
the Rice Institute. 


Dr. C. W. Mendel of the University of Illinois has been promoted 
to an assistant professorship. 


Assistant Professor H. J. Miles of the University of Illinois has 
been promoted to an associate professorship. 


Assistant: Professor A. K. Mitchell of Trinity College, Hartford, 
Connecticut, has accepted a position with the United Aircraft Cor- 
poration. 


Dr. E. W. Montroll of the Polytechnic Institute of Brooklyn has 
been appointed to an assistant professorship at the University of 
Pittsburgh. 


Assistant Professor Hermance Mullemeister of the University of 
Washington has been promoted to an associate professorship. 


Dr. A. M. Peiser has been appointed head of the Statistics. Research’ 
Group at the Langley Field laboratory of the National Advisory 
Committee for Aeronautics. 
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Dr. I. E. Perlin has been appointed to an assistant professorship 
at the Georgia School of Technology. 


Dr. J. W. Peters of the University of Illinois has been promoted to 
an assistant professorship. 


Dr. A. L. Putnam of Yale University has been appointed to an 
assistant professorship at the University of Chicago. 


Dr. Moses Richardson of Brooklyn College has been promoted to 
an assistant professorship. 


Associate Professor F. A. Rickey of Louisiana State University has 
been promoted to a professorship. 


Associate Professor L. V. Robinson of Emory University, Emory 
University, Georgia, has been appointed to an associate professorship 
at the University of South Carolina. 


Dr. Max Shiffman of the College of the City of New York has been 
appointed lecturer at Princeton University. 


Miss Helen F. Smith of Iowa State College of Agriculture and 
Mechanic Arts has been promoted to an assistant professorship. 


Mr. L. L. Steimley of the University of Illinois has been promoted 
to an assistant professorship. 


Dr. S. L. Thorndike has been appointed to an associate professor- 
ship at Winthrop College, Rock Hill, South Carolina. 


Dr. F. E. Ulrich of the Rice Institute has been promoted to an 
assistant professorship. 


Dr. H. E. Vaughan of the University of Illinois has been promoted: 
to an assistant professorship. 


Assistant Professor P. A. White of Louisiana State University has 
been appointed to an assistant professorship at the University of 
Southern California. 


Assistant Professor J. W. T. Youngs of Purdue University has been 
appointed to an associate professorship at Indiana University. 


Professor Oscar Zariski of Johns Hopkins University, who has been 
for the past year at the University of Säo Paulo as a visiting professor, 
has been appointed to a professorship at the University of Illinois. 


The following appointments to instructorships are announced: 
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University of California: Dr. Abraham Sidenberg; University of 
Chicago: Mr. A. R. Jacoby; University of Cincinnati: Mr. Gerhard 
Vater; College of the City of New York: Dr. S. F. Barber; Columbia 
University: Dr. E. R. Kolchin; Iowa State College: Mr. O. S. Car- 
penter, Mr. R. E. Carr, Mr. A. E. Engelbrecht, Mr. C. J. Maloney; 
Johns Hopkins University: Mr. Arthur Bernstein; University of 
Kentucky: Mr. C. L. Riggs, Mr. Donald Rose, Mr. F. D. White; 
Marquette University: Mr. James Martin; Ohio State University: 
Dr. V. F. Cowling; Princeton Universtty: Dr. G. P. Hochschild; 
Purdue University: Dr. B. H. Arnold, Dr. W. F. Eberlein, Dr. A. L. 
Whiteman; University of Saskatchewan: Mr. W. Buscombe, Dr. 
W. C. G. Fraser, Miss Alma Hiebert; South Dakota State College: 
Mr. J. H. Blau; University of Tennessee: Miss Marjorie Watson; 
University of Texas: Mr. W. B. Coleman; Yale University: Mr. R. E. 
Fullerton, Mr. L. R. Norwood, Dr. B. J. Pettis. | 


Professor C. E. Wright of the Military College of Science, Wool- 
wich, died October 30, 1945. 


Professor Harry Bateman of the California Institute of Technology 
died January 21, 1946, at the age of sixty-three years. He had been a 
member of the Society for thirty-five years. 


Professor Emeritus A. L. Candy of the University of Nebraska 
died July 18, 1945. He had been a member of the Society for twenty- 
eight years. 


Professor Emeritus Á. R. Congdon of the SERVED of Nebraska 
died November 11, 1945. 


Dr. Hans Fried of Swarthmore College died December 23, 1945, 
at the age of fifty-two years. 


Professor Emeritus Arthur Korn of the Stevens Institute of Tech- 
nology died December 21, 1945, at the age of seventy-five years. He 
had been a member of the Society for thirty-two years. 


Professor Emeritus T. A. Pierce of the University of Nebraska died 
August 18, 1945. He had been a member of the Society for twenty- 
eight years. 


Professor Emeritus C. A. Van Velzer of Carthage College died 
November 19, 1945, at the age of ninety-four years. 


ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 
53. A. A. Albert: On Jordan algebras of linear transformations. 


Consider any linear space A of linear transformations a, b, +++ over a field F of 
characteristic not two such that a:6—1/2(ab--ba) is in A for every a and b of A 
where ab is the associative product. Then A is called a Jordan algebra with respect to 
the operation a:b. The radical of A is defined to be its maximal solvable ideal N 
and it is shown to be solvable if and only if all transformations in A are nilpotent. A 
trace criterion is derived in case F is nonmodular, and a Pierce decomposition relative 
toan idempotent is obtained. The trace condition is then used to derive the analogues 
of the associative algebra theorem in the case of a principal idempotent. If N=0, A is 
called semisimple and it is shown that A is a direct sum of simple algebras. All simple 
Jordan algebras over an algebraically closed field are obtained and the results may be 
combined with those of a Chicago dissertation of G. Kalisch to yield all simple Jordan 
algebras over any nonmodular field. (Received December 21, 1945.) 


54. B. L. Brown and N. H. McCoy: Radicals and subdirect sums. 


Supposé that in each ring 9t there is assigned a mapping F of 9t into the set of 
two-sided ideals of R in such a way that if a—4a is a homomorphism of R on 90, then 
F(&) = F(a). An element a of 9t is F-regular if and only if a€ F(a), and an ideal is 
F-regular if and only if each of its elements is F-régular. The F-radical 9t of 9t is to 
consist of the elements of 9t which generate F-regular two-sided ideals. It is shown 
that 9t is a two-sided ideal in À, that R/N has zero F-radical and that, under certain 
conditions, the F-radical of the matrix ring Ra is Na. The vanishing of the F-radical 
is necessary and sufficient that 9t be isomorphic to a subdirect sum of subdirectly 
irreducible rings of zero F-radical. Various choices of F are discussed, a case of special 
interest being Fi(a) = [x+ax + yii + yaz; £, Ya ER}. In the presence of the 
descending chain condition for right ideals, the F,-radical coincides with the radical 
as defined by Jacobson (Amer. J. Math. vol. 67 (1945) pp. 300—320) and also with 
the various other definitions. The vanishing of the Fi-radical is necessary and sufficient 
that 9t be isomorphic to a subdirect sum of simple rings, each with unit element. 
(Received January 30, 1946.) 


55. Marshall Hall: The sum of continued fractions. 


By proving a general theorem on Cantor point sets, it is shown that every real 
number modulo 1 is the sum of two continued fractions whose partial quotients do 
not exceed 4. The number 4 is the best possible value for this theorem. As an appli- 
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cation it-is shown that every number less than 1/32V? js the minimum of a quadratic - 
form of discrimmant 1, a result which contrasts with the Markoff theorem that the 
number of minima exceeding any number greater than 1/3 is finite. (Received January 
29, 1946.) 


56. L. K. Hua: Orthogonal classification of Hermitian matrices. 


The paper is concerned with the orthogonal conjunctiveness of the Hermitian 
matrices H and K with complex elements, H and X are said to be conjunctive or- 
thogonally if K = PHP’ for PP’ =I, Then HH and KK are similar and have the same 
elementary divisors. The nature of the elementary divisors of a matrix T expressible 
as such a product HH is determined and a discussion is given of the existence of an H. 
unique apart from orthogonal conjunctiveness, such that HH has a prescribed set of 
elementary divisors. Canonical forms are given. (Received December 21, 1945.) 


57. R. E. Johnson and Fred Kiokemeister: T'he endomorphisms of 
the total operator domain of an infinite module. 


Let P be a division ring, and let E be a P-module with a countable P-basis. The 
total operator domain A of = can be identified with an infinite matrix ring over a 
division ring P anti-isomorphic with P. The present paper is a study of: the endo- 
morphisms of A. It is shown that the only nonzero endomorphisms of A are the 
meromorphisms. Any meromorphism is complete in the sense that it preserves certain 
infinite sums which are defined in A. A representation is found for the class of all 
meromorphisms. The P-meromorphisms are shown to be expressible as a direct sum 
of inner meromorphisms, while any P-automorphism is itself inner. (Received January: 
23, 1946.) 


58. G. K. Kalisch: Completion of topological rings and fields. 


This paper deals with the possibility of completing topological rings and fields, 
the principal result being a proof that any topological ring can be completed (cf. in 
this connection D. van Dantzig, Zur topologischen Algebra, Y, Math. Ann. vol. 107 
(1932) pp. 587-626, in particular TR. 21 and TR. 23 on p. 620, his “Ringkomplet- 
tierungsaxiom”). (Received January 21, 1946.) 

59. D. H. Lehmer: Some non-existence theorems on partitions. 


i 

According to theorems due to Euler and Rogers-Ramanujan, every positive in- 
teger n may be partitioned into distinct parts in as many ways as into odd parts; 
and # may be partitioned into parts differing by two or more in as many ways as into 
parts congruent to 1 or 4 modulo 5. The present note proves that there exists no set S 
of positive integers with the property that every positive integer may be partitioned 
into parts differing by d or more in as many ways as into parts taken from tke set S 
either with or without repetitions allowed, except for the above mentioned cases 
where d=1 and 2. A similar theorem holds for compositions. (Received January 21, 
1946.) 


60. J. M. Thomas: Division sequences. 


Formulas are developed for the Euclid and Sturm sequences defined bv poly- 
nomials of R[x], where R is an integrity domain. The polynomials of the sequences 
are expressed by certain determinants formed from the resultant by recursion rela- 
tions, The results are complete in the sense that they apply either to indeterminate 
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or to numerical coefficients for arbitrary degree differences. (Received January 16, 
1946.) 


61. Leonard Tornheim: A method for determining the number of 
compositions of certain types. 


In the remainder on division of x” by x^—aix^-1— Ga the coefficient of 
x71 is Dai, +. where the sum is over all compositions (4, %, * * * ) of m—n+1 
with every element in. By assigning to a, * * * Ga certain numerical values the 
total number of compositions with elements 4 Sn of the following types are obtained: 
(1) all such compositions; (2) all with certain elements absent; (3) all containing cer- 
tain elements a given number of times; and (4) all with (2) and (3) holding jointly. 
Also it is possible with this method to find the total number of partitions with parts 
not greater than z, to list them, and to determine how many compositions correspond 
to a given partition. (Received January 17, 1946.) 


ANALYSIS 
62. Gertrude Blanch: On the computation of Mathieu functions. 


If a characteristic value of Mathieu’s differential equation is known to within an 
error À, it is possible, by fairly simple means, to correct the characteristic value and 
the approximate values of the Fourier coefficients defining the solution, to within an 
error proportional to A?. The precise formulas for the corrections, a systematic method 
of carrying out the computations, and two illustrative examples are given in this pa- 
per. Although Mathieu functions only are dealt with, the method is applicable to solu- 
tions of other types, where the coefficients of the Fourier (or power) series are 
determined by a three-term recurrence formula. (Received January 12, 1946.) 


63. R. C. Buck: On a class of entire functions. I. 


Let K(a, c) denote the class of entire functions of order 1 and of type at most a 
on the whole real axis and type c on the whole imaginary axis, with c« v. This class 
has the property that a function f(z) belonging to it is determined completely by the 
sequence f(z), #=1, 2, : - The author first proves a necessary and sufficient condi- 
tion that for a given sequence wn there exist a function f(z) of K(a, c) such that 
f(n)=w,. Using this, a wide variety of theorems is obtained. For example, if 
f(n) =rne and if there is an a, c<a@Sz, such that lim inf {cos(8, 4-112) äis »0, then 
f(z)=0, if f(z) belongs to K(a, c). As a special case, if D, and D: are two disjoint 
closed convex sets and if f(z) ED; for n EA, f(n) ED: for n EA: where ANJA, 
has density 1, and if cA, has density 1/2 and satisfies an additional condition, then 
lim sup log] fGy) | y | y| =a. In case the w, are close enough to integral values, more can 
be said. Thus, for example, it is proved that no function of K (0, 0)=Kocan take prime 
values at the integers without being constant. (Received January 17, 1946.) 


64. R. C. Buck: On a class of entire functions. 11. 


The results of the previous paper are extended to more general sequences than 
Lf (n) ), treating instead numbers Fn expressible as linear combinations of the numbers 
f(n). Most of the theorems proved for the sequence f(n) hold also for Fa. Thus, for 
example, if Fa=)_og(k)f(z) where g(z) belongs to Ko and f(z) to K(a, c) for cz 
then for any e>(, log| F,| >(h(0)—e)n for a set of maximum density at least 
1—c/a. These theorems also have corollaries concerned with the solution of certain 
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functional equations. Extension is also made to sequences based on f(A.) where 
lim sup| z Al Y/n<1. Counterexamples show that for some of these theorems, the 
condition 44—7:— O(1) is not sufficient. (Received January 17, 1946.) 


65. Herman Chernoff: Complex solutions of partial differential 
equations. II. 


The author considers certain “classes” (° of complex solutions of equations 
Au+Auz+Bu,+Cu=0. (For a more detailed discussion of “classes” see Bergman, 
Trans. Amer. Math. Soc. vol. 53 (1943) pp. 130-155 and vol. 57 (1945) pp. 299-331.) 
He defines in the usual way the index of points where u(x, y) =a. A function # which 
has the property that the sum of the indices in the circle |z| <r is 0 or 1 for each value 
of a and for all r<p is said to be pseudo-simple in the circle Le <p. Generalizing the 
classical results on simple functions of a complex variable, the author proves the fol- 
lowing inequalities: if u(z, y) =) Amaz™Zz" (z=x+iy, Z —x-—iy) belongs to a class (? 
andis pseudo-simplein |z | <p then | C„(r)| Xk(m)re 3G (r)for0«r«p,m-2,3,4, +... 
Here k(m) are fixed positive numbers (k(2) =2, k(3) —3, k(4) —4.2858, k(5) = 5.9158, 
and so on). Furthermore C,(r) - 9^7 "ai oA vol (» 4-1) H (m, n, y)r^/«M*T (»4-1/2) 
where H(m, n, ») are independent of the particular solution a but depend on the class 
(9. (Received January 26, 1946.) 


66. Paul Civin: Polynomial dominants. 


Let f(x) be a continuous function of period 27, and let F,(x) be a trigonometric 
polynomial of degree » which dominates f(x) at the points x,=2ja/(2n+1) for 
j=0,+++, 2n, that is, Fale | f(x). Relations of inequality are obtained between 
various integral means of the functions f(x) and F,(x). (Received December 26, 1945.) 


67. Evelyn Frank: The location of the zeros of polynomials with 
complex coefficients. 


This paper develops a rational process for obtaining by successive approximation 
the zeros of polynomials P(z) with complex coefficients. The process depends upon: 
(1) If w’ is a pure imaginary zero (+ or 0 included) of Lisi =P(r(1—w)/(1+w)), 
r>0, then z^—r(1— w')/(1--w^) is a zero of P(z). (2) The pure imaginary zeros w’ 
of P,(w) =(1+w)*f,(w) are precisely the zeros of D,(w), greatest common divisor of 
Pal and Q,(w) = [P,(w) +P,(—w)]/2 (plus if degree of P,(w) odd, minus if even; 
P,(w) obtained by replacing coefficients of P,(w) by their complex conjugates). (3) By 
the euclidean algorithm for determining D,(w), a continued fraction expansion for 
Q-(w)/P,(w) results, in which the number of negative coefficients cp(r) is precisely the 
number of zeros of P(z) within |z| =r (Frank, On the zeros of polynomials with complex 
coefficients, Bull. Amer. Math. Soc. vol. 52 (1946) pp. 144-157). (4) Hence, if r is 
varied and changes in signs of the c,(r) noted, the values of the moduli of the zeros 
of P(z) can be approximated as closely as desired and simultaneously the correspond- 
ing approximation to the zeros themselves can be obtained from the last quotient. 
The computation can be reduced to synthetic divisions and cross-multiplication 
processes. (Received December 17, 1945.) 


68. R. E. Fullerton: Compactness «n certain Lebesgue spaces. 


Let m be a completely additive measure function defined over a c-field Y of sub- 
sets of a set R. A(R) and V»(R) will denote the Banach spaces of completely additive 
set functions which are respectively absolutely continuous and of bounded $-varia- 
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tion over 7. Furthermore let 7 be compact in the topology defined by the metric 
(en gl = M [le Ue) — (eYe)]; ey e. It is shown that a necessary and sufficient 
condition that a bounded set in A(R) or V?(R) be compact is that the function of the 
set be equi-absolutely continuous in the norm, i. e., if GC A(R) limmo varg J(e) 
=0 uniformly for fEGı and if GC V?(R) limmo [p— varz f(e)] 20 uniformly 
for fE Gs. As a corollary it is shown that weak compactness and compactness of sets 
in the Lebesgue space L(R) are equivalent. In L?(R) weak compactness and equi- 
absolute continuity are necessary and sufficient for compactness. Further corollaries 
give the known condition for compactness in /? (Cohen and Dunford, Duke Math. J. 
vol. 3) and the equivalence of weak compactness and compactness in /. (Received 
January 18, 1946.) 


69. Leonard Greenstone: Mapping by anaytic functions of multiply 
connected domaans. 


Given an arc a which lies entirely in some finitely connected domain G, and let © 
be mapped conformally on $8 so that a is mapped into pC 38. Suppose that the 
boundary of 8, 5, is sufficiently smooth so that (1) a circle of radius 7 can roll freely 
along b for some sufficiently large segment b*C_b, and (2) no point of p is further from 
b than a distance 7, then there exists a constant c, which is independent of 8, such that 
if L(p) is the Euclidean length of p, L(p) X2zV2ac(14-5/27). c is the non-Euclidean 
length of a, that is, c= f,(K@(z,z)) "| dz| , Kg being the kernel function of © (Bergman, 
Partial differential equations, advanced topics, Brown University, 1941). If, instead of 
(1), it is only assumed that for at least one point of b* it is possible to place a circle 
of radius r tangent to b and which lies outside $8, then if (2) is retained and 7; is de- 
fined as the Euclidean distance between the ends of p, L(p) S2z1?c(-- (93-53) /27). 
Let t€, $=&-+in, then if f(z) is a function analytic in 8, whose real part fi(x, y) 
and whose derivatives are single valued in $8, f(z) —z ffit, MU Katz, Ddn)dr+c*, 
c* constant. This formula identifies the second derivative of the Green's function for 
B with the kernel function for 8 multiplied by —2z. (Received January 12, 1946.) 


70. J. D. Hill: Summability of the sequence of Rademacher func- 
kons. 


G. G. Lorentz has recently shown (Math. Zeit. vol. 49 (1944) pp. 724-733) that 
f the real sequence {s+} is bounded, then the sequence {s£Rx(y)} is summable to 
zero a.e. by the Cesäro method (C, a) for each a>0, where Rı(y) is the kth Rade- 
macher function. By means of results given recently by the author (Ann. of Math. 
vol. 46 (1945) pp. 556-562) this note points out generalizations of the Lorentz result 
to other methods of summability, on the one hand, and to classes of sequences more 
general than bounded ones, on the other. Further results of a related character are 
also established. (Received December 28, 1945.) 


71. Walter Kohn: Distortion by simple functions. Preliminary re- 
port. 


The strip-method of Groetsch (Berichte der Saechsischen Akademie der Wissen- 
schaften vol. 80 (1927) p. 367) is used to obtain the following properties of simple 
functions of the type w=2+.02524+ - - - and convergent in Le <1. (I) Denote the 
region D «1 by D and its map by A. Let p(y) be the shortest distance on arg (w) =y 
from w=0 to the boundary of A. Then f; { p(y) +p(r+y) dy 22r, so that the average 
length of the segments through w=0 is greater than or equal to 2. (II) Inequalities 


236 ABSTRACTS OF PAPERS [March 


are obtained for the maps of circular coronas. In renee as the inner circle shrinks 
to a point, there results: fpí |w’(z) | di w(z) | 3— 1/lal2) da 0, where da is the element 
of area in D. (III) For bounded functions, |w| € M, |z| <1, the distortion theorem 
r/(1 +r)?s|w| Sr/(1—r)3, E =r, is improved. One obtains for the variation of 
[w(2)| on |s|=r: (M/2|P(0—-QP(:—4y] x|w|asxr; rs lala S(M/2) 
. { P(—r) —(P(—1r)?—4) 2} where P(r)=M(r+1/r)+2(M—1). These bounds are 
exact. (Received January 19, 1946.) 


72. Harry Pollard: Integral transforms. 


Integral transformations of L? with kernels of type H(s+é) are studied with re- 
spect to (i) spectral properties, (ii) inversion formulas, (iii) the iterated transforma- 
tions. By use of methods of Carleman and Stone one can obtain new inversion for- 
mulas for the Weierstrass and iterated Laplace trensformations. Of particular inter- 
est is the resolution of the identity of the Laplace transform, since it has apparently 
escaped the attention of workers in the Geld that this transform is a bounded self- 
adjoint transforma-ion of Hilbert space with a continuous spectrum. (Received 

January 19, 1946.) 


73. Harry Pollard: Necessary and sufficient conditions for the 
representation of an analytic function as a Laguerre series. Prelimi- 
nary report. 


Necessary and sufficient conditions are obtained for a function analytic in a 
parabola to be representable by a complex Laguerre series. This complements the 
corresponding result of Hille for Hermite series (Trans. Amer. Math. Soc. vol. 47 
(1940) p. 80). The proof of the necessity parallels that of Hille, although the technical 
details are more complicated. The sufficiency proof is of a different kind from Hille's, 
depending on a simple though apparently new formula connecting the Laguerre and 
Hermite polynomials. (Received January 19, 1946.) 


74. Menahem Schiffer: Oz ihe kernel function of an orthonormal 
system, , 


Every function fiz), analytic in a damain D and with finite f ffo| F(z) | 2dxdy, satis- 
fies the integral equation (*)f(z) = f /pf(£) &(zi)dtdg where K(zi£) is the kernel func- 
tion defined by Bergman (Über die Kernfunktion eines Bereiches, J. Reine Angew. 
Math. vol. 169 (1933) pp. 1-42). The kernel function is shown to be determined 
uniquely by this property. Then if g(z;t) denotes Green's function of D, 
— (2/z)0?g(z;£) /0z0E is proved, by integration by parts, to have this characteristic 
property and to coincide, therefore, with K(s;£). From Hadamard's variation formula 
for Green's function the variational formula 8K(z;£) = f K (zit) K (l;t)ónds is derived. 
If $(z;£) is an analytic function of z which maps D upon the unit circle slit along 
concentric circular arcs such that 2=£ corresponds to the center, and (zit) 
= —log | e(z], the kernel K* (z) = — (2/z)0?y(z;£)/0z0E satisfies equation (*) with 
respect to every f(z) which is square integrable in D. K*(£;£)-1 is the minimum value 
of all integrals [fn] f’(z) | dxdy where f(z) is analytic in D and f'(£) =1. If D is mapped 
by univalent functions g(z) = 1/(5— £)-+ao+a:(s—£)-+ - - - upon an infinite domain 
A, the complement A* of A has an area not greater than KE). (Received January 
14, 1946.) 


/ 
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75. Lk Segal: Topological groups in which multiplication on one 
side 4s differentiable. 


It is shown that if left multiplication is of class C! on a topological group which is a 
manifold of class C!, then right multiplication is likewise of class C1. The proof 
strongly utilizes the existence of Haar measure. The method does not involve intro- 
duction of canonical coordinates, and is logically independent of the theory of Lie 
groups. Combining the foregoing result with either a result of P. A. Smith (Ann. of 
Math. vol. 44 (1943) pp. 480—513) or a result of G. Birkhoff (Trans. Amer. Math. Soc. 
vol. 43 (1938) pp. 61-101), it follows that if a group has a neighborhood of the 
identity which is a manifold of class C! and on which left multiplication is of class C}, 
then it is a Lie group. Previously the weakest condition which assüred that a group 
be a Lie group was that due to Smith and required in addition to the preceding that 
right multiplication satisfy a Lipschitz condition. (Received January 21, 1946.) 


76. H. J. Zimmerberg: A class of definite integral systems. 


This paper treats a vector integral system of the form y(x)—2A fzK (x, t)y(0dt, 
where the matrix K(x, t) 2 H(x, )S(t) and the discontinuities of the elements of the 
matrix H(x, t) are regularly distributed, under the following conditions: (1) the 
matrix S(x) is hermitian on ab; (2) the matrix Ki(x, 1) zS(x)K (x, 2) — KT (t, x) on 
a Sx, 1 Sb, the * denoting the conjugate transpose operation; (3) the hermitian func- 
tional J(g)= f. : f *g*(x)Ki(x, ¢)g(t)dxdt 20 for arbitrary vectors g(x) whose components 
are continuous on ab. These systems differ from the definitely self-conjugate adjoint 
integral systems of Wilkins (Duke Math. J. vol. 11 (1944) pp. 155-166) in that the 
above condition (3) replaces a corresponding definiteness assumption on the matrix 
S(x). Such systems, which include the integral system to which an H-definitely self- 
conjugate adjoint differential system (Reid, Trans. Amer. Math. Soc. vol. 52 (1942) 
pp. 381-425) is equivalent, are shown to possess fundamental properties similar to 
those previously established for definitely self-conjugate adjoint integral systems. 
Furthermore, it is shown that there is no restriction on the character of the character- 
istic solutions or the corresponding characteristic values in assuming that an integral 
system of the above form satisfies conditions (1) and (2). (Received December 26, 
1945.) 


77. H. J. Zimmerberg: On a self-adjoint differential system of even 
order. ' 


The results of Reid (Trans. Amer. Math. Soc. vol. 52 (1942) $11) are extended toa 
self-adjoint system F(u)=AG(u), U,(u; N = Us(u) +rU7(u) =0 (o=1,+-+, 2n), 
where F(u) and G(z) are differential operators of the form F(u) — (u), 
G(u) =) a (galu) 6», fa(x) 0, while for arbitrary values of A the U,(u; X) are 
independent linear forms in the end values of u, u’, + + +, 49» "D at x=a and x=b for’ 
which U!(z) involves only the end values of u, u’, + + * , u("79, It is shown that such 
systems are equivalent to certain types of boundary value problems associated with 
the second variation of an isoperimetric problem of Bolza in the calculus of variations. 
Various assumptions of definiteness for these systems are also considered. (Received 
December 3, 1945.) 


78. M. A. Zorn: Derivatives and Fréchet differentials. 


It is shown that, for complex Banach spaces, the continuity of the Gáteaux differ- 
ential in its increment variable makes the G-differential a Fréchet differential. Using 
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a notion which has also been introduced by A. D. Michal this may be re-expressed 
in the form: If a function on an open set of a complex Banach space to a complex 


Banach space has a derivative, it possesses a Fréchet differential. (Received January 
22, 1946.) 


APPLIED MATHEMATICS 


79. R. J. Duffin: Nonlinear networks. II. 


A system of # nonlinear differential equations is studied and shown to have a 
unique asymptotic solution; that is, all solutions approach each other as the inde- 
pendent variable becomes infinite. The interes: of these equations is that they de- 
scribe the forced vibration of electrical networks. Consider an arbitrary linear net- 
work of inductors, resistors, and capacitors which has no undamped free modes of 
vibration. A given impressed force may give rise to more than one response but as 
time goes on there is 2 unique association between impressed force and response. This, 
of course, is well known. The main result of this note states that if the linear resistors 
of such a network are replaced by quasi-linear resistors then there still is this unique 
asymptotic association. A quasi-linear resistor is one in which the potential drop across 
it and the current through it are increasing functions o! one another. No other sort of 
nonlinearity besides this type of nonlinear damping is considered. The proof is made 
to rest solely on well known properties of the Laplace transform and Hermitian forms. 
(Received January 19, 1946.) 


80. Herbert Jehle: Transformation of hydrodynamical equations of 
stellar dynamics. 


In abstract 51-9-170, the author pointed out a transformation of continuity equa- 
tion and Bernoulli equation into a Schroedinger equation. The presence of z (re- 
placing A/m of wave mechanics) implies no modification of classical equations of 
motion, but a statement about residual velocities or “pressure function." Assume that 
the distribution (numbers and intensities) of excited dain states (n goes up to about 
105 for the author's choice of #) corresponds statistically to the distribution (in num- 
bers and masses) of statistically independent elements of a system. It is known that 
if all stationary Vs states are filled up to a certain frequency limit with one element 
(particle) per state there will be an average of one element per phase space volume 
(2x7)! for the inner regions. The above assumption is therefore equivalent to tb 
assumption of en upper limit for the expectation value of density (of numbers) of 
statistically independent elements in six-dimensional phase space. This is a plausible 
assumption for systems close to statistical equilibrium; it means that too great den- 
sities in position space without large residual velocities cause aggregations of formerly 
independent masses into larger independent units. (Received January 21, 1946.) 


81. R. S. Phillips: rms error criterion in servo system design. 


A servomechanism is required to follow a signal from a knowledge of only the 
error in following. This error signal is usually a mixture of the true following error 
and some sort of random disturbance. The servo must make a compromise between 
following the original signal and not following the noise. This paper presents a method 
by which this compromise can be made. Assuming that the spectra of the signal and 
noise are known, one can then determine that servo svstem which minimizes the rms 
error in following. Actually the paper limits itself to determining the best values of 
control parameters when the type of control is given. it is assumed that the servo 
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can be represented by a linear differential equation with constant coefficients and 
that the spectra can be approximated by rational fractions. The problem is then re- 
duced to the evaluation of integrals of the type In = (22) 1/7, (gn(x) /fn(x) -fn(—x)) dx 
where fn(x) =a” tax! + + ++ Fan, ga(x) = box -2+d x99 44» - - -brns and all 
the roots of f; lie in the upper half-plane. The integrals are evaluated in terms of the 
coefficients of the polynomials f and g. The paper concludes with a table of integrals 
for #37. (Received January 18, 1946.) 


82. Harry Polachek: Solution of the differential equations of motion 
of a projectile in a medium of quasi-Newtonian resistance. 


A solution is obtained in closed form for the differential equations of motion of a 
projectile in a medium of quasi-Newtonian resistance. The theory of differential varia- 
tions as developed by Bliss, Moulton and Gronwall is applied. Use of this result 
may be made to solve a large class of ballistic problems, which are now being solved 
by indirect numerical methods. It is especially applicable to the case of projectiles 
traveling with velocities which are entirely outside the trans-sonic region. (Received 
January 14, 1946.) ` 


83. Eric Reissner: Stresses and small displacements in shallow 
spherical shells. 


A system of two simultaneous equations for two unknown functions F and w is 
derived for the bending and stretching of shallow segments of thin, elastic, spherical 
shells. In these equations F is Airy’s stress function for the direct stress resultants and 
w the normal component of displacement. Writing Fn=cos n6f,(r), wa=cos n6gn(r) 
the equations are such that fa and gna result as combinations of elementary functions 
and of Bessel functions of order n and argument proportional to OAI. The formulas 
obtained, particularly for the nonsymmetrical case, are appreciably simpler than the 
known results for spherical shells without the assumption of shallowness. (Received 
January 17, 1946.) 


84. P. A. Samuelson: A connection between the Bernoulli and 
Newton iterative processes. 


By the Bernoulli method, the root of a polynomial f(X) =} pa; X" =| [7(X E 
—Ü is approximated by Bai Bus (OT "Ee -C,xt/(oxiu.-.- +CX!), 
where ? 07 En Ass, Yo=bo, * * +, Yn-1=01 1, and the C's depend upon the X’s and 
the Me, Weights w; are sought such that Ze41/Z;=) owe Eug. SZ. owe Yi is a good ap- 
proximation to X ;, by virtue of the fact that coefficients of the other exponential terms 
are made to vanish. Clearly the w: should be coefficients of P(X)/(X — X;) to give 
the exact root, Xs, in one step. If, instead, one uses the coefficients of P(X)/(X — Xj), 
where X, is an approximate root, and sets b; = (X7), then the newly calculated root 
Xi— Bai Zn am X, — [f(X,)/f'(X,)], which is identical with the Newton approxima- 
tion to a root. (Received February 1, 1946.) 


85. P. A. Samuelson: Computation of characteristic vectors. 


Wayland has shown (Quarterly of Applied Mathematics vol. 2 (1945) p. 277) 
that the method of Danielewsky and the method of elimination are the two most 
efficient known ways of computing the coefficients of the characteristic equation. 
This note shows: (1) the Danielewsky reduction can be interpreted as a special 
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case of the method of elimination; (2) the characteristic vectors of a companion 
matrix with simple roots are given by a Vandermonde mairix and its easily derived 
inverse; (3) the characteristic vectors of any matrix can therefore be derived with 
about 22? multiplications all told, by applying the Danielewsky transformations to 
the vectors of the corresponding companion matrix. (Received February 1, 1946.) 


86. P. A. Samuelson: Generalization of the Laplace transform for 
difference equations. 


The Laplace transformation has standardized operational methods in the field 
of ordinary differential equations. Its efficacy hinges on the fundamental relation 
L(s; Df)p-sL(s; f)p—f(0) where Lis: Pas Le exp (—sé)fis)dt. The Laplace trans- 
form has been applied to difference equations, but it is a clumsy tool there by virtue 
of the fact that it does not satisfy a similar fundamental relation with respect to the 
shifting operator E. One can easily verify that the linear functional L(s; f)z 
=) f(t)s~ does have the fundamental property Lis: Ef) z=sL(s; f)z—f(0). This 
generalized transform can also be easily inverted by the calculus of residues and 
extended by suitably defined “convolution.” Consequently, after a table of “general- 
ized” transform pairs has been drawn up, the solution of ordinary difference equations 
can be derived by operational methods exactly like those of elas equations. The 
most important of these transform pairs is y(#)=f(¢—1),-+-, ((—5--1)a'7* and 
girl 2 (s—a)^"»(n — 1)!. Is | » [a|. (Received February 1, 1945. 


87. C. A. Truesdell: On Sokolousky’s “momentlzss shells." 


V. V. Sokolovsky (Applied Mathematics and Mechanics n.s. vol. 1 (1937) pp. 
291—306) has given expressions for the membrane stress resultant Fourier coefficients 
for surfaces of revolution whose meridians may be expressed in Cartesian coordinates 
in the forms: f — bz"; f=a sin’ ¢, z= — ca f sint pd; f —a sec’ dh z= — ca f sec $ tan? pdd. 
The first family has already been treated and generalized by the author. In the 
present note the author shows that a slight modification of his previous treatment of 
Nemenyi's stress functions enables us quickly to find solutons in terms of hyper- 
geometric functions for the family of surfaces whose meridian is f= a sin?€, 
z= — pb /f sin? £ tan? dt, including Sokolovsky’s second and third families of surfaces 
as special cases. Surfaces having meridians given by an error integral curve 
z=ap! Pod o exp (—#?)dt, are shown by the same means to have solutions in terms o 
Whittaker functions. (Received January 29, 1946.) 


88. Alexander Weinstein: On Stokes’ stream function and Weber's 
discontinuous integral. 


It is shown that the stream function y corresponding to sources distributed with 
the density one over a circumference C is a many-valued function with the period 
4ra, where a denotes the radius of C. This fact, combined with the divergence theorem, 
yields a new proof for Weber's formula (J. Reine Angew. Mach. vol. 75 (1873) p. 80) 
for the discontinuous integral Js o Jolas) Jı(bs)ds, which is equal to 1/b for b>a, and 
to 0 for a b. (Received January 17, 1946.) 


GEOMETRY 
89. Reinhold Baer: Polarities in finite projective planes. 


It is shown that every polarity in a finite projective plane possesses at least as 


~- 
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many absolute points (points lying on their polars) as there are points on a line. 
This minimum may be attained. If there are more than the minimum number of 
absolute points, then the number of points on a line reduced by one is a square. 
More detailed information is available for regular polarities which have the property 
that any two lines which are not absolute, but carry absolute points, carry the same 
number of absolute points. These results are applied to prove a generalization of a 
theorem due to Topel which asserts that every geometry of Bolyai-Lobachevskil is 
infinite. (January 18, 1946.) 


90. T. C. Doyle: Tensor theory of invariants for the projective differ- 
ential geometry of a ruled surface. 


The differential equations of Wilczynski defining a ruled surface to within a projec- 
tive transformation are expressed in the tensor form 4;..=(U?U,"+-8,")y,, and from 
the tensor coefficients and arguments of these equations there is derived by formal 
tensor processes the same complete system of invariants and covariants of a ruled 
surface as first derived by Wilczynski, using integrational methods, in his Projective 
differential geometry of curves and surfaces, Leipzig, Teubner, 1906. One arrives at a 
systematic procedure for the transition from canonical to general forms and in this 
way the invariant equations of many of the covariant loci heretofore known only in 
their canonical forms are displayed. (Received December 17, 1945.) 


91. H. W. Eves: Arc chains and arc necklaces. Preliminary report. 


An arc chain is a sequence of circular arcs (called links), of arbitrary central angles 
and radii, trailed end to end. If the end points of the chain coincide one has an arc 
necklace. This paper deals with the elementary geometry of plane and spherical arc 
chains and necklaces. In addition to a number of new theorems, several well known 
results of elementary geometry are generalized to hold for arc chains and necklaces. 
Of particular interest are those arc chains and necklaces in which all the links lie on 
the circumferences of a two-parameter family of circles, for example, on the circum- 
ferences of a family of concurrent circles. Some attention is paid to arc necklaces 
whose vertices are concyclic. (Received January 27, 1946.) 


92. D. P. Ling: Geodesics on surfaces of revolution. 


The author investigates the number and the distribution of double points of the 
geodesics on the members of a broad class of surfaces of revolution. A “zoning” of 
these surfaces is established in a manner dictated by this distribution. It is shown 
that each surface falls into one or another of three subclasses according as each geo- 
desic has infinitely many double points, a finite number of double points bounded 
from above for the whole set of geodesics, or a finite number which by a proper choice 
of the geodesic can be made arbitrarily large. Analytic means of distinguishing be- 
tween these subclasses is set up, and a particular class of surfaces is given to serve 
as illustration and counter example. (Received December 3, 1945.) 


LoGic AND FOUNDATIONS 
93. G. D. Birkhoff and Garrett Birkhoff: Distributive postulates 
for systems like Boolean algebras. 


By slightly strengthening Newman’s postulates for direct sums of Boolean alge- 
bras and Boolean rings, a simpler proof of sufficiency is obtained. A related set of 
postulates for distributive lattices is given, together with a discussion of alternative 
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postulate systems for Boolean algebras and distributive lattices. (Received January 
23, 1946.) 


94. Archie Blake: A Boolean derivation of the Moore-Osgood 
theorem. 


The process of proving a mathematical theorem is represented in symbolic logic 
by the transformation of logical expressions. This fact is illustrated in the case of the 
Moore-Osgood theorem, the central features of the derivation of which are shown to 
be representable in the Prüdikatenkalkul. (Received January 12, 1946.) 


95. Ira Rosenbaum: Hegel's observations on the differential and 
integral calculus and tis foundations. 


Attention is invited to an extended discussion of the differential and integral 
calculus and its foundations which appears in Hegel’s Science of logic. The technical 
content, character, and interest of Hegel's discussion is indicated by citing authors, 
texts, methods, and problems with which Hegel deait. The evidence relating to 
Hegel’s knowledge of mathematics is presented and a picture of the development of 
Hegel’s views is traced; relevant portions of the first and later editions of the Logic 
are compared. Hegel's relation to his contemporaries in mathematics is pointed out. 
The relevant literature is reviewed critically and after indicating the prevalent 
neglect of Hegel's discussion, it is concluded that such examination of Hegel's relation 
to the calculus as does exist is (1) dated, (2) incomplete and/or inadequate, (3) gen- 
erally independent of earlier and contemporary work in the same field, and (4) 
limited in scope and point of view. Àn instance of the unsatisfactory state of the 
literature on this subject is considered. Hegel's observations on the calculus are ex- 
amined, placed in their proper historical context, and his views compared with those 
of his predecessors, contemporaries, and successors. Evaluation from the standpoint 
of the modern logico-mathematical foundations of analvsis is undertaken. (Received 
February 1, 1946.) 


STATISTICS AND PROBABILITY 


96. G. W. Brown and J. W. Tukey: Some distributions of sample 
"means. 


Jt is shown that certain monomials in normally distributed quantities have stable 
distributions with index 2, This provides, for k>1, simple examples where the 
mean of a sample has a distribution equivalent to that of a fixed, arbitrarily large 
multiple of a single observation. These examples incluce distributions symmetrical 
about zero, and positive distributions. Using these examples, it is shown that any 
distribution with a very long tail (of average order greater than or equal to x?) 
has the distributions of its sample means grow flatter and flatter as the sample size 
increases. Thus the sample mean provides Jess information than a single value. 
Stronger results are proved for still longer tails. (Received January 14, 1946.) 


TOPOLOGY 


97. R. H. Bing: Generalization of a theorem of Janiszewski. 


Suppose that H and K are plane sets neither of which cuts the point A from the 
point B, that the boundary of H is compact, that the junction of H and K is equal to 
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H-K and that H is the sum of a collection of mutually exclusive sets no one of which 
contains either a limit point of the sum of the others or two components of H-K. 
Then H+K does not cut A from B. (Received January 14, 1946.) 


98. R. H. Bing: Sets cutting the plane. 


Suppose that in the plane, K is a set with a connected complement and a bounded 
boundary, that W is either a countable set of points or a bounded closed set and that 
no component of W cuts the point A from the point B in K. Then W does not cut 
A from B in K. (Received January 19, 1946.) 


99. C. H. Dowker: Lebesgue dimension of a normal space. 


Let R be a normal space and let dim R be the Lebesgue dimension of R defined 
as follows: dim RS» means that every finite covering of R by open sets has a finite 
refinement of order not greater than ott It is shown that (1) dim R Sz if and ‚only 
if every star-finite covering of R by open sets has a star-finite refinement of ¢ order not 
greater than #+1, (2) dim R Er if and only if every locally finite covering of R by 
open sets has a locally finite refinement of order not greater than n41, and (3) 
dim R Sn if and only if, for each closed set A of R, each continuous måpping fof A 
into the n-sphere An can be extended to a continuous mapping g of R into An, (Re- 


ceived January 19, 1946.) F 


100. Erik Hemmingsen: Dimension theory for nofmal Hausdorff 
spaces. Preliminary report. r 


In normal Hausdorff spaces it is shown that the two following definitions of 
dimension are equivalent: (I) dim Sn, if to each finite covering of'.S by open sets 
there is an open refinement in which at most n+1 sets intersect at a time; (II) 
dim Sn, if to each mapping f of S into the z--1 simplex, o”*!, there is a mapping 
g of S into the boundary of o**, written s^, with f/f 1(s») =g/f-1(s"). The theorem 
dim MXN Sdim M+dim N is proved for compact Hausdorff spaces. If A= ACS, 
S normal, dim A Sn, PLS ent, f continuous, and IIe" is an n+1 simplex con- 
„tained in ent then it is shown that there is a mapping g of S in o"#1 with g(A)C (ort? 
—Int c?) and g/B —f/B where B —f-1(g»*1—Int 07"); the sum theorem for count- 
ably many closed sets is a corollary. (Received January 14, 1946.) 


101. F. B. Jones: A characterization of a plane semi-locally-con- 
nected continuum. 


Let space be a simple closed surface S. If G is a collection of mutually exclusive 
simple domains, G is said to contain a sequence of folded simple domains provided 
that there exist sets Di, Da, Da, +, Du +++ (2-1, 2, 3,- - - ) such that (1) for 
each +, D, is an element of G, (2) for each 7, D; contains a spanning arc-segment Te 
separating D; into two components C; and E; and (3) if eis a positive number and T 
is the sequential limiting set of Ty, T5, Ts, - e, there exist a point A not belonging to 
T and a number x such that if +>, both C; and E; contain points at a distance from 
A less than e. The principle result of the paper is as follows: In order that a set M be 
a cyclic semi-locally-connected continuum it is necessary and sufficient that the com- 
ponents of S— M be a collection of mutually exclusive simple domains containing no 
sequence of folded simple domains. (Received January 29, 1946.) 


244 NEW PUBLICATIONS 


102. G. W. Whitehead: On families of continuous vector fields over 
spheres. 


Let f(#) be the maximum number of everywhere independent continuous fields of 
tangent vectors that can exist on the z-sphere S”. It is well known that f(2n) =0, 
f(2n--1) Z1, f(4n+3) Z3, and f(8n--7) 27. It has been proved independently by 
B. Eckmann (Comment. Math. Helv. vol. 15 (1942) pp. 1-26) and the author (Ann. 
of Math. vol. 43 (1942) pp. 132-146) that f(4%+1) =1. In this paper it is shown that ` 
f(8n +3) =3. It follows from this and results of N. E. Steenrod (Ann. of Math. vol. 45 
(1944) pp. 294-311) that if m>k and k=2n, 4n-+1, or 8n +3, with 5 0, then Sr is 
not a k-sphere bundle over any complex B. (Received December 10, 1945.) 


© NEW PUBLICATIONS 


À collection of papers in memory of Sir William Rowan Hamilton. (Scripta Mathe- 
matica Studies, no, 2.) New York, Scripta Mathematica, 1945. 82 pp. $1.00. 
Sequential analysis of statistical data: applications. Frepared by Statistical Research 
Group, ‘Columbia University, for the Applied Mathematics Panel, National 
Defense Research Committee, Office of Scientific Research and Development. 
New York, Columbia University Press, 1945. 315 pp. $6.25. 
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A NOTE ON AXIOMATIC CHARACTERIZATION OF FIELDS 
E. ARTIN AND G. WHAPLES | \ 


Since publication of our paper, Axiomatic tharacterization of frelds 
by the product formula for valuations,! we have found that the fields of 
class field theory can be characterized by somewhat weaker axioms; 
we can drop the assumption, in Axiom 1, that la| s 1 for all but a 
finite number of 5, replacing it by the assumption that the product 
of all valuations converges absolutely to the limit 1 for all a. 

Our original proof can be adapted to the new axiom with a few 
modifications, which we shall describe here. In $2, we keep Axiom 1 
for reference and introduce: 


Axiom 1*. There is a set M of prime divisors y and a fixed set of valua- 
lions | | p one for each pEM, such that, for every a0 of k, the product 
el a| » converges absolutely to the limit 1. (That is, the sertes $p log | a| p 
converges absolutely to 0.) 


We must then omit the statement that there are only a finite num- 
ber of archimedean primes, since this does not follow immediately 
from 1*; instead of it, we use the fact that sso (Peo) and 3 pe (De) 
converge absolutely. These quantities are defined on p. 480; the con- 
vergence follows from the fact that the product over all pe of | 1+1 | us 
must converge absolutely. Also, we must temporarily broaden the 
definition of *parallelotope" so as to permit a parallelotope to be de- 
fined by any valuation vector a for which Ikl al p converges abso- 
lutely (rather than restricting a to be an idèle). In the statement of 
Axiom 2 we must replace “Axiom 1” by “Axiom 1*,” Theorem 2, 
however, is left unchanged, together with Lemmas 4, 5, and 6, which 

‚ are needed only to prove it; this theorem shows that the fields of class 
| field theory really satisfy Axiom 1, so that at the end of the whole 
; proof we shall find that Axiom 1 is a consequence of Axioms 1* and 2. 

In $83, k is assumed to be any field for which Axioms 1* and 2 
hold. Lemma 8 holds under assumption of Axiom 1*, for our slightly 
more general parallelotopes; in its proof we have only to note, in 

/ case of archimedean primes, that the product Tp £to converges ab- 
' solutely. In Lemma 9, property 2 must be replaced by: 


27: Io bo S By, | yl nor with a set of constants By, for which (RES 


converges absolutely. 


Received by the editors December 9, 1945. 
1 Bull. Amer. Math. Soc. vol. 51 (1945) pp. 469-492. 
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To prove existence of these constants, let, at each px, My, be the 
maximum of | æ; | pe for i=1 - » » L; then Í [y Myn converges to a finite 


limit. Take Bpo = My}; since D p A(p,) was absolutely conver- - 


gent, our conclusion follows. 

Lemma 10 holds as stated, although the set of p,, is not now known 
to be finite. But as soon as we have proved that z is finite, it follows 
from Theorem 2 that our original Axiom 1 holds, so no further changes 
are necessary. (The theorems about parallelotopes in §4 hold only for 
parallelotopes defined by ideal elements.) 

It is easy to construct an example of a field which satisfies Axiom 1* 
but does not satisfy Axiom 1 (nor, of course, Axiom 2). Let k= R(x, 2) 
be the set of all rational functions of x and z over the rational field. 
Let ko — R(x), consider À as the set Fetz) of all rational functions of z 
with ko as constant field, and denote by Me, the set of all divisors 
which are trivial on ko. We construct Ps, and define the set of normed 
valuations, exactly as in the proof of Lemma 6 of our original paper 
(pp. 477-479). Let Vo(A) -- LTI[4 | ze Where the product is taken over 
all Zar Mto; by Lemma 6, Vo(A) —1 for all A Ek. 

Now let ı=x+2, xe-x-4-223, +--+, s=x+iz, -~ - ; let k:=R(x:) 
and for each 4 construct the sets M; of divisors p; by repeating ex- 
actly the above process with ko replaced by k;. The products V;(A) 
are all equal to 1. These sets M; are by no means disjoint; for example 
one can easily see that the irreducible polynomial z defines the same 
valuation in each Mi. However, it is unnecessary to explore these 
duplications in detail; we shall need only the facts that the valuations 
Pi. and Pio are inequivalent for ij, and are not equivalent to any 
of the finite p,. Namely, x;—x--iz—x;4-(2—7)2 has value 1 at pin, 
but value g>1 at all pjo with jæi. And z has value g>1 at all din, 
but has value £1 at all finite 5,. 


To construct our example, let e, (v—0, 1, 2, - - - ) be an infinite ` 
sequence of positive numbers whose sum is finite. Form the product ! 


IT llalla 


over all 5; EM;, all à, and in this product unite each set of equivalent 
valuations into a single valuation. The exponents insure the conver- 
gence of the infinite products involved in this step. To show that the 
whole product is absolutely convergent for each A C£, write A in the 
form A =g(x, z)/h(x, z) where g and k are po ynomials, with rational 
coefficients. If N and M are the maximum degrees in x and z, respec- 
tively, for both numerator and denominator, then A can be written 
in the form g;(z)/h;(z), where numerator and denominator are poly- 
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nomials in z with coefficients in k;, and are of degree at most N+ Min. 
It follows from this that, for fixed A, the number of factors of V,(A) 
which are greater than 1 (or which are less than 1) is bounded, and 
their size is bounded; and this bound is uniform for all z. Hence the 
exponents e; insure absolute convergence. Finally, we note that our 
product, applied to z, contains an infinity of factors different from 1. 

Taking the product over sets Mo and Wr only gives an example in 
which Axiom 1 is satisfied but Axiom 2 is not; for the field of constants 
with respect to MUM: is the rational field bo Mai. 

To get an example of a field possessing a valuation satisfying Axiom 
2, but such that this valuation cannot be contained in any set I 
satisfying Axiom 1, take the p-adic closure of either the rational field 
or any of the fields Fatz) of our original paper, with p any of the di- 
visors of Lemma 6. Because of Theorem 3, such an M cannot exist. 


INDIANA UNIVERSITY AND 
UNIVERSITY OF PENNSYLVANIA 


SOME PROPERTIES OF PARTIAL SUMS OF THE 
HARMONIC SERIES 


PAUL ERDOS AND IVAN NIVEN 


It has been proved that $ ? ak! cannot be an integer! for any pair 
of positive integers m and n. More generally, >-2_.(m+-kd)— cannot, 
be an integer.? We prove two theorems of a similar nature. ` 


THEOREM 1. There is only a finite number of iniegers n for which one 
or more of the elementary symmetric functions of 1, 1/2, 1/3, - - - , Lin 
ts an integer. 


PROOF. Let à z,n denote the kth symmetric function of 1, 1/2, 1/3, 

, 1/n. Since each term of 3. Aa is contained H times in the ex- 

pansion of (1+1/2+ * - - +1/n)*, we have, for k>3 log n and x suffi- 
ciently large, 


1+1/2-+--- k k 
seu ee E 


k,n k! k! 
where the second inequality arises from the usual comparison of log # 
with the harmonic series, and the third inequality is implied by the 
hypothesis k>3 log n. 

Henceforth we take k<3 log n. By a theorem of A. E. Ingham? 
there is a prime between x and x+ 45/8, This implies that there is a. 
prime p between 1+n/(k+1) and z/k for k <3 log n and n sufficiently 
large. Hence 3 a contains the term 





1 1 1 1 
P 2p kp Blip 
Now (k!, p) =1 since k<n/(k-H1), and hence no other term in Da | 


has a denominator divisible by p*. So if > teg, we know that 
p*| b and p{a, which proves the theorem. 
By a similar but more complicated argument we can prove the same 


Received by the editors November 5, 1945. 

1 Cf. Pólya-Szegó, Aufgaben und Lehrsdize aus der Analysis, vol. 2, Berlin, 1925, 
chap. 8, p. 159, problem 250. 

2 Cf. T. Nagell, Eine Eigenschaft gewissen Summen, Skrifter Oslo, no. 13 (1923) 

. 10-15. 
ES 3 On the difference between consecutive primes, Quart. J. Math. Oxford Ser. vol. 8 
(1937) p. 256, This result is actually stranger than necessary for our use here. The 
classical estimates will suffice. 
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result for the elementary symmetric functions of 1/m, 1/(m-+1), 
.- - , 1/n, and of 1/m, 1/(m+d), 1/(m+2d), - - - , 1/(m+nd). 

It should be noted that à aa is an integer; we know of no other 
integral case. Theorem 1 can be proved without the use of the prime 
number theorem, and this proof could be used to determine the bound 
on z, above which the result of the theorem holds. For smaller values 
of n, X r n could be checked, but the proof is complicated and the 
limits would be large. 


THEOREM 2. No iwo partial sums of the harmonic series can be equal; 
that ts, it is not possible that 


1/m+1/m +1) +: +1/n 
= 1/x+1/(x +1) +- + 1/7. 
Proor. We assume that n <x. Clearly if (1) has a solution, then 
any prime divisor of one of the denominators must divide another. 
Hence by Bertrand’s postulate we can be certain that y<2x—1, 


since otherwise a prime p >n would be one of the denominators on the 
right side of (1). 


(1) 


LEMMA. Any solution of (1) must satisfy y <x+x!!2—1. 


To prove this we use a theorem of Sylvester and Schur* which 
states that if n>%, then in the set n, 14-1, - - - , n-FE—1 there is an 
integer containing a prime divisor greater than k. In our case 
x>y—x-+1, so that there is a prime p>y—x+1 which divides one 
and only one (say ap) of the integers x, x+1, x-F2, * * * , y. Also $ 
must divide one (say bp) of the set m, m+1, m+2, - - - , n, and cer- 
i tainly not more than one, since 1 —m «y —x. Then 1/ap and 1/bp are 
) the only terms in equation (1) whose denominators are divisible by 5, 
and since 


1 l 1/bp — 1/ap = (a — b)/abp, 


| we conclude that p must divide a—b, whence a—b Zp and a2p+1. 
| This implies that 


yaar r> Os D ry er 


ERU 


or 
e-1>(y- e+ 1), 


which proves the lemma. 
Next we obtain estimates for the expressions in (1). First we note 
that 


4 Cf. Paul Erdös, J. London Math. Soc. vol. 9 (1934) p. 282. 
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El als) ai 

o = lo — ] — log { 1 — — 

"aed S 2b j 2b 
1 2 2 


= —+ A. 


ko mrs 


Solving for 1/k, and summing the result for k=m, m--1, - - - ,n, we 
obtain 








2n + 1 * ue 2 
om —1  £ £k Git DB 





— log 





2y + 1 NEA 2 


Ze — 1. je. Dit Dar 
Now (1) and our assumption that z «x imply that for any j>1, 





= log 


2 
- (25 1-1) 5)??t 
is greater when summed over k=m, m+1,---, n than over k=x, 
x-Fi,:--,yand so, comparing the right sides of (2) and (3), we see \ 
that 


(2n + 1)/(2m — 1) > (y + D/Qa — 1). 
Thus, ignoring the sum on the right side of (3), we may write | 
(2n + 1)(2x — 1) NDS. 2 
Em- yt & iG EDGE 
The infinite sum on the right can be replaced by 4/3 times the first | 
term, since each term is more than 4 times the next. The numerator 


of the fraction on the left exceeds the denominator by at least 2, 
since both are odd, and hence the left side exceeds 


Panel. 


(4) 


2 1 
ne ( R (2m — 1)(2y + 2 g (2m — 1)(2y +1) 


Thus we have 


— —— 
M € 
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1 ndi 2 LS | 
5) DE — < = — A — 
©) (2m — 1)(2y + 1) DEED AO EI? RE CR 9m? p 
But the last sum has fewer than x"? terms (by the lemma) and each 
term is not greater than 1/x. And since (25 —1)(2y 4-1) «4m», in- 
equality (5) implies that 


Or 
(6) Omaxl!? < 4y. 


But also 1/m<1/m+ + + - +1/n <x"2. (1/x)=1/x"2, so that x1? <m, 
which together with (6) implies that 9x «4y, which contradicts the 
lemma. This completes the proof of Theorem 2. 

In conclusion, we observe that 1/2+1/3+1/4=1/12 (mod 1). 
Whether the sums in equation (1) are congruent (mod 1) for infinitely 
many values m, n, x, y is an unsolved problem. 


STANFORD UNIVERSITY AND 
PURDUE UNIVERSITY 


PRIME IDEALS AND INTEGRAL DEPENDENCE 
I. S. COHEN AND A. SEIDENBERG 


Let R and © be commutative rings such that © contains, and has 
the same identity element as, 9t. If p and $ are prime ideals in R and 
© respectively such that PAR = p then we shall say that $ lies over, 
or contracts to, p. If over every prime ideal in À there lies a prime 
ideal in ©, we shall say that the “lying-over” theorem holds for the 
pair of rings 3t and €. 

Suppose now that q and p are prime ideals in R such that qCp. 
Jf for every prime ideal © in © lying over q there exists a prime ideal 
Bin © lying over p and containing ©, then the “going-up” theorem 
will be said to hold for R and ©. Similarly, if for every prime ideal 
P in © lying over p there exists a prime ideal © in © lying over q 
and contained in P, then the “going-down” theorem will be said to 
hold. 

Below we are concerned with the case where © is integrally depend- 
ent on R. In this case we shall prove the “lying-over” and “going-up” 
theorems (81). With certain additional conditions on R and ©, also 
the “going-down” theorem is proved (82). Counterexamples are given 
to show that none of these conditions can be omitted ($3). 

All of the results of this paper (except Theorem 7) have been proved 
by Krull! when the rings are free from zero-divisors. The present 
- proofs are essentially simpler than Krull's and at the same time do not 
require that the rings be integral domains. 


1. The "lying-over" and “going-up” theorems. Let R and © be 
commutative rings with 9t contained in. € and with a common iden- 
tity element, and let © be integral over R. We examine first the ques- 
tion of whether the “lying-over” theorem holds for the rings 9t and €. 
We remark that if a maximal ideal in © necessarily contracts to a 
maximal ideal in 9t, and if R has a single maximal ideal p, then for the 
prime ideal p it is certainly true that there exists a prime ideal in € 
lying over 5; in fact, every maximal ideal of € will lie over p. This 
remark is the motivation behind the following theorem. 


THEOREM 1. Let © be integral over R, and let the prime ideal D in © 
he over the prime ideal pin R, that is, PNR=p. Then p is maximal if 
and only 4f B «s maximal. 


Presented to the Society, September 15, 1945 =received by the editors October 31, 
1945. 

1 Zum Dimensionsbegriff der Idealtheorie, Math. Zeit. vol. 42 (1937) pp. 745-766. 
Especially relevant are Theorems 1-6 and the considerations on pp. 756-757. 
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Proor. Consider the residue-class rings 6*=G/P and R*=NR/p. 
Since BOR = p the ring 6* may be considered to contain Ri: R* and 
€* are integral domains, and 6* remains integral over 9&*. Theorem 1 
then reduces to the following well known statement: 


If R and © are integral domains and © is integral over R then R is 
a field «f and only if © is a field. 


To prove this statement we note that if R is a field it follows 
trivially that € is a field. Conversely, let € be a field and let oi +0) be 
an element of R. We wish to prove 1/aER. Since 1/a C6, it is in- 
tegral over 9t and hence we have an equation of integral dependence: 


(1/a)" + &(1/a)"? + --- +6, = 0, c; EN. 
Multiplying this equation by a”! we obtain 
1/a = — (ci + ca +. - + 6,073) ER. 
This proves that À is a field, and completes the proof of Theorem 1. 


THEOREM 2. Let © be integral over R. Then for every prime ideal p 
in R there exists a prime ideal P in © lying over y. 


Proor. If R contains only one maximal ideal, and this is p, then 
certainly the theorem holds for p; namely, as noted above, any maxi- 
mal ideal of © (such ideals certainly exist?) lies over p. If R and © 
are integral domains then the theorem can be reduced to this trivial 
case by the device of forming quotient rings. In fact, we form the 
quotient rings }t’= Rt, (=the set of elements in the quotient field of 
9t of the form a/b, a, bER, bp) and GS’ = €, (=the set of elements 
in the quotient field of © of the form a/b, a GS, bER, b C p). The ring 


. ©’ is integral over À’; moreover R’ has a single maximal ideal, namely 


ni —90/- », and PNR=p. If B’ is a maximal ideal of €, then by our 
initial remark, SB’ lies over p’. We assert that P —'/Y6 lies over p. 
In fact, PBAR=PF'OAOSOAOR s P'OR m POR OAOR BIC VK zap, This 
completes the proof if 9t and © are integral domains. 

If R and © are not integral domains we cannot form the required 
quotient rings. Nevertheless, the above argument can be adapted to 
commutative rings in general. Namely, consider the set W of ideals 
in © which contract to ideals contained in p; W is not empty, since 
it certainly contains the zero ideal. Let P be a maximal element? 


of W. We assert that $ is prime and lies over p. 


2 We make use here of the following statement, which is an eege e consequence 
of Zorn’s Lemma: Let W be a nonvoid set of ideals in some ring; assume that 4f a subset 
W’ of W has the property that of any two of its ideals one contains the other, then the union 
of all the ideals of W' is a member of W. Then W has a maximal element. 


t 
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For let «and £ be elements of € not in P, BEP. Then (P, a) and 
(P, 8) contain $ properly, so that (P, ANARE p, (B, BOARD. 


Hence there exist elements a and b in 9t but not in p such that 
a =caæ( $), b zw8(9), c, TC €. Then ab =oraß (V), ab C BARC); this 
is a contradiction, and thus ® is prime. If BO\RCp properly, let 
dC, dEP. Then (P, d) D $ properly, whence ($, d) A90 CE p, so that 
there exists an element c C 9t, cn such thet c zod( 8), e c €. Since © 
is integral over R, o satisfies an equation 


c? + oe: +a, = 0, a, ER. 
From this follows 
(od)* + dai(cd)  4- - - - — d'a, = D 
Since c zced($), we have 
c^ + dac + « * - + d'a, = 0 (H). 


Since the left side is in R, this congruence holds mod p, and since d C p, 
we have c*€p, cC p, a contradiction. This completes the proof. 


THEOREM 3. Let © be integral over R. Lei p be a prime ideal in R 
containing the ideal a. If À is an ideal in © such that ANR =a then 
there exists a prime ideal in © containing A and lying over y. 


Proor. This theorem follows directly from Theorem 2 if we take 
the residue class rings G/U and 9/a. 

Conversely, Theorem 2 follows from Theorem 3 by placing A= (0). 
Theorem 3 can, in fact, be proved directly along the same lines as 
Theorem 2. Thus the two theorems are equivalent; but in Theorem 2 
the content takes the form of the “lying-over” theorem, in Theorem 3 
it takes the form of the “going-up” theorem. 

Theorem 1 implies that if two distinct prime ideals of © lie over 
the same maximal ideal of 9t, then neither of these two prime ideals 
can contain the other. This side of the theorem can be strengthened 
through the following. 


THEOREM 4. Let © be integral over R, and lel tha prime ideal P in © 
lie over pin R. Then no ideal in © properly containing J can contract 
to pin R. 

Proor. If we take the residue-class rings 6/% and R/p, the theo- 
rem reduces to the following: 


If the integral domain © is integral over the ring R then any nonzero 
ideal of © contracts to a nonzero ideal of R. 


= 
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Suppose, then, that « C €, a0; if | 
a^ + oc +... + on = D c; EX, 


is an equation of integral dependence of least possible degree for o 
then c, <0. For c, — 0 would yield 


op) + Ca"? + ose L cs = 0, 


that is, an equation of integral dependence for a of degree less than 7. 
Since c, € (a) MR, (a) MR ¥ (0). This completes the proof. 


2. The “going-down” theorem. Unlike the “going-up” theorem, the 
“soing-down” theorem requires assumptions on the 0-divisors of 9 
and €. Even in the case of integral domains, however, the “going- 
down” theorem will not hold without further assumption on R: the 
assumption made below is that 9t is integrally closed in its quotient 
field. | 


THEOREM 5. Lei R be an integral domain integrally closed in its 
quotient field, © a ring integral over R, with none of its zero-divisors in R. 
Then the “going-down” theorem: holds for R and ©; that is, if q and H 
are prime ideals in À with ap, then for every prime ideal P in © 
lying over p there exists a prime ideal Q, contained in $, and lying over q. 


Before proving this theorem we prove two lemmas. 


LEMMA 1. Let © be integral over R and let q be an ideal n R. Then the 
set of elements in © satisfying an equation of the form 


(1) a? + ca + +++ + om = O, GE q, 
is the radical of € q. 


PRoor. If a satisfies the above equation then a" &: q, so that a 
is in the radical of ©- q. Conversely if œ is in the radical, then a* C6: q 
for some k. Thus it is sufficient to prove that every element a in ©-q 
satisfies an equation of the given form. For elements of the form oq, 
where ec CG, qq, this is immediate. For let g satisfy the equation 


em + dert... td, = O, d; ER; 
then 
(sg) + diglog)" + +++ + dmg" = 0. 


Since every element of ©- q is the sum of a.finite number of terms of 
the form og it remains to show that the sum of two elements of © 


3 These lemmas are somewhat stronger than is actually necessary for the theorem. 
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satisfying an equation of the form of (1) also satisfies such an equa- 
tion. 
Let then 


at *tqgamit...te=0, sed, 
Pape de = 0, d; € q. 


It follows from these equations that every power a’, rm, can be 
written in the form 


oi = ga™i+--- rea e; € q, 
and every power f^, sn, in the form 
Brass fi € q. 


Let the products ag, OSiSm—1, OSjSn-—1, arranged in some 
order, be designated by rz, R=1, - - - , mn. Then every product of 
with r+s2m-+n—1 can be written as a linear combination of the 
T's with coefficients in q. Hence if /=m-+n—1 then 


(a + B)'ri = A. gir Q;Gqt=1,:°-, mn, 
j 


From these equations we obtain 
7r; det Lie + B);; — giz) = Q, @=1,+++, mn. 


Since one of the 7; is 1, the determinant is zero, and this is an equation 


for &+8 of the form of (1). 


LEMMA 2. Let R be integrally closed in tts total quotient ringt À. If 
f(x) and g(x) are monic polynomials in R[x] and h(x) =f(x)g(x) is in 
R[x] then f(x) and g(x) are in R[x]. 


Proor. Consider the residue-class ring $e[x]/f(x). Since f(x) is 
monic, this ring contains a ring isomorphic to $ and a root 8 of f(x). 
In this way, it is possible to form an extension ring of & in which 
f(x) and g(x) factor into linear factors, say 


f(x) = II (x — od, g(a) = IT (x — B). 


Since h(a;)=0 and k(B;) —0, the a; and B; are integral over R. Hence 
also the elementary symmetric functions of the o; and Bj, which are 
the coefficients of f(x) and g(x), are integral over À. Since K is in- 
tegrally closed, these coefficients are in 9. 


4 The total quotient ring of R consists of all quotients c/b, where a and b are in R 
and 0 is not a zero-divisor. 


! 
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PROOF OF THEOREM 5. Let 2 be the total quotient ring!of ©; since 
no element of R is a 0-divisor in £, £ contains the quotient field & of X. 

Let D be the multiplicatively closed system in © consisting of ele- 
ments of the form dô, where dE, do 6 6, EP. We consider 
the set W of ideals in € which contain €- q and do not meet D. We 
first show that W is not empty; specifically it contains ©- q. For sup- 
pose dó € €- q. By Lemma 1 there exists an equation h(x) —0 of in- 
tegral dependence for dé all of whose coefficients except the leading 
one are in q. Let f(x) 20 be an equation of least degree which is satis- 
fied by dô over À. Since the leading coefficient of f(x) is not a 0-divisor, 
we may assume that f(x) is monic. Then h(x) =f(x)g(x), where 
g(x) c R[x]. By Lemma 2, the coefficients of f(x) and g(x) are in R. 
Since all the coefficients of k(x) except the first are in q, it follows by 
the familiar argument of Gauss’ lemma that the same is true for f(x) 
and g(x). 

Let f(x)-—x^-Fex^-4-----Fe. Clearly #«*+(a/d)x7 "1+ --- 
+(c,/d")=0 is the monic equation of least degree satisfied by ô 
over À. Just as above for f(x), we have b; =¢;/d'E®. Since bidt =c Eq 
and d*¢ q we have b;C a. Hence 


ô” = — bm! — -e e Dn E 6 - GCF, 


whence OCHS, a contradiction. 


Let, now, © be maximal? in W. We have $Q/Mt 26-q( MR 28, but 
QOR cannot contain q properly since Q does not meet D. Also 
OCF since Q does not meet D. It remains to prove that Q is prime. 
Suppose, then, that yiC € but yQ and 6EOQ. Since (Q, y) and 
(Q, 6) contain Q properly, each of them must intersect D, whence 
also their product intersects D, since D 1s multiplicatively closed. 
This is a contradiction since this product is in Q. This completes 
the proof. 


3. Counterexamples. In order better to see to what extent the hy- 
potheses of Theorem 5 can be weakened, we formulate the three hy- 
potheses as follows: 

(A) The ring $t is integrally closed in its total quotient ring. 

(B) A non-zero divisor of 9t remains a non-zero divisor in €. 

(C) 9t is an integral domain. 

We show by counterexamples that none of these assumptions can 
be dropped from Theorem 5. 

(A) Let f(x, y) 23?—x?—3x* CK [x, y], where K is a groundfield of 
characteristic 0. Since the curve f(x, y) -0 has a singularity at the 
origin of the xy-plane, the ring K[£, 2] - K [x, y]/(f(x, y)) is not in- 
tegrally closed in its quotient field; in fact, r=n/E satisfies the equa- 
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tion 7?—1 —£- 0, and hence is integral over EIS, al But n/EEK [E, al 
since 7/ECK[E, al leads to y € (x, y? —x?—2*) = (x, y?), which is im- 
possible. Consider now the cylinder erected on the curve f(x, y) —0, 
and let R=K[E, 7, tl - X [x, y, s]/(f(s, y)) be its ring of nonhomo- 
geneous coordinates. On this cylinder consider an irreducible curve 
which.passes through the point (0, 0, 1) and which lies on only one 
branch of the cylinder in the neighborhood of this point, say the curve 
whose prime ideal is q=(¢é-+n, (?—1—£). Let now G=K[E, 7, t], 


where r=n/E. The surface #?—1—x=0, whose general point is 


(£, 7, £), is'à Cremona transform of the original cylinder; this trans- 
formation has the effect of separating the two branches of the cylin- 
der. In this separation, the point (0, 0, 1) is split into two points, 
(0, —1, 1) and (0, 1, 1); that 1s, the prime ideals in © lying over the 
prime ideal p=(é, 7, £—1) are the prime ideals 391 — (£, r+1, £—1) 
and P= (£, r— 1, ¢—1). Now the curve given by q transforms into a 
curve passing through the point. Bı (0, —1, 1) but not through the 
point P2 (0, 1, 1). In terms of ideals, one has the prime ideals q, p 
in R, with qCp, and the prime ideal P: in € which lies over p. But 
no prime ideal Q in © lying over q could be contained in $2. For sup- 
pose OCP. and ONMNR=q. We have fE+n=(t+r)EED. Now 
CHTED, together with { —1E T; and 7—1€C€ T», would imply 1 € Pz, 
which is impossible; £C $2 would imply 7€ Q and (?—1C€ $2, hence 
(—1C€ $3, whence ONR would contain p. Thus t -r& $0 and EEQ. 
This is a contradiction, and completes the proof that the “going- 
down” theorem fails for 9t and ©. Geometrically, then, the reason for 
the failure lies in the fact that a non-integrally closed ring À allows 
a variety on which two branches meet and on which consequently 
there may be subvarieties which lie locally on only one branch.5 

(B) Let R be the ring of integers and let 6=R[x]/(«?—x, 2x), 
where x is an indeterminate. Since no integer is in (x?—x, 2x), € may 


} 


be considered to contain 9t, and if æ is the residue of x, then € —9t[a], / 


o? —a. 750, 2a=0. If q— (0), p 2), B=(2, a—1), then P is maximal 


and lies over p. There is no © such that QOR =q, OCS. For if there \ 


were, we would have 22 — 0c Q, but 2EQ, hence «C Q C $$; this is 
impossible since a — 1 € $5. 

(C) Let Y= (x?, xy, xs, yz — y, 3?—2) be an ideal in the polynomial 
ring K[x, y, z]. Since ANK = (0), the ring € — K [x, y, z]/A contains 
a field isomorphic to K, which we identify with X, and if £, 7, ( are 
` the maps of x, y, zin € then € - EIS n, t]. Let &-K[£, nl; R is 
not an integral domain and © is integral over R. In © we have the 


5 This remark was made to us orally by Professor Zariski. The geometrical reason- 
ing permits us to construct a counterexample simpler than Krull's. 
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decomposition ©. (0) 2 BIC EH where © is the prime ideal (£, t — 1), 
and $^ is the primary ideal (o, ¢), of length 2, belonging to the prime 
ideal P= (£,9, 6). In t we have the decomposition R- (0) = p’\q, where 
q= Sa MR — (£), and Hz PNR = (7) is a primary ideal, of length 2, 
belonging to p=PNR=(E, 7). Since any prime ideal in © contains 
©-(0), it must contain one of the prime ideals P, Q; hence $ can 
contain no prime ideal properly. Since, however, BO\R=p_- q prop- 
erly, the “going-down” theorem fails. 

We now show that hypotheses (A) and (B) are satisfied. An ele- 
ment of © is a 0-divisor if and only if it is contained in at least one 
of the ideals P, Q. If this 0-divisor is in R, then it is in at least one of 
the ideals p, a; but then it is a 0-divisor of R. Thus (B) holds. 

It remains to prove that R is integrally closed in its total quotient 
ring. Since £?= £y —0, every element of R can be written in the form 
a+bE-+c(n)n, where a, bC K, c(n) CK [n]; moreover, a is unique. The 
element a+bË£+c(n)n is a 0-divisor if and only if a —0, since then and 
only then would it be in one of the ideals p, q. Thus the total quotient 
ring of R consists of the quotients whose denominators are of the 
form a+bé+c(7)n, a 740. If we multiply numerator and denominator 
by a —b£, we may suppose without loss of generality that b —0. Sup- 
pose now that a=[d(n)+eé]/f(n), where e€K, d(y), (y) CK [y], 
f(0) =a 0, is integral over R. Since e£/f(9) =e£/aER, we have that 
a—et/a=d(n)/f(n) is integral over 9t —K[£, al, hence also over 
K [n] since £22 0. Now K [5] is a simple transcendental extension of K, 

^j hence is integrally closed. Hence d(7)/f(n) CK [y] and «ER. This 
completes the proof. 

The geometry behind the above counterexample is as follows. The 

| ideal S-(0) corresponds to the reducible variety (in the xyz-space) 
consisting of the line x=z—1=0 and the point <=y=z=0; the ideal 
| R- (0) corresponds to the line x=0 in the xy-plane. Over the point 
(0, 0) lie the points (0, 0, 0) and (0, 0, 1). Since the point (0, 0, 0) 
is isolated for the variety corresponding to ©. (0), but the point (0, 0) 
is not isolated for the variety corresponding to R- (0), it is clear that 
the “going-down” theorem must fail for 9t and €. Now any polyno- 
mial f(£, n) for which f(0, 0) =0 is a 0-divisor in €, since the cylinder 
f(x, y) 20 contains part of the variety of G-(0). If f(£, 7) is to bea 
0-divisor also in R, then the projection of the variety of ©. (0) must 
not be, from an algebro-geometric point of view, simply the line x — 0, 
but should also have an imbedded point at (0, 0); that is, R- (0) 
should have the prime ideal corresponding to (0, 0) as an imbedded 
component. This is accomplished above by making the isolated com- 
ponent of ©-(0) corresponding to (0, 0, 0) a proper primary ideal. 


/ 


260 I. S. COHEN AND A. SEIDENBERG [April 


4. Some additional remarks. We saw above that if © is integral 
over À then the “lying-over” theorem holds for X and ©. An obvious 
necessary condition for the “lying-over” theorem to hold for a pair of 
rings R, € is that S- p/ Mt =p for every prime ideal p in X. This is 
known to be also a sufficient condition in the case that È and © are 
integral domains. We now show this to be true in general. 


THEOREM o Let R and © be two rings, with RCO, and let p be a 
prime ideal in R. A necessary and sufficient condition that there exist a 
prime ideal P in © lying over p is that S-p NR — p. 


Pnoor. Suppose €- p/Mt 2 p. Let P be a maximal element? in the 
set of ideals in € which contract to p. That $ is prime follows just 
as in Theorem 2. 


THEOREM 7. Let the ring R be contained in the field À, and let GER, 
60. If pis a prime ideal in R then in either 8t [0 ] or 01] there lies a 
prime ideal over pb 


Proor. Suppose that no prime ideal in 9t[0] lies over ». Then 
b-R[9]NRD p properly. Hence there exists an element DER, bp `, 
such that b=po+p10+ - - + -F «07, p; y. But then 07! satisfiesan 
equation with leading coefficient not in p. Hence R’ [9-1] is integral 
over R’, where R’ is the quotient ring of R with respect to p, and 
there exists a prime ideal P’ in 9t" [07* | which lies over the prime ideal 
9t. p. Then $5 9^9 [071] lies over p. 

The following theorem is the basis on which Krull proves the “ og 
ing-down” theorem in the case of integral domains. We give a il 
what more direct proof. 


THEOREM 8. Let R be integrally closed in its quotient field 8, and let | 
€ be the integral closure of R ina finite normal extension £ of À. Then 
any two prime ideals in © which lie over the same ideal in À are con- 
jugate. 


Proor. It is clear that € is invariant under every automorphism 
of $/ $; two ideals of © are said to be conjugate if one is carried into 
the other by such an automorphism. Let Pı be a prime ideal in © 


and let Bi, - - - , Pa be a complete set of distinct Gd d 
We show that if B is a prime ideal in © such that POS PE 


then $ is one of the ideals PB, >- +, Pm For suppose $ = %$:, 
4=1,---,m. Then by Theorem 4, PE Lm. - + « ,m. Hence there 
exists an clemens aC, acp, 1=1, - --, m. But then none of the 


6 This theorem was given by Professor Chevalley in a Princeton lecture. 
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conjugates of a is in $;,,2—1, - * +, m; hence neither is any power of 
their product. Some such power, however, is in R, hence in PARC Pı- 
This 1s a contradiction and completes the proof. 


HARVARD UNIVERSITY AND 
MASSACHUSETTS INSTITUTE OF TECHNOLOGY 


NOTE ON AN ASYMMETRIC DIOPHANTINE 
APPROXIMATION 


C. D. OLDS 


1. Introduction. In a recent paper B. Segre [1]! introduced a new 
type of Diophantine approximation which he called asymmetric, since 
the intervals of approximation are divided into two partial intervals 
which are in an arbitrarily given ratio. His main result is the follow- 

‚ ing theorem [1, p. 357]: 


THEOREM 1. Every irrational 0 has an infinity of rational approxima- 
tions x/y such that 


—1 
i c e m 
s0 D 3 gla 


where T is any given non-negative real number. 


(1) (y > 0), 


| } This theorem is classic for 7— 0, cf. [2, p. 139], and for r=1 it re- 
duces to the fundamental result due to Hurwitz [2, p. 163]. No other 
| particular cases of the theorem seem to be known. 

Segre's proof of (1) is geometrical. The purpose of this note is to 
show that when 721 it is possible to give a very simple arithmetical 
proof. The method is a generalization of that used by Khintchine [3] 
for the special case when r= 1. 


. 2. Proof of Theorem 1. We suppose that @ is irrational and that 
0«0«1. For an arbitrary positive integer n form the Farey series? 
of order #, that is, the ascending series of irreducible fractions be- 
tween 0 and 1 whose denominators do not exceed n. Let a/b and 
a’/b’ be the two successive terms of this series which satisfy the in- 
equalities a/b <0 «a'/b'. We distinguish two cases. 


Received by the editors October 4, 1945, 
! Numbers in brackets refer to the references. 
? See Hardy and Wright [2, p. 23]. 
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H 


Case 1. Suppose that 7>0, and that 6/b’>(&+1)/2r, or b/d’ 
« (£—1)/2r, where £= (1--47)!?. Then setting =b/b’ we see that 


1 I\ 1 + ¿+1 GER 
o Hedi ed 


consequently, since 2'b —ab'! — 1, 


(3) a, a zur u) BE. 
b’ b bw KW We a)? — ^E DE 














which implies that 


(4) a D 1 = a’ T 
b AE p Ai 








Hence 8 must be interior to one or the other of the intervals 


(8) G a + =) (= T 5) 
E x E Vo Aar A 


Then, according as 0 belongs to the first or to the second interval, we : 


have, respectively, the inequalities 
— LIRE a/b —8 «0, or 0 «al'/b' —0 < c/b^?E. 


Thus (1) is true, where for y we take either b or b’. The infinity of 
solutions is assured since, for irrational 0, b and b’ increase as n in- 
creases. 

If o —b/b' = (E+1)/27, then both 7 and £ must be rational. Then 
the inequality sign in (4) is replaced by an equality sign, and the right 
and left end points of the intervals in (5) coincide. But 6, being irra- 
tional, cannot be equal to this common end point. Hence 0 must be 
interior to one or the other of these intervals, and the proof proceeds 
as already explained. 

Case 2. We now suppose that (£—1)/27 « b/b' < (E+1)/2r. We con- 
sider in turn the two sub-intervals 


(- a) = 2) 

—ı ———} and (———» —]. 

b b-- SEA v 

For the first sub-interval, write w=b/(b-+5’). Then it is easy to see 
that e « (£—1)/2r, r>0, and that the inequality (2) is again true. 


Hence 
a + a’ a 1 1 T 


— ee ` CT ` we — 


b+b b Gin, WES GE) 


d 


be UL -sf 
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and, proceeding as in Case 1, we see that (1) is true where for y we 
take either b or 6+0’. 

The second sub-interval is handled in exactly the same way. We 
set w= (b4-5^)/b', then e» (E-F1)/27, provided rz 1. This is the first 
time we need this restriction on r. The inequality (1) is again true 
where y is either b’ or b-+b”. 


"REFERENCES 


1 B.Segre, Lattice points in infinite domains, and asymmetric Diophantine approxt- 
mations, Duke Math. J. vol. 12 (1945) pp. 337-365. 

2. G. H. Hardy and E. M. Wright, An introduction to the theory of numbers, Oxford, 
1938. 

3. A. Khintchine, Neuer Beweis und Verallgemeinerung eines Hurwitzschen Salzes, 
Math. Ann. vol. 111 (1935) pp. 631-637. 


SAN JOSE STATE COLLEGE 


A VARIANT OF A RECURSIVELY UNSOLVABLE PROBLEM 
EMIL L. POST 


By a string on a, 6 we mean a row of a’s and be such as baabbbab. 
It may involve only a, or b, or be null. If, for example, gı, go, gs repre- 
sent strings bad, aa, b respectively, string gegigrgsgs On gi, 22, Es Will 
represent, in obvious fashion, the string aababbabbaa on a, b. By the 
corresbondence decision problem we mean the problem of determining 
for an arbitrary finite set (gu gi), (ga, £2), + °°» (gu gu) of pairs of 
corresponding non-null strings on a, b whether there is a solution in 
n, in 42, °° * , În Of equation 


(1) Bunt Bin = Bibi" Big nzid4-1i12-:-,n 


That is, whether some non-null string on gi, go, * * * , Bn and corre- 
sponding string on g/, £2, * * * , gd , represent identical strings on a, b. 

.In special cases, of course, the question posed by (1) may be an- 
swerable. Thus, if, with u=3, (gu gi), (gs gi), (ga, gi) are (bb, b), 
(ab, ba), (b, bb) respectively, gigegegs =bbababb = gi gi gz gs , and (1) has 
a solution. Again, if each g; is of greater length chan the correspond- 
ing ei, or if each g; starts with a different letter than the corre- 
sponding g/, (1) has no solution. We proceed to prove, on the other 
hand, that in its full generality the correspondence decision problem ts 
recursively unsolvable, and hence, no doubt, unsolvable in the intui- 
tive sense. 

We start with the known recursive unsolvability of the decision 
problem for the class of normal systems on a, b.? A normal system Son 





Received by the editors October 20, 1945. 

1 It suffices here to consider “recursively unsolvable” to mean unsolvable in the 
sense of Church [1]. Of course the general problem remains recursively unsolvable if 
we allow null gie and g^'s. Numbers in brackets refer to the references cited at the end 
of the paper. 

2 See [4, $2] for an informal proof. As far as the printed Hterature is concerned, we 
must refer to [2] for a formal proof, though there then remains the actual verification, 
via Gédel representations, that the reduction effected is indeed recursive. This verifi- 
cation, at least for the reduction of S’ to S" [2, p. 51], is immediate if we use the 
following simpler method of reducing S’ to a system S’’ in canonical form than that 
there given by Church. The primitive symbols of our SIT are those of 5" and one addi- 
tional primitive symbol o. The basis of S’’ in part consists of the two primitive asser- 

tions al, aJ, and the operatian «P, aQ produce «(PQ). It will follow that aP is asserted 
in S" when and only when P is a combination without free variables; The remainder 
of the basis of S” consists of the primitive assertion of S’ as primitive assertion, and 
the thirty-eight operations of S’ each modified as follows. For each operational varia- 
ble P occurring in the operation, «P is introduced as additional premise. 
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a, 6 is given by a basis consisting of an initial non-null string A on 
a, b, and a finite set of operations a;P produces Pa! ,4—1,2, - - *, v, 
where the a’s and «”s are given strings on a, b, while the operational 
variable P represents an arbitrary string on a, b, possibly null. The 
assertions of AN consist of A and all non-null strings obtainable from 
A by repeated use of the v operations. The known recursively unsolv- 
able problem is then the problem of determining for arbitrary S, as 
given by a basis therefore, and arbitrary non-null string B on a, 5, 
whether B is an assertion of S. This unsolvability is undisturbed if the 
os and os are all non-null? a condition which automatically ex- 
cludes the possibility of null assertions, and will henceforth be as- 
sumed. 

Referring to operation a;P produces Pa, by the subscript à, string 
D on a, b will be an assertion of S when and only when some finite 
sequence of operations D, ta * - * , Ze leads from A to B. Now opera- 
tion e;P produces Pa! can be applied to string C to yield string D 
when and only when for some string P, possibly null, C=a;,P, 
Pa =D. Hence B is an assertion of S when and only when the follow- 
ing set of equations has a solution in z, 41, ia, * © * , în and the Die 


(2) A = a; Pi, Piai, =a;Poa++:, Py 30s =a; P, Pat. — B. 


Here n may be 0, (2) then becoming A =B. We proceed to show that 
(2) is equivalent to a single equation somewhat like (1) subject, how- 
ever, to certain length conditions. 

Given (2), we can eliminate the Die by forming Aaa; - + - oj, and 
successively substituting for the left members of (2) the right to ob- 
tain 


(3) Aa as, e. o, = Ai Qi o D. 
Likewise, starting with Ay, - - - o5, we obtain 
/ (4) Aa, e. a, = Qi, °°" Os Pm, 
j whence, 
(5) length (Aai, - am-ı) 2 length (u, ol, messi, le, D 


the length of a string being the total number of occurrences of letters 
therein, here a’s and b’s. Conversely, let (3) be given, with (5) 
satisfied. With the length of oi; - - - &;, less than or equal to that of 
Ac, ** Qima (3) shows that the former must be identical with an 


5 It suffices to modify the production starting on page 214 of [3] in accordance 
with footnote 3 thereof to insure that the final normal system has no g or g' null. 
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“initial segment" of the latter. Hence, P, can be determined so that 
(4) is satisfied, and for m=1, 2, - - « , n. For m=1, (4) yields the first 
equation of (2). By substituting the right side of (4), with m =j, for 
the left, (4) for m = j 4-1 becomes ar, * + a, P ou 0 * * soos af it 
whence P,04,=0i;4,Pj41 j—1,2, +++ 5 —1. Likewise, the last equa- 
tion of (2) is obtained from (3) via (4) for m=n. Hence, (2) has a 
solution when and only when (3) has a solution subject to (5). That 
is, B is in normal system S when and only when (3) has a solution 
in z, 11, 42, °° * , d, subject to (5). Comparing (3) with (1), we see 
that to reduce the decision problem for the class of normal systems 
on a, b to the correspondence decision problem, and thus have the 
unsolvability of the former lead to the unsolvability of the latter, we 
must on the one hand eliminate the length condition (5), on the other, 
the A and B of (3). 

We achieve the first aim by reducing normal system S in three 
stages to a normal system in which (3) implies (5). If C=xixe * : + Xn, 
the ze a’s or b's, let C=x, - + - xxxi. For a letter with subscript, 
superscript, we shall only bar the letter. Now for the normal system 
S on a, b with initial string A and operations &,P produces Pa}, 
i—1,2,-- - , », form the system ST, not normal, with initial string A, 
and operations Pa, produces à! P. Clearly, string B on a, b will be an 
assertion of S when and only when B is an assertion of S’. Next form 
S” with initial string Åh, and operations P&;h produces ai Ph. String 
B is then in S’ when and only when Bh is in S”. We finally form a 
normal system S’’’, though on the three letters a, b, k, whose asser- 
tions are the assertions of S’’ and all cyclic permutations thereof, a 
cyclic permutation of string zi + + : x,%,41 © * ^ x, here meaning any 
string %j41 + + © Xn%ı © < + x; The initial string of S’”’ is again Ah. For 
its first » operations we take ahP produces Pha, , premise and con- 
clusion being a cyclic permutation of the premise and conclusion of 
the corresponding operation of S". We finally add the operations aP 
produces Pa, bP produces Pb, hP produces Ph which serve to transform 
a string on a, b, k into any of its cyclic permutations. System S’”’ is 
therefore normal, and, by induction, is easily seen to have the stated 
property.* It follows that B is an assertion of normal system A when 
and only when Bh is an assertion of normal system S’’’. 

Let the operations of S’’’ be resymbolized B;P produces PB}, 
4—1,2,-*-:,»4-3. Though ‚S’’’ is a normal system on three letters, 
the discussion of equations (2)-(5) is equally applicable to it. Hence B 
is an assertion of S when and only when the following equation (6) 
has a solution subject to (7). 


* Cf. [3], final reduction. 
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(6) AhBiB., Bi, = Babia - - Bs, Bh. 
(7) length (Ahß;, ... Bi...) = length (Bi - Bon) m= 1,2,-°+,%. 


Suppose (6) had a solution with (7) not satisfied for a certain m. For 
that m, the length of 8;4---8;, would exceed the length of 
Ah - - - Bia and hence, in virtue of (6), we would have 


(8) Ba: Bs, = AAR, Be, O 


with non-null Q. Recall that (8; 87) is (aih, ha!) for v, (a, a), 
(b, b), (h, h) for the three remaining de, With o's and o"s on a, b only, 
8; and B/ are then either both free from k, or have exactly one A 
apiece. Were the B;,, of (8) a or b, the right side of (8) would have at 
least one more occurrence of k than the left, which is impossible. In 
any other case, B;, ends with A. Non-null Q therefore ends with A, 
and again the right side of (8) would have at least one more A than 
the left. Hence, every solution of (6) must satisfy (7). That is, B is 
an assertion of S when and only when (6) has a solution. 

The elimination of Ah and Bh from (6) is more easily effected. 
Corresponding to the » 4-3 couples (B;, 8/), 2—1,2, -- - , v -3, and 
Ah, Bh, we introduce »+5 couples (y:, y!) as follows. With x's and 
y's representing letters, in this case a, b, or k, if f; and f are 


XiX © © - X, and me: e: y, respectively, y; and y/ are to be 
xıkzak ++? xk and kyky: - + + ky, respectively. If Ak and Bh are 
mus: + Ya and xixo +++ x, respectively, y,4,4 and y/,4 are to be kk 


and kkyikyz + + + Ba, Vis and Tip xikxsk + - - x,kk and kk, respec- 
tively. It then follows that (6) has a solution in n, in, s, - * * , in 


722:0, 451,2, - - * »+3, when and only when the equation 

(9) Vin’ °° Vin = Vian Vin 

has a solution in m, ji, fe, * * Zen m21, jg=1,2,-+-, » 4-5. In 

fact, if à, %, - - * , 4, makes both sides of (6) equal to 21% : + - zi, 
j Gu Jo cora jm) m (F4, s do, + + Zu v4-5) makes both sides of (9) 


equal to bkzikzs - + - kzıkk. On the other hand, suppose (9) has a solu- 
tion. Then since y; and y; must start with the same letter, jı=v+4. 
For in every other case y; starts with k, y, with a, b, or k. Similarly, 
Ze 7 V 4-5, (9) forcing y}, and az, to end with the same letter. If, now, 
the intermediate j’s are all different from v-H4 and »+5, they directly 
give a sequence of i's satisfying (6). Otherwise, let j, be the first 7 
beyond ji; that is v 4-4 or »4-5. Were j,=v+4, gief: * - Yj, and 
T1Ynccc'Yy; would take the forms kkxıkxa - + + kx,kkxo uk + + + xa 
and kkyıkyık - - - y,kkk respectively, with ze and y's a, b, or k. But 
then the second occurrence of kk in the left side of (9) would be im- 
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mediately followed by a, b, or k, in the right side, by k, contradicting 
(9). Hence j„=v+5, and vy4Y:-:-: yj and vsYi- * Yia conse- 
quently take the form kkx1kxe + + - kx,kk and kkyıkya + + + ky,kk. But 
the left side of (9) through the second occurrence of kk must equal 
the right side of (9) through its second occurrence of kk. Hence 
YY "ie STAA `: Yim and we have a solution of (9) of the 
type previously seen to lead to a solution of (6). It follows that B is 
an assertion of .S when and only when (9) has a solution. 

In the reduction thus effected we have introduced the new letters 
h and k. But now in (Y; y?) replace the letters a, b, b, k by bab, baad, 
baaab, baaaab respectively,5 and call the resulting pair of strings on 
a, b, (6;, 01). Then (9) is seen to be equivalent to 


(10) 5505, 705, = 040 °° + Bigs 


immediately so in passing from (9) to (10), and conversely. For if, 
for example, 6), starts with baab, à; must also start with baab, and 
likewise for the next group of letters, and so on till (10) is seen to be 
a translation of (9). 

Given normal system S on a, b with basis A, o;P producesPaj , 
4=1, 2,---, v, and string B on a, b, the above gives an effective 
method for forming the pairs of strings on a, b, (ô; 02), 2—1,2, * * * , 
v ]-5, such that B is an assertion of S when and only when (10) has 
a solution. But (10), with left and right hand members interchanged, 
is a case of (1). We have therefore effec-ively reduced the decision 
problem for the class of normal systems on a, b to our correspondence 
decision problem. If, then, the former is unsolvable in the intuitive 
sense, so must be the latter. Actually, by :ntroducing Gódel represen- 
tations, we readily verify that the above effective reduction is indeed 
recursive, the recursive unsolvability of the former problem then lead- 
ing to the recursive unsolvability of the correspondence decision prob- 
lem. 
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TWO BRIEF FORMULATIONS OF BOOLEAN ALGEBRA 


LEE BYRNE 


This paper presents two new formulations of Boolean algebra which 
appear to have some direct interest on their own account, and 
which further take a place among the most economical versions, 
while also exhibiting more intuitive clarity than other versions of a 
similar degree of economy.! As is to some extent customary in short 
expositions of this kind, I am taking for granted without formal 
presentation: (1) that the system contains more than one element; 
(2) that it is closed with respect to such operations as appear ex- 
plicitly in the axioms; (3) that I may employ an identity (or equality) 
relation without formal statement of its properties; (4) that in addi- 
tion I may utilize recognized principles of logic (in fact only an ordi- 
nary or elementary logic). With a view to comparisons I shall say 
that what I am presenting are the “transformation axioms.” The vari- 
ables x, y, 3, - - - will represent elements. No other symbolism is re- 
quired for features of the system except an accent ' and juxtaposition 
for an undefined singulary and binary operation respectively. A sym- 
bol for the class of elements is not introduced, because “formation” 
rules (for example, closure) are left informal. But certain further 
symbols are used in the formalism (and regarded as taken over from 
ordinary logic) to enable us to make our statements about the ele- 
ments and operations (functions) of the system, either as axioms, 
theorems, or steps in proofs; these further symbols are an identity or 
equality sign — (the only relation sign employed), and signs serving 
as connectives between our statements, namely & “and, ”-> “only if” 
or “if... then... P and €x “if and only if.”? The last-named and 
the equality sign are the only ones appearing in axioms. Parentheses 
are used in customary ways. In the derivation of theorems indication 


is made of axioms and theorems used, except that Axioms II and III 


(associativity and commutativity) may sometimes be brought into 


play without explicit mention, and likewise certain frequently em- 


Received by the editors October 21, 1945. 

1 Comparisons as to economy are intended to be limited to axiomatizations in 
mathematical (not metamathematical) language. The vague expression “intuitive 
clarity” here means that, in some familiar interpretation, the postulates adopted seem 
readily intelligible and plausible for a mind of limited mathematical experience. 

2 The “&” between statements is, of course, not to be confused with the “and” 
between elements, expressed by mere juxtaposition when we choose to interpret juxta- 
position in the “and” rather than in the “or” manner (two ways in which it is feasible 
to interpret juxtaposition). 


269 


270 LEE BYRNE [April 


ployed theorems (for example, 1, 2, 4, 5) after they have been proved. 
For simplicity of argument, no definitions are int-oduced. 


FORMULATION A 


Axioms 
I. xy’ —zz'&xy =x. 
II. (xy)zx(yz). 
III. xy —yx. 
Theorems 


1. xx =x. From I (since xx' =x’). 
2. xx’=yy’. From 1 by I. 
3. xy—x&ys-—yj29-x3-—x. 


PROOF. a. zy=x>-(xy)3=x2. 
b. yz y2-(xy)2 —xy by II. 
C. xy=x & y=y>x2=xy=x. From a, b. 


4. x! zx. : i 


Proor. a. x''x' —zz'. From 2 by III. 


b. x''x =x". From a by I. 
FI, 


c. xx’ =x". From b. 

d. x’’"x''=x''''. From b. 

e. x''"x-—x'''. From d, b by 3. 
f. x'""'x' —zs'. From e by I. 

g. x'x'" —x'. From f by III, I. 
h. x” =x". From c, g by III. 

ji. xx''' —s22'. From 2 by h. 

j. xx” =x. From i by I. 

k. x” =z. From b, j by III. 





5. x(yy!) =yy". 


PROOF. a. x(yy^) =x(xx’). From 2. 
b. x(yy^) =xx’. From a by II, 1. 
c. x(yy) 2 yy'. From b by 2. 


isa gue 


6. x(x'y)' zx. 


PROOF. a. x(x'y) =32’. From 5 by II, III, 2. 
b. x(x'y)' =x. Fom a by 4, I. 


7. x(xy)' =xy". 


PROOF. a. xy” (xy) 2zz'. From 2 by 4. 
b. xy'(xy)' 2x(xy)'. From a by I (and IL II). 
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c. xy’ (xy) =xy’. From 6 by 4 (and III). 

d. x(xy)' =xy’. From b, c. 

8. (x'y^)'(x'y)' =x. | | 
PROOF. a. x(x^y")' (x'y)' =x. From 6. 

b. x'(x'9')' (x'y)' 2x'y(x'y)' =22’. From 7, 4, and 2. 

c. x(x'y)'(x'y)' = (x'y'Y (x'y)'. From b by I (and IIT, II). 
d. (x’y’)’(x’y)’ =x. From c, a. 


As itis well known that the axioms above have true interpretations 
in Boolean algebra, proof that they are necessary will be omitted. 
To show that they suffice for Boolean algebra, I have now derived 
from them a well attested set of transformation axioms for this alge- 
bra, known as Huntington's Fourth Set [4 |.5 The latter is worked out 
in terms of “not” and “or” operations. As I have left the present oper- 
ations uninterpreted, I can at this point assign them the "not" and 
“or” characters to match Huntington’s. Then his three transforma- 
tion postulates appear here as Axioms II, III, and Theorem 8. 

Incidentally, it would not be hard to show that each of Axioms I, ' 
II, III is independent of the two others. 

FORMULATION B 
Axioms 

I. xy'—zz/'eyxy-x. 7 
II B. (xy)z 2 (yz)x. 

Theorems 


1. xx —x. From I (as before). 
2'. xy zs yx. 


PROOF. xy = (xy)(xy) = (y(xy))x = ((xy)x)y = (Qx)x)y = (xx)y)y 
= (yy)(xx) =yx. The first and last steps are from 1, the others 


| from II B. 


/ 3'. (xy)z—9 x(yz). 


( 


PRooz. (xy)z = (yz)x =x(yz). The first step from II B and the second 
from 2’. 

Theorem 2’ is the previous Axiom III and Theorem 3’ the previous 
Axiom II. Thus in the presence of Axiom I the previous II and III 
could be replaced by Axiom II B. This is the only version known to 
the writer limited to two transformation axioms and employing the 


“not” and “and” or the “not” and “or” operations. No other choice of 


3 Numbers in brackets refer to the references cited at the end of the paper. 
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operations seems to reach the level of intuitive clarity envisaged in 
this paper. 
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PROJECTIVITIES WITH FIXED POINTS ON EVERY 
LINE OF THE PLANE 


REINHOLD BAER 


The system of fixed elements of a projectivity contains with any 
two points the line connecting them and with any two lines their in- 
tersection. It is, therefore, in its structure very much like a subplane 
of the plane under consideration; and thus one may expect the struc- 
ture of the projectivity to be dominated by the structure of the 
system of its fixed elements, provided this system is not “too small.” 
To substantiate this we propose to investigate in this note a class of 
projectivities which we term quasi-perspectivities. They are charac- 
terized by the property that every line carries a fixed point or, equiva- 
lently, that every point is on some fixed line. 

Every perspectivity is a quasi-perspectivity, and a quasi-perspec- 
tivity is not a perspectivity if, and only if, the system of its fixed 
elements is a projective subplane. Involutions are quasi-perspectivi- 
ties too, and if the Theorem of Pappus is valid in the plane under 
consideration, then every quasi-perspectivity 1s a perspectivity or an 
involution. But already in the projective plane over the field of real 
quaternions there exist quasi-perspectivities which are neither per- 
spectivities nor involutions, and we give a complete survey of the 
quasi-perspectivities in Desarguesian projective planes. 

Our results become particularly striking in the case of finite pro- 
jective planes. If every line in such a plane carries n +1 points, then 
we may show that there do not exist projectivities possessing exactly 
n fixed points, that a projectivity 1s a quasi-perspectivity if, and only 
if, the number of its fixed points is at least n+1, and that it is a 
perspectivity if, and only if, the number of its fixed points is n+1 or 
n+2. If a quasi-perspectivity is not a perspectivity, then n —:? where 
4+1 is the number of fixed points oma fixed line. 

The following notations will be used throughout. 

We consider a projective plane H in which the Theorem of Desar- 
gues may or may not hold.! If P and Q are two different points in II, 
then P+0 is the uniquely determined line passing through P and Q; 
if k and k are two different lines, then Ak is the uniquely determined 
point in which they meet. 

A projectivity $ isa 1:1 and exhaustive correspondence between the 


Presented to the Society, April 27, 1946; received by the editors October 18, 1945, 
1 For a definition of “projective plane” see, for example, Baer [1, p. 138]. Numbers 
in brackets refer to the Bibliography at the end of the paper. 


213 


274 REINHOLD BAER [April 


points of II and between the lines of II such that the point P is on the 
line 7 if, and only if, the image point Pẹ is on the image line ba, 

The point P is a fixed point of the projectivity ¢ if P — P, and 
fixed lines are defined likewise. The system of all the fixed elements of 
& (fixed points as well as fixed lines) shali be denoted by ®($). 


THEOREM 1. The following properties of a projectivity à imply each 
other. 

(i) P, P$ and P$? are collinear for every 5oint P. 

(ii) Every point lies on a fixed line. 

(iii) Every line carries a fixed point. 

(iv) h, hb and hq? are copunctual for every line h. 


Proor. If (i) is true and P a point, then we distinguish two cases. 

Case 1. P is not a fixed point. Then P+ Pó and h=P+P¢ is a well 
determined line containing Pó?. But kg = P$ J4- P$? — h shows that the 
fixed line k passes through the point P. 

Case 2. P is a fixed point. There exists a point QP. If Q is a fixed 
point, then P+( is the desired fixed line passing through P. Thus we 
assume that Q is not a fixed point. Then it follows as under Case 1 
that the line q — Q--Qó is a fixed line. If P is on q, then g is the desired 
fixed line through P. Hence we assume that P is not on q. There 
exists a point RP which is not ong, If Risa fixed point, then P+R 
is a fixed line through P. Thus we assume that R is not a fixed point. 
Then we show as before that R--R$ —r is a fixed line. But rq, 
since R is not on q. Thus r and q meet in a fixed point S. This fixed 
point S is different from P, since P is not on q, but S is on g. Then 
P+S is a fixed line through P. Hence we have shown in every case 
that (1) implies (ii). 

Assume now the validity of (ii). If P is some point, then there exists 
a fixed line 5, passing through P. Since P is on p, Po‘ is on pp*=p 
so that P, Ph and P$? are collinear as points on the same line 2. 
Thus (i) is a consequence of (ii); and we Lave shown the equivalence 
of (i) and (ii). 

By duality we have the equivalence of “iv) and (iii). 

Assume now the validity of (ii) and consider a line h. If k is a fixed 
line, then consider a point P not on A. This point P lies by (ii) on a 
fixed line p which is different from h. Hence p and h are two different 
fixed lines meeting in a fixed point on #. Assume next that A is not 
a fixed line. Then k and kg meet in a po:nt K and this point K lies 
by (ii) on a fixed line k. Clearly K=hk, sirce k and k are different, the 
second line being fixed and the first one not. Hence Ko = (io) (kb) 
= (hó)k = K, showing that k carries the fixec point K. Thus we proved 
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that (iii) is a consequence of (ii); and it follows by duality that (ii) 
is a consequence of (iii), completing the proof. 

Every projectivity #1 meeting the requirements (i) to (iv) of. 
Theorem 1 shall be termed a quasi-perspectivity. It is clear that every 
perspectivity meets requirement (ii), since a perspectivity possesses 
a line all of whose points are fixed points,? and since every line meets 
this line in a fixed point. But every involution meets requirement (i) 
because of P =P’, showing that perspectivities as well as involutions 
are quasi-perspectivities. 


COROLLARY 1. If $ is a quasi-perspectivity, and if the line h is not a 
fixed line, then h carries one and only one fixed point. 


We infer from Theorem 1, (iii), that A carries fixed points. But A 
would be a fixed line, if k carried two fixed points. 


COROLLARY 2. (a) The quasi-perspectivity D possesses fixed lines 
carrying but one fixed point if, and only if, $ is an elation.? 

(b) If the quasi-perspectivity is not an elation, then a necessary and 
sufficient condition for the line h to be a fixed line is the existence of at. 
least two different fixed points on h. 


Proor. If & is an elation, the line k its axis and the point H on A 
its center, then a point is a fixed point if, and only if, it is on k, and 
a line is a fixed line if, and only if, it passes through H. Clearly the 
lines through H which are different from h are fixed lines carrying one 
and only one fixed point, namely H. 

Suppose conversely that ¢ is a quasi-perspectivity and that the 
fixed line k of $ carries one and only one fixed point H. If k is a fixed 
line different from A, then k and k meet in a fixed point on k so that k 
passes through H as the only fixed point on A. If P is a point not on A, 
then either P isa fixed point and P+H is a fixed line; or else P is nota 
‘fixed point and P+ P$ is by Theorem 1, (i), a fixed line which neces- 

ily passes through H. Thus P4H is always a fixed line. Hence 
every line through H is a fixed line so that H is a center of $. But 
‘ projectivities possess an axis whenever they possess a center,! and 
the axis is a fixed line so that it must pass through the center H. Con- 
sequently & is an elation, completing the proof of (a). (b) is an im- 
mediate consequence of (a) and Corollary 1. 


? Namely the axis of the perspectivity; see Veblen-Young [1, p. 72]. 
3 An elation is a perspectivity whose center is on its axis; see Veblen-Young [1, 


p. 72]. 
* See, for example, Baer [1, Corollary 2.3, p. 140]. 


276 REINHOLD BAER [April 


Preparatory to characterizing the perspectivities among the quasi- 
perspectivities we introduce the following concept. The set T of 
points and lines is a closed configuration’ if it meets the following re-. 
quirements: 

If PO are points in D then P+Q is in T. If kk are lines in T, 
then kk isin I. 

We note that the set of fixed elements of a projectivity is always a 
closed configuration. Another example are the projective subplanes? 
of II. 


LEMMA 1.7 The closed configuration Y which contains both points and 
lines is not a projective subplane if, and only if, there exist a point H 
and a line h with the following properties: every point in D with the pos- 
sible exception of H is on h; and every line in I with the possible excep- 
tion of h passes through H. 


Proor. The sufficiency of this condition is obvious. Assume con- , 
versely that T is not a projective subplane. Then there exists a line w 
in T carrying at most two points in I’. 

Case 1. No point in T is on w. Then w is the only line in I’, since 
the existence of a line vw in I would imply that the intersection 
of v and w would be on w and in T. There exists at least one point W 
in I’. If there would exist a point V¥W in T, then V+W zw, since 
neither V nor Wis on w; but the line V+ W would be in T which has 
been shown to be impossible. Thus T consists of the line w and the 
point W not on w. 

Case 2. There is one and only one point Win T' and on v. If x isa 
line in T, x zw, then x and w meet in a point which is both in T and ` 
on w. Hence x passes through W, showing that every line in T passes 
through W. 

If PQ are points in I, then P--Q is a line in F so that P+O 
passes through W. This implies the collinearity of all the points in T 
proving again the validity of our condition. 

Case 3. There exist exactly two points in I which are on vw. Sup- 
pose W’ and W” are the two different points in T which are on w. 
If x is any line in T, x ss, then x and w meet in a point in T and on w. 
Hence x passes through one and only one of the two points W’ 
and W”. 





5 The term “configuration” refers usually only to finite systems, a restriction that 
we do not impose on this concept. M. Hall [1] terms “degenerate projective plane” 
what we would call a closed configuration which is not a subplane. 

¢ These are sometimes referred to as “nets.” 

_ 7 This lemma has been stated without proof by M. Hall [1, p. 232]. 
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Our condition is certainly satisfied by T' if there exists at most one 
point in T' which is not on w. Thus let us assume the existence of two 
different points Q’, Q"' in T which are not on w. Then Q'--Q" be- 
longs to T, is not w, and passes therefore through one and only one 
of the points W’ and W’’. We assume without loss in generality that 
W', Q' and Q"' are collinear. 

Suppose now that the point U in T is neither on w nor on Q'4-Q". 
Then Q’+ U isa line in D which cannot pass through W”, since other- 
wise U would be on Q'4- W' = W' 4- W"'. Thus Q'-- U passes through ` 
W''; likewise we see that Q'4-U passes through W’’. If the lines 
Q'+U and Q"' +U were different, then they would meet in U = wW” 
which is impossible, and if the lines Q’+U and Q’’+ were equal, 
then U would be on OT LO! which we excluded too. It follows that 
the only point not on Q’+Q”, but in P, is W”, and w is readily seen 
to be the only line in D which does not pass through W"'. Thus our 
condition is satisfied, completing the proof of Lemma 1. 


THEOREM 2. The quasi-perspectivity is a perspectivity if, and only 
if, the system ® of fixed elements of à is not a projective subplane. 


Proor. If & is a perspectivity, then there exists a point H and a 
line % such that the set of fixed points, with the possible exception 
of H, is just the set of points on k, and such that the set of fixed lines, 
with the possible exception of A, is just the pencil of lines through H. 
It is clear that ® is not a projective subplane. 

Assume conversely that is not a projective subplane. There exist 
fixed points and fixed lines, since by Theorem 1 every point is on a 
fixed line and every line passes through a fixed point. We note further- 
more that ® is a closed configuration. Hence we may infer from 
Lemma 1 the existence of a fixed point H and of a fixed line 5 with 
the following properties: 

If P is a fixed point, PH, then P is on k; and if k is a fixed line, 
kh, then k passes through F. 

Suppose that Q is a point on h. There exists a line qk through Q 
which does not pass H. This line q carries a fixed point which is differ- 
ent from H and which therefore is on h. But q and k meet in Q, prov- 
ing that Q is a fixed point. Thus every point on k is a fixed point; 
that every line through H is a fixed line is shown likewise. The point 
H is the center and the line A is the axis of $, proving that $ is a per- 
spectivity. 

A closed configuration T in the projective plane II is termed maxi- 
mal if it is different from II, and if II is the only closed configuration 
which contains I' as a proper subset. One deduces without difficulty 
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from Lemma 1 that the maximal closed configurations which are not 

projective subplanes consist of a line A, a point H, the points on k and 

the lines through H. 


THEOREM 3. The systems of fixed elements of quasi-perspectivities are 
maximal closed configurations. 


PROOF. Suppose that 9 is the system of fixed elements of the quasi- 
perspectivity ġ. Then ® is a closed configuration. If © is a proper sub- 
set of the closed configuration I, then we may assume without loss 
in generality that T contains a point P which is not in ®, Every line 
through P carries a fixed point of @ which is necessarily different from 
P. Hence every line through P is in I’. If 7 is a fixed line not passing 
through P, then every point on £ is the intersection of k and of a line 
through P which both belong to T. Hence every point on k is in F. 
Every point is on a fixed line (Theorem 1), and thus every point is 
in T with the possible exception of the points on the uniquely deter- 
mined fixed line through P (Corollary 1). Now it is easily seen that 
every line and, therefore, every point is in T, completin» the proof. 

It is very easy to construct examples of maximal closed configura- 
tions which are not the systems of fixed elements of a suitable pro- 
jectivity and examples of maximal closed configurations which are the 
systems of fixed elements of a suitable projectivity, but not of a quasi- 
perspectivity. 

If T is a maximal closed configuration, then we may form the group 
A=A(T) of all the projectivities which leave invariant every element 
in T. It is possible that A —1. The following facts are immediate con- 
sequences of Theorem 1 and the fact that the systems of fixed ele- 
ments are closed configurations. 


COROLLARY 3. Suppose that T is a maximcl closed configuration in 
the projective plane II, that every point in His on a line in T, and that 
every line in II passes through a point in Y. 

(a) If $751 is-in A(T), then ¢ is a quast-perspectivity whose system 
of fixed elements is T. 

(b) If$ and y are in A(T), and if there exists an element not in D on 
which & and y have the same effect, then D =". 


If the point P is not a point on T, and: if P* is the set of all the 
images of P under projectivities in A(T), then it follows from the 
preceding Corollary 3 that the points in P* are collinear and that 
A(T) induces a regular group of permutatiors in P*. If in particular 
A(T) isa finite group, then all systems P*, for P not in T, contain the 
same number of elements, this number being the order of the group 
A(T). 
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The following lemma will be convenient for the construction of pro- 
jectivities whose system of fixed elements is a subplane. 


LEMMA 2. The system d of fixed elements of ihe projectinity d isa 
projective subplane of the projective plane Il if, and only if, there exist 
four fixed points of à no three of which are collinear.® 


Proor. The necessity of the condition being obvious, let us assume 
the existence of four fixed points U, V, W and Z of $ such that no 
three of these four points are collinear. If P is any fixed point of d, 
then we have to show that three different fixed lines pass through P. 
If P happens to be one of the four basic points, say P=U, then 
U+V, U+W and U+Z are three different fixed lines passing through 
P. If P is different from the four basic points, then the lines P+ U, 
P+V, P+W and P+Z are fixed lines passing through P. Thus we 
have proved our contention, provided three of these lines are differ- 
ent. Assume therefore that only two of these lines are different. Not- 
ing the impossibility that three of these lines are equal, we may as- 
sume without loss in generality that P+ U=P+ Vand P+ W=P+Z 
so that P is the intersection of the fixed lines U+- V and W+Z. But 
the lines W+ U and V+Z meet in a fixed point M and the line M LP 
is the desired third fixed line through P. 

Of the four fixed lines U-- V, V+W, W+Z and Z+ U no three are 
copunctual. Hence we infer by duality from the result of the first 
paragraph that there are on every fixed line of $ at least three fixed 
points; and this completes the proof of the lemma, since fixed lines 
meet in fixed points and since the lines through fixed points are fixed 
lines. 


LEMMA 3. If I is the projective plane over the (not necessarily com- 
mutative) field? G, and if 6 z£1 isa projectivity of IL, then the following 


i condition is necessary and sufficient for the system ® of fixed elements of à 


to be a projective subplane of I: 

(*) There exists an automorphism a1 of the field G and a system 
of homogeneous coordinates of ll such that the point with coordinates 
(xo, X1, x2) is mapped by à upon the point with coordinates (xo%, x1*, 2%). 


This may be deduced by the customary arguments! from Lemma 2. 





* M. Hall [1, p. 231] uses this property as a postulate instead of the equivalent 
requirements that every line carries at least three points and every point is on at 
least three lines on which requirement our discussion is based; see Baer [1, p. 138]. 

° The word “field” shall always be used in this general sense. 

1? See, for example, Baer [2] or Brauer [1]. 
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LEMMA 4. The projectivity & of the projective plane II over the field G 
which 4s determined by the automorphism a of G according to Lemma 3, 
(*), is a quasi-perspectivity if, and only if, there exists a number c0 
an G such that c* =c and!! (4*—x)*=c(x*—x) for every x in G. 


ProoF. If the condition is satisfied, then 
a? ei ei ac a a 
(Xo, X1, 32) = (1 + dän X1, £2) — c(xo, Xi, Xa); 


and we infer from Theorem 1, (i), that à is a quasi-perspectivity. 

Assume conversely that & is a quasi-perspectivity. Consider the 
point with coordinates (1, x, y) for x and y in G. Then we infer from 
Theorem 1, (i), the existence of numbers r, s in G such that 
(1, ze, y@)=r(1, zm, y*)+s(1, x, y) or L=rts, xe —rx*-Lsx, 
y* =ryt-+-sy: this is equivalent to the following statement: 

If x and y are numbers in C, then there exists a number s in G such 
that za —x«-I-s(x —x*) and yc = yt s(y—ye), 

From a1 we infer the existence of an element z in G such that 

2* 72. Then there exists one and only one number c0 in G such that 


Lon — z)* = c(z* — z). 


If £is any number in G, then it follows from the result, obtained in the 
preceding paragraph of this proof, that 


(ie — De = cie — 1) 
is valid too. Apply this in particular on £—2° and obtain 
e(z% — za) = (20° — gaja = ((za — gll = (c(z* — 2))* = c«(z** — za) 


proving c —c*, since zg% implies zs zi, and this completes the proof 
of Lemma 4. 


THEOREM 4. Suppose that II is the projective plane over the field G, i 
and that the projectivity D of IL is determined by the automorphism o | 
of G according to Lemma 3, (*). Then ¢ is a quasi-perspectivity, but not 
an involution if, and only if, there exisis a number c in G which does ` 
not belong to the center of G such that c-1+-c is in the center of G and such | 


that 
== (1 + c)x(1 + A) for every x in G. 


Proor. Assume firstly the existence of a number c in C, not in the 
center of G, such that c^!-4-c is in the center of G and such that 


11 Note that «œ and ¢ are involutions if, and only if, c= —1. 
12 It is a consequence of Theorem 2 and Lemma 3 that ¢ cannot be a perspectivity 
either. 


ree SE “se = 
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x2 — (1--c)x(1-4-c)-1. Then c=c and 


j 


ee — exc = (1 + ch?x(1 ta? — cx 
= [1 + 9x — esch kal + 

[x + cx — cx(e! + e) (1 +o)? 

= |x + ex — (e+ cx| + 6)? = 0 


so that ze —cxc-!, But c is not in the center of G. Hence a? 1, prov- 
ing that $ is not an involution. Furthermore we find that 


il 


(za ie — ole — x) = Se — (1 + chat + ex 
es — gl Ho +cx = — gc + cx 


— (exc 1)e + cx = 0, 


and it follows from Lemma 4 that $ is a quasi-perspectivity. This 
proves the sufficiency of our condition. 

Assume conversely that $ is a quasi-perspectivity, but not an in- 
volution. Then a? 1, since di is determined by oi, and we infer from 
Lemma 4 the existence of a number c0 in G such that c=c* and 
such that 


(1) ge = (1 + cha — cx for every x in G. 


From o?z£1 we infer czé — 1. 
If y is an element in G, then we may apply (1) on x —y*, and we find 
that 
(1 + c)yi« — cy? = yt! = (yh)? = [+ 9»* — ey 
= (14-9y*(1 + op — (1 + a) ytey — cp  e)y* + cyey 


» OT 


(1 + )ys(y* — (1+ y + cy) = ex( + ey — +): 
thus we have shown that ' 
Q) (-4-oy*(y — y) = el + ¢)(y — y*) for every y inG. 


If in particular y »£y*, then we may divide by y —y* in (2), proving 
that 


(3) (1 +c)y%c = cl Li for yy. 


If c were equal to 1, then the characteristic of the field G would be 
different from 2, since we have already shown that c —1. There 
exist elements yy, since a1; we should infer from (3) that y*— y 
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is a consequence of y><y= which is impossible. Thus we have shown 
that 


(4) € 750, 1, — t. 

If wwe, then y=w*—w is an element not equal to 0, satisfying 
y* — (w? —1w)* —c(w?* —w) =cy#Æy by (1) and (4). Hence we may apply 
(3) on this particular element y, and we obtain, because of (1), 

c(w* — w)(1 + 6) = eat te) = (1 + oyr = (1 +6)(we — w)% - 

= (1 + c)c(wt — wc. 
Since c0, this implies (w*—w)(1+c) = D Lei (w*—w)c or 
(5) we — w = c(w* — w)c for every w in G, 
since this formula (5) is trivially true, in case w —1v^. 
If yy, then we infer from (3) and (5) that 
cy — y*c = [cy(1 +c) — cyc] — yec = (1 + ines — cyc — Mäe 
= ey*e — eye = e(y* — ye = ye — y; 


and from this result we deduce that 
(6) ye(1 + c) = (1 + c)y whenever y = ya. 


Consider now an element x such that z—xe. We deduce from a1 
the existence of an element z in G such that zz., Then y=x-+< is an 
element in G, satisfying y »£y*, and-it follows from (6) that 


se + c) = (y — z)*(1-- e) = met +c) sett + 0) \ 
= (+e)y — (1 9s = (123- 9(y — 2) = (1 tds. 
Combining this result with (6) and (4), we have shown that \ 
(7) xı = (1 + c)x(1 Li for every x in G. | S 


If x is an element in G, then it follows from (1) and (7) that 
0 = [x — (1 + cat + ex](1 + cy? 

( + c)?x — (1 + e)?x(1 + ©) + cal Le 

cx(1 + c)? — (1 + x = cz — zc + exc? — Ge 


or, since c0 by (4), 


I 


i 


0 = xc!-— ly + zc — cx 


or 
x(c + c) = (c + c7)x for every x inG, 
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proving that c+c~! is in the center of G. It follows from (7) anda#1 
that c cannot be in the center of G, and this completes the proof of the 
necessity of our condition. 


COROLLARY 4. If II is the projective plane over the field G, then the 
following condition is necessary and sufficient for the existence of a quasi- 
perspectivity which is neither a perspechivity nor an involution: 

There exists a number c in G which does not belong to the center of G, 
though c+c—! is in the center. 


This is an almost immediate consequence of Theorem 2, Lemma 3, 
and Theorem 4. 


COROLLARY 5. If His the projective plane over the commutative field G 
then every quasi-perspectivity is a perspectivity or an involution, and the 
existence of quasi-perspectivities that are not perspectivities is equivalent 
io the existence of involutorial automorphisms not equal to 1 of G. 


This is readily deduced from Corollary 4, Theorem 2 and Lemma 3. 

In order to show the existence of quasi-perspectivities that are 
neither perspectivities nor involutions we consider the projective 
plane II over the field G of real quaternions. The number £ in CG satis- 
fies (e —iso that i+i-!=0 is an element in the center of G, though t 
itself is not in the center of G. Thus À is an element c meeting the re- 
quirements of Corollary 4, and this shows the existence of quasi- 
perspectivities of II which are neither perspectivities nor involutions. 

If H is the projective plane over the (not necessarily commutative) 
field G, and if IT is a projective subplane of II, then T is the projective 
plane over a suitable subfield Go of G. It is easy to establish a 1:1 
and monotone increasing correspondence mapping the (partially 
ordered) set of the projective subplanes of II which contain I’ upon 
the set of subfields of G which contain Gy. In particular T is maximal 
^ if, and only if, Go is maximal. Lemma 3 establishes a correspondence 
between the projectivities of II which leave invariant the elements in 
T and the automorphisms of G which leave invariant the elements 
in Go. This shows that this type of Galois theory of projective planes 
may be reduced completely to the Galois theory of fields. If in par- 
ticular G is a commutative field, and if G is a normal separable exten- 
sion of Go, then Gp is maximal if, and only if, the degree of G over Go 
is a prime f. In this case both the group of automorphisms of G which 
leave invariant the elements in Go and the group A(T) of projectivi- 
ties of II which leave invariant the elements in D are of order p, and 
it is readily seen that the projectivities in A(T) are quasi-perspectivi- 
ties (involutions) if, and only if, p=2. This shows in particular that 
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the maximality cf ®($) does not imply that ¢ isa quasi-perspectivity. 

We apply finally the results obtained so far to the special case of 
finite projective planes. If II is a finite projective plane, then every 
line carries the same number #+-1 of points and every point is on 24-1 
lines; the total number of points (lines) is 14n-tn2, This integer 7 
(22) shall retain this significance throughout. 

We denote by N — N(9) the total number of fixed points? of the pro- 
jectivity & of the finite projective plane I. 


LEMMA 5. If $ is a projectivity of the finite projective plane II, and if 
n S N, then $ is a quasi-perspectivity. | 


PROOF. Suppose that no fixed line passes through the point W. 
Since there exist at least two fixed points, there exists a fixed point 
PW. If W were a fixed point, then P+ W would be a fixed line which 
Is impossible. Hence W is not a fixed point. 

Suppose next that there exists a fixed point Z on the line W- We. 
Then Z is different from both Wand Wọ so that 


(W + W$)ó = (Z + W) =Z + Wo = W + Wo. 


` Thus the presence of a fixed point on W+ Wẹ would imply that 
W-+ Wó is a fixed line through W. This is impossible. Hence there is 

no fixed point on the line W+ Wo. | 

If P is any fixed point, then W+P is not a fixed line. Thus it is 

impossible that W+P carries more than one fixed point. But there 

exist at least v fixed points each of which may be connected with W 
by a line which does not carry any further fixed points. Since there 

pass exactly #+-1 lines through W, it follows that the line W+Wo 

is the one and only line through W which does not carry fixed points, 

and that all the other lines through W carry one and only one fixed 

point. | 


Since no line through W is a fixed line, no line through Wọ is a` 


fixed line. Hence it follows from the previous discussion that 
Wo-+ We? is the one and only one line through Wọ which does 
not carry fixed points. But W+ Wọ is a fixed point free line passing 
through Wd. Hence | 


W + Wọ = We + We? = (W + W$)e, 


proving that W+ Wọ is a fixed line passing through W. This is a con- 
tradiction which shows that every point is on a fixed line. It follows 
from Theorem 1 that $ isa quasi-perspectivity. 


? It will be shown elsewhere that this is the number of fixed lines too. 


| 
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If à is an elation, then the set of its fixed points is just the set of 
points on some suitable line, proving N($) =n-+1; if & is a homology," 
then the set of its fixed points consists of all the points on its axis and 
of the center which is not on its axis so that N(p)=n+2. 


THEOREM 5. The following properties of the projectivity & of the finite 
projective plane IL imply each other. 

(i) Dis a quasi-perspectivity, but not a perspectivity. 

(ii) The system ® of fixed elements of & is a projective subplane of U 
and n =i? where i+1 is the number of fixed points on a fixed line. 


(ii) 2+2<N(¢). 


Proor. If (i) is satisfied by ¢, then we infer from Theorem 2 that 
& is a projective subplane of the finite plane II. There exists therefore 
an integer ¿22 such that every fixed line carries ¿+1 fixed points 
and such that ¿+1 fixed lines pass through any given fixed point. 
NI) =1+7+? is then the total number of fixed points and the total 
number of fixed lines. Consider a line k which is not a fixed line. It is 
a consequence of Corollary 1 that k carries one and only one fixed 
point F, and that every point PÆH on kis situated on one and only 
one fixed line. Since every fixed line meets k in one and only one 
point, and since exactly ö+1 fixed lines pass through the fixed point 
H, it follows that the other 2? fixed lines meet # in the # points differ- 
ent from H. proving that 1-i?. Thus we have shown that (ii) is a 
consequence of (i). ` 

If (ii) is satisfied by ¢, then 


n+3=#21+385 24+i1+1= N(p) 


- may be inferred from 2 Si, showing that (iii) is a consequence of (ii). 
If finally (iii) is satisfied by ¢, then we infer from Lemma 5 that a 

is a quasi-perspectivity. Since N($)=n-+1 or n+2 for perspectivi- 
` ties, @ cannot be a perspectivity, proving that (i) is a consequence 
j of (iii). 

COROLLARY 6. Suppose that dis a projectivity of the finite projective 
plane Il. 

(a) N(9) =n. 

(b) 4+1 € N(9) if, and only if, is a quasi-perspectivity. 

(c) als N(Q) if, and only if, $ is an elation. 

(d) 24-2— N(Q) if, and only if, 9 is a homology. 


Proor. If ¢ is a quasi-perspectivity, then either ¢ is a perspectivity 


4 See Veblen-Young [1, p. 72]. 


J 
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and N(b)=n+1 or n+2, or else it follows from Theorem 5 that 
n--2 « Nie), If conversely n+1 < N($), then it follows from Lemma 5 
that & is a quasi-perspectivity, proving (b). If furthermore N($) 
=n-+1 or n+2, then it follows from Theorem 5 that $ is a perspectiv- 
ity, and (c) and (d) are immediately inferred from a previous remark. 
If n S N(9), then it follows from Lemma 5 that ¢ is a quasi-perspec- 
tivity, and hence it follows from (b) that n+1 < N($). Thus n € N($) 
implies 24-1 X N(9), proving (a). 
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UNIVERSITY OF ILLINOIS 


INEQUALITIES CONNECTING SOLUTIONS 
OF CREMONA’S EQUATIONS 


G. B. HUFF 


1. Introduction. Let a complete and regular linear system 2,,. of 
plane curves of dimension d, the genus of the general curve being f, 
be determined by its order xo, and its multiplicities xı, - °°, x, at a 
set of p general base points. x — (xo; Xu * * + , Xp) is called the charac- 
teristic of Z,,4 and satisfies Cremona's equations: 


mac. ës (ee) = d+p—1, 


(1) 
3%) — X1— mel) d — pti. 


On the other hand, an integer solution x of (1) may or may not de- 
termine a linear system. If an x does determine a Ze, a it is said to be 
proper. In this definition is included the usual convention that 
(0; —1, 0, -- DI is a proper characteristic of the set of directions 
at a base point [1].! 

If a system 2,4 of characteristic x is subjected to a Cremona trans- 
formation C with F-points at the base points of 2, Z254 whose 
characteristic x’ at the F-points of C— is given by: 


xd = (cx) = €oXo — (1X1 Can — + + — Cp%ps 
$ i i $ i 
X, = (fx) = foxo — fit: — faxa — +++ — foo 


121,2,:-:*:,p. 


(2) 


Here c is the characteristic of the homaloidal net of C^! and the f* are 
the characteristics of the P-curves of this net. Thus proper character- 
istics c of 5 —0, d —2 and proper characteristics f of p=d=0 play a 
central role in the theory and will be prominent in this article. The 
collection of all transformations L for a given p forms a group, Gy. 
| G, is generated by transformations L for which c is of type (2; 

1110 - - - 0), and for any LEG, the forms (xx), (lx) and (xy) are in- 

variant. 

In this paper attention is restricted to characteristics of zez 0, and 
pZ0 and dz 0. We shall designate this as property A and obtain in- 
equalities implied by (1) and property A. The inequalities are inter- 
esting in themselves and lead to a criterion for distinguishing proper 
characteristics. 


Presented to the Society, November 24, 1945; received by the editors November 8, 
1945. 
! Numbers in brackets refer to the references cited at the end of the paper. 
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2. Inequalities involving the characteristics of homaloidal nets. 


THEOREM 1. If x has property A, then 2xg—31—3» —%3 20. Moreover, 
the equals signs hold only for p —d —0; x — (1; 110), (1; 101) or (1; 011). 


Since (xx) =d-+-p—12 —1,itmay beshownthatzsZ xi 4-1, - - -, p. 
Indeed, set x,=x9—a in (xx) = —1: 


2 2 2 2 2 
204o,— a — Hs — Hy — Xii — c: — x, > — 1, 


Or 
a(2% — a) 2 — 1. i 


Since xo is a positive integer, a may not be negative. Thus the integers 
G1, Ga Q3 IN X1=X0 —Q1, La = Ko — l2, X57 na are non- negative. Sub- 
stituting these in the quadratic relation yields: 


— 2% + 2ao(ar + as + a3) Sie i 44 — se. — > — 1. 
Now ox, 02, 03, X4, * * * , x, cannot all vanish, for this would iiti that 
2552 —1. Thus: | 

2x«(01 + 04 + a) — 22$ > — 1 
or 

Gi + de + a3 — % > — 1/2%0. 
It follows that a:-+a2+a3—x)=0 and thus that 
2% — (xo — a1) — (xo — ag) — (xo — a3) = 0. 


If x is a characteristic with property A and 2xo—1—3» —23 —0, 
then the image of x under 


% = 2 Xo — Xi — X2 — Xa, 
A123: x = Xd (X — X1 — X3 — X3), 1 = 12; 3, 
PF oa m 
Xj = Tj, FETT? 


has xj =0 and satisfies the same Cremona equations. Thus 


12 12 72 


— X1 — Xo FR = d 4- p — Í, 

— xi — m ~- — —d-—p-1. 
This is possible only for d, p=0, 0; 1, 0 and 0, 1. A canvass of the 
cases reveals that d, p=0, 0 and x'—(0; —10--- 0) comprise all 


possibilities. Thus x — (1; 110), (1; 101), (1; 011) are the only values 
of x for which the equals sign holds. 
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Since (2; 1110 - - - 0) is the characteristic of a homaloidal net of 
conics, the form of the inequality clearly suggests the following gen- 
eralization: 


THEOREM 2. If x has property A and c ds the characteristic of a homa- 
loidal net, then (cx) =0. Moreover, the equals sign holds only for the char- 
acteristics of the principal curves of the homaloidal net. 


Consider first characteristics x of p+d>0. In this case, Theorem 1 
asserts that any x’ obtained from x under A;;, has xd 20. Since c is 
the characteristic of a homaloidal net, c is the image of (1; 0, o. 4,0) 
under a sequence of transformations of the form À... Let xx! under 
the sequence that sends c—c' —(1;0, +++, 0). Since xý >0, it follows 
that (c'x^) >0. Thus (cx) >0, for this bilinear relation is invariant un- 
der Ga 

If p=0, d=0, a modification of the argument is required since in 
this case xd might vanish under some Ajj. But in this case x is by 
Theorem 1 a proper characteristic. Thus an improper characteristic x 
of p=d=0 always goes into a characteristic of xd >0 under À;; and 
the argument above applies. For proper characteristics x of p=d=0, 
it is clear that (cx) 20, else the rational curve would have too many 
intersections with the homaloidal net. If (cx) =0, x is the characteris- 
tic of a rational curve meeting the curves of the net only at the base 
points, and hence is the characteristic of a principal curve of the net. 


3. Inequalities involving characteristics of rational curves. 


LEMMA. If x has property A and x* denotes the same characteristic 
' with x, deleted, then x* has property A. 
A simple computation yields for p’, d’ of x*: 
d! = d-+ x,(x, + 1)/2, p—-1=p—14+2,(x, — 1)/2. 
i Since x,(x,+1)/2 and x,(x, —1)/2 are non-negative functions of the 


integer x,, the conclusion follows. 


THEOREM 3. If x has property A and p+d>0, and f is a proper char- 
acteristic of b —d —0 and (fx) <0, then xo fo. 

Since f is proper, there is [2] an LEG, such that f =L(f)=(0; 
0, +- -, 0, —1). 22 L(x) has #>0 by Theorem 2 and (fx) = (f£) <0. 
But (fx) =£, <0. Thus # may be written in the form 

z= a + kf, 

where & is a positive integer, and z* is & with #, deleted. Now con- 
sider the image of & under L-*. 
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L-2) = Liest hf)  L-(*) + BLU), 
Or 
x = L(x*) + kf. 


Now #* has zy* 70, and p’+d’>0 by the lemma. Hence by Theorem 2 
its image (&*)’ has (2*)’>0. Since 


= (Z0) + Bis 
it follows that x» fo. 


THEOREM 4. If x has property A and p+d>0, and f is a proper char- 
characteristic such that p=d=0 and xo Sfo, then (fx) 0. 


Theorem 4 follows from Theorem 3 by formal reasoning and offers 
a generalization of a property of proper characteristics. For if x is a 
proper characteristic, (fx) 20 follows from the fact that the curves of 
the system may not have more than fox, intersections with the irre- 
ducible rational curve associated with f. The significance of the theo- 
rem is that all characteristics fy 2x9 >0, p20, 420, p-+d>0 must en- 
joy this same property. 

There are examples of characteristics with property A and p+d>0 
which even have x;>0,1=1, + : - , p, for which there is an f of fo «xo 
such that (fx) «0. An early example is (5; 3215) and (1; 1708). 


4. Applications. 
THEOREM 5. Let x be a characteristic of property A and p+d>0, such 


that (fx) 20 for all proper f of p=d=0 and fy «xo; then xiz 0 and, more- ` 


over, if x’ is the image of x under any LEG, then xf >0 and x! >0 
for $—1,---,p. 


Since f= (0; 0771— 1) is a proper f of /; 0 «x, and (fx) =0, it fol- 
lows that x, Z0. By Theorem 4, (fx) 20 for all proper f, p=d=0 of ' 


foZ xo. Then (fx) 20 for all proper f. These characteristics f are simply \ 


| 


. permuted by any LEG,. Thus if x’=L(x), it follows that (fx? 20 
for all proper f. Since these include (0; 0771—1), it follows as before 
that x/ 20. Theorem 2 asserts that xd >0. : 

The following important result is now easily established: 


THEOREM 6. Let c be a solution of (1) for p —0, d=2, c9» 0 such that 
(fc) 20 for all proper f of p=d=0 and fs «cs, then c is the characteristic 
of a homaloidal net. 


As before, c; 20 and it is known [3] that in such a case c—a—c 
— C3 <0 if à, C2, c; are the greatest of the numbers c, and o>1. Thus 
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under Aiz, c—c' of cd «cs and by Theorem 5, c 20,7=1,2,:--,p. 
Thus this reduction may be continued until cj’ =1, in which case 
c —(1;0, +--+, 0). Under the given hypotheses, c is then the image 
of (1; 0, ---, 0) under some LEG, and must be proper. 

This result has been conjectured much earlier and indeed was 
proved [4] by the writer, but the proof given on that occasion was 
quite elusive and unsatisfactory. Fragmentary results indicate that 
Theorem 5 has other important applications to cases where a gen- 
eralization of Noether's inequality is possible. It would be desirable 
to avoid the restriction p+d>0. It is possible that Theorem 5 might 
still be true if one removed this restriction and added at the end of the 
theorem “or else x’ is of the type (0; 0, - - -,0, —1).” 
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UNIVERSITY OF TEXAS 


ON CERTAIN’ LIMIT THEOREMS OF THE 
THEORY OF PROBABILITY 


P. ERDOS AND M. KAC 


1. Introduction. In this paper we prove the following four limit 
theorems: 
Let Xi, Xo, Xa, * * * be independent identically distributed random! 
variables each having mean 0 and standard deviation 1. Let 
Sk = Ait Xat -ee Ex 


e 


then: 
I. 
lim prob. {max (Su 52, *-- , 55) < ant?) = g(a) 
where 
cola) = 0 (a S 0) 
and 
2 1/2 a At 
oila) = (=) f exp (- =) du (a z 0). 
T 0 2 
II. / 


lim prob. {max (| sıl, | s2|,---, | sa]) < anil?! = oxla) 


` 


where 


4 ©, (- 1)” 


ola) = — 


— (2 2 2 , 
> ae (2m + 1)?x?/8a*} (a 0). 


III. \ 
\ 





. where 


Received by the editors September 12, 1945, and, in revised form, December 3, 
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1 This condition can be replaced by a weaker one. In fact, it is enough to assume 
that the X’s are such that the central limit theorem is applicable. 
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rl pal? ei? i 
c;la) = S Í du wnf (cos 2)-1/01 (+ eite) dt (az 0) 
0 0 


and 
= 2 . d 
02, ai = 22, (— 1)^gC7*7'1 sin (2n + 1)z, 0; = F 0. 
Tass 2 


t n d 
IV. 


Tet a ea ash à -— 


n ( 5312 

pex eal Laplace transform cf o4(a) is given by the formula 

T eie = E k exp (- 5,24) (s > 0), 
0 i j=l 


and where 8; is the jth positive root of the derivative of 


(2y)1/2 93/2 23/2 
P(y) = , Uus (= yae) + Jas (= ec 





and 


_ 1+ 3f P(y)dy 
35 ,P(5;) 

The proofs of all these theorems follow the same pattern. It is first 
proved that the limiting distribution exists and is independent of the 
distribution of the X's; then the distribution of the X's is chosen con- 
veniently so that the limiting distribution can be calculated explicitly. 

This simple principle has, to the best of our knowledge, never been 
used before except in a paper by one of the authors in which IV is 
proved in all detail.? i 

' Theorems I and II generalize and simplify several results of Ba- 
chelier.? Bachelier's work in spite of being both inspired and impor- 


2 M. Kac, On the average of a certain Wiener functional and a related limit theorem in 
calculus of probability, to appear in Trans. Amer. Math. Soc. vol. 59 (1946). 

3 L. Bachelier, Les lois des grands nombres du calcul de probabilités, Paris, Gauthier- 
Villars, 1937. See in particular $818, 21, 22, 35. This book contains no proofs but it 
gives references to earlier papers. For the modern and rigorous approach to these 
questions, based on the differential equation of diffusion, see the third and fourth 
chapters of A. Khintchine's book Asymdtotische Gesetze der Wahrscheinlichkeits- 
rechnung, Berlin, Springer, 1933. Our proofs, however, are entirely elementary and 
do not depend on the use of parabolic differential equations. 
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tant does not always satisfy the modern requirements of rigor. His 
methods often depend on replacing difference equations by differen- 
tial equations, a step not always easy to justify. 

The limiting distribution of III was discovered by Cameron and 
Martin in their work on Wiener space. Their result is equivalent ` 
to the conclusion of III if the X’s are assumed to be normally 
distributed. We use here a different method and make our considera- 
tions independent of the use of Wiener space. The Laplace transform 
of o4(a) has been recently calculated by Kac.5 There seems to be very 
little hope that a reasonably simple expression for go) itself can be 
found. 


2. Proofs of I and II. Let Gi, Ge, G3, - - - be independent, normally 
distributed random variables each having mean and standard devia- 
tion 1 and let 


Ry = Git Ga + -+ Gr, 
Let furthermore e>0 and 


Dol = prob. {max ($1, 53, * * - , Sn) < an?) , 


We first prove that for every integer k we have 


1 
prob. {max LR, , Ra) < (a — gg] — ET. < lim inf P,(o) 
€ 


1 n= | 
| (1) < lim sup Pol S prob. [max (Ry ^: - , Ri) < aki?]. 


non 
S 


Let 


n ; i 
and 


Dh klo) = prob. {max [Sia Suet Sap e an}. 


It follows immediately from the multidimensional central limit theo- 
rem that 


(2) lim P, vol = prob. {max (Ru, Rx) «agn. 


A> 0 


3 R. H. Cameron and W. T. Martin, The Wiener measure of Hilbert neighborhoods 
in the space of real continuous functions, Journal of Mathematics and Physics vol. 23 
(1944) pp. 195-209. s 

5 Loc. cit. footnote 2. It should be mentioned that the actual computation of the 
Laplace transform of ouer) forms the major part of the proof of IV. 
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Let 
E, = prob. T e anl?, s, < an!l,» +e ,5, 1 < antl?) 


We see immediately that 
DE, = 1 — P,(a) s 1. 
Tol 


For n; «rz£mnj;iwe write 
E, prob. {s,2ant!?, sq onM?, «s, a Cont, (angel >ent/2} 
T prob. {ss an, s1<ant/,...,5,1<ant/, |5,,,,—5,| <ent/2}. 


The first of these probabilities is obviously equal to E, prob. { | Sn, + 

—s,| 2en/2} and hence by Tchebychef's inequality it is less than 
E,/ke. 

Thus . 


1 m P,(a) s — rd 2 3. prob. fs, = anı!?, $1 « ani? 


ni<ran,yı 





Sri X ant, | ënn — S, | < en? , 


The double sum is obviously less than the probability that at least one 
of the sums Say, Sag * * * , Sn, is greater than (a—e)n/2. Hence 


1 
ke? 


and since Pala) e D, klor) we obtain. 
Pa kla — €) — 1/k& < P,(a) < Pol, 


Letting n—>æ and using (2) we obtain (1). Let us now consider the 
| particular case in which 


(3) prob. {X; = 1] = prob. (X; = — 1} = 1/2. 


For these random variables the problem becomes the classical prob- 
lem of the “ruin of the player” and it is well known? that I holds. 
Thus applying (1) to this particular case we get 


prob. [max (Ry "+, Ry) < (a— à k12} — 1/ek 


(4) | 
S oila) S prob. {max (Ry +++, Re) < aki). 


€ See for instance R. v. Mises, Wahrscheinlichkeilsrechnung, TUE and Vienna, 
F. Deuticke, 1931. In particular pp. 499—506. 
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Replacing o by a+e we obtain 
prob. {max (Ri, +++, Ra) < ai?) S oila + €) + 1/ek 
and hence, using (1), for the general case 


dia — €) — 1/ek < lim inf Pala) < lim sup Pala) S oila + e) t 1/ek. 
We complete the proof of I bv letting k>» (while keeping € fixed) 
and by noting that e1(a) is continuous. 

The proof of II proceeds in exactly the same manner. The only 
difference comes in calculating 


lim prob. {max (| sıl, rss (ei) < ani?) 


for the special random variables (3). The fact that in this case one 
is led to gie) is again implied by the classical theory.’ 

We should like to call the reader’s attention to the fact that (4) 
provides a convenient and strong estimate for P;,(q) in the case where 
the X's are normally distributed. A similar estimate can be obtained 
by writing out in detail the proof of II. 


3. Proofs of III and IV. Let #1, nz, : : : , n have the same meaning 
as in $2. Consider the difference 


e, a LE 2 
>, Sr = — > (n; — N-1)5n. 


rel NT i=l 


1 
D, = — 
n? 


We have 


| > 2 2 
[D| SZA | a 


$—1 men;-ıtl 


Using Schwartz's inequality we obtain for #51 <r €; 


m.e. (| sn, — si|} S (me. { (Sa, — I?) me. (Gs, + m? 


= (n; — r) (3r + n)? < 2nY?(n, — r). | 
Thus 
ny " 2 nl n 3/2 
m.e. { > |s,— s. | | < am 3. perc ane (= + 1) 
rend | j=l k 


and therefore 


7 Loc. cit. footnote 6, p. 561. This case corresponds to the problem of random walk 
in the presence of two absorbing barriers. 
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me {| Da| } < C/R¢?, 


where C is a certain constant. 
This estimate of m.e. { | Dal ! implies immediately that for e>0, 


prob. { | D, | > e} x Ciebiit, 


We now write 
E ëm 12 2 

prob. <— 9 s, <a = prob. 4— >> s, < a, |D,| me 
n? i n? ı 


1 n 
+ prob. LG «a, | D, | < 4 
n? 1 
and notice that 


1 n 
prob. KEE a, | D, | < e} 
n? 1 


1% 
< prob. i Im — ty) Sn, < a + e} i 
9? 1 
Thus 
lI 2 3 
prob. t ee at 
n? 1 
(5) 
C 1 2 2 
< —— + prob. {= AT (n; — Ni-1)5n; < œ + 4 ; 
eRil2 4? 1 


In exactly the same manner we obtain 


1 k 
prob. t »G- aa A <a- e} 
n 
(6) 





Í Combining (5) and (6) we can write 


I 2 e 
prob. is 2. (n; — m-1)52, < a — e} ~ hil? 


1 n 
(7) S prob. iz > s < al 
n? 1 





1 E 
< prob. i > (n; — DÉEN <at 4 + 
n° 1 


ek1/? | 
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Let us now find the limit, as n— œ, of 
: Le 2 
(8) prob. = D (n; — nm); < s ; 
n? 1 
Denote by (£) the characteristic function of the distribution func- 


tion of X;. 
The characteristic function of the joint distribution of 


1/2 12 1/2 
Hu (n — 11) (ne — nii) 
(9) — Syn 9. — ng "tgp — o o n np 
n n n 


that is, the mathematical expectation of 
j k 
exp SE D t ns, 
1 


is easily fourid to be 
, s T ut i 
(10) IIo (— 2, Elm — m) d 
jel N imj 


If we let 1— o (keeping k fixed) we find easily that (10) approaches 
(uniformly in every bounded region of the k-dimensional space) 


1 k k 2 
æ {aE Sal 


which can be recognized as the characteristic function of the joint 
distribution of 


(11) Rı/k, Ro/k, sey Rif. 

(We recall that R;=Git : + + +G;, where Gi, Gs, +++, Gr are inde- | 
pendent, normally distributed random variables each having mean 0 | 
and standard deviation 1). | 


From the multidimensional continuity theorem for Fourier- Radon 
transforms, it follows that the joint distribution of the random vari- 
ables (9) approaches the joint distribution of the random variables 
(11). Thus the probability (8) approaches 


a2) prob. = È Ri < 2 = evi 


j=l 


If in (7) we let n—>œ we obtain the inequality 
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1 n 
< lim inf prob. = WË at 
: fico n? i 





pila — €) — mm 


1 n 
s lim sup prob. 5 SS sr < al 
n? 1 


tt © 





S px(a + €) + 


ep 


which is analogous to the inequality (1) of $1. 
We complete the proof of III by showing that 


p(B) — oa(B) 


for all B. It was shown by Cameron and Martin? that the character- 
istic function of es(f) is 
(sec (27£)!/?)1/? 


where sec(27£)!? is defined by the familiar infinite product 


pua 


and z!? is defined in the plane with negative real axis removed and 
satisfying the requirement that zV? is positive for real and positive z. 
It is then sufficient to show that the characteristic function 


f ed p(B) 
0 


, approaches (sec(2:£)/7?)V? uniformly in every finite £-interval. We 
have 


| femme = anm f^ f GI +) } 
Fe me 
= Gr)? L^ TI exp E Ef 


nid Lia died 


8 Loc. cit. footnote 4. Actually, the characteristic function considered by Cameron 
and Martin is (sec(;£)/2)V? but bw case corresponds to the normalization 
m.e. [G;] 21/2 instead of m.e. Je df 


bud. 
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If in the last integral we introduce the coordinate system correspond- 
ing to the “principal axes" of the quadratic form 


"E 
(13) yi + D (y; ye)? 
2 


we notice readily that the integral will be reduced to the form 


oo 20 iE k o 1 .* o ` 
ann | e. J exp m > 2 exp 4— E KS Mil dz - + - da, 
— 00 u) 1 1 


where An, Aa, - * - Ag are the eigenvalues of the matrix of the quad- 
ratic form (13). In the last integral the variables are separated and we 
obtain immediately 


(14) Í  eUdps(B) = IL re E: 


Jal k? 





-The branch of 
(15) (À; — 2s&/ £1? 


is determined by removing from the complex £-plane the part of the 
imaginary axis between — © and — &?^;/2 and requiring that (15) be 
positive for £—yi, y > —k?À;/2. 

One could now calculate explicitly the eigenvalues ^; by elementary 
(but rather tedious) means and pass to the limit as k— œ. We prefer 
a less elementary method which has the advantage that it 1s applica- 
ble to many cases where the explicit calculation of eigenvalues is im- . 
possible. 

We first notice that putting £=0 in (14) we obtain AA: + - Az = 


and hence 
eo k 21E —1/2 
e6do.(B) = (1 — ) , 
Í, ° H EA. | 





Denoting by ((a,.)) the inverse matrix of the matrix of the quadratic \ 
form (13) we can verify directly that | 


Gun = min (r, s). 


Noticing that 1/1, * *  , 1/Àx are the eigenvalues of ((2,,)) and using 
Hilbert's approach to Fredholm's theory? we obtain that the quanti- 
ties 1/k2\, approach the eigenvalues of the integral equation 


? See D. Hilbert, Grundzuge einer allgemeinen Theorie der linearen Integralglet- 
chungen, Berlin and Leipzig, Teubner, 1912. In particular see Theorem 2 on p. 14. 
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(16) [min (s, Df(t)dt = AKS). 


Writing (16) in the form 


f HO + s Í mad = Mf) 


and differentiating twice with respect to s we obtain the differential 
equation 


Af" (s) + f(s) = 0 


subject to the boundary conditions f(0) —f'(1) 20. Thus the eigen- 
values are the numbers 
((2” + 1)z/2)? (n = 0,1,2,--.) 
and it follows that | 
| e ` co 2it ~1/2 
ap me D í Kor 55) 
= (sec (248) 19), 


where the determination of (sec(21£)!?)!Y? was described above. This 
completes the proof of III. 

The proof of IV proceeds as follows. Denoting by Q,(a) the proba- 
bility 


; prob. ben »» | s | < a} 
1 


we are led to the inequality 





[ k C 
| prob. Ie Rie 4 — —*_ & lim inf O,(a) 
1 no c 





ek 7 
(18) k C 
< lim sup Q,(@) € prob. ien R;| <a+ | + —_. 
n- > 1 Eki? 


We then chose particular random variables whose distribution is given 
by the formula 


1 a 
prob. [X;« a] = =f exp (— 212| u| jdu. 


10 That convergence in (17) is uniform in every finite -interval also follows from 
Hilbert’s considerations quoted above. 
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For these random variables it was proved (loc. cit. footnote 2) that 
lim O,(a) = ee) D 


n 


We complete the proof for the general case in the same way as in the 
proof of I. 


UNIVERSITY OF MICHIGAN AND 
CORNELL UNIVERSITY 





11 Inasmuch as we have not proved that e, is continuous this statement should be 
qualified by adding that it holds at each continuity point of «4. 

Added in proof: In the meantime Dr. Erdós succeeded in proving that c, is every- 
where continuous. The proof is quite involved and will not be reproduced here. 


CONCERNING THE SEPARABILITY OF CERTAIN 
LOCALLY CONNECTED METRIC SPACES 


F. BURTON JONES 


If a connected metric space S is locally separable, then S is separa- 
ble.! If a connected, locally connected, metric space S is locally periph- 
erally separable, then S is separable.? Furthermore if a connected, 
locally connected, complete metric space S satisfies certain “flatness” 
conditions, it is known to be separable.? These “flatness” conditions 
are rather strong and involve both im kleinen and im grossen proper- 
ties, which makes application rather awkward in some cases. If, how- 
ever, this space S contains no skew curve‘ of type 1, then S has a 
certain amount of “flatness,” but not quite enough to imply separa- 
bility as can be seen from the following example. Let S consist of the 
points of the 2-sphere, distance being redefined as follows: (1) if the 
points X and Y of S lie on the same great circle through the poles, 
then d(X, Y) is the ordinary distance on the sphere but (2) if the 
points lie on different great circles through the poles, then d(X, Y) 
is the sum of the ordinary distances from each point to the same pole, 
using the pole which gives the smaller sum. The space S is a con- 
nected, locally connected, complete metric space which contains no 
skew curve of type 1 but S is not separable. Furthermore, S contains 
no cut point. However, if this last condition is strengthened slightly, 
separability follows as 1s seen in the following theorem. 


THEOREM 1. Let S denote a locally connected, complete metric space 
such that no pair of points cuts S. If S contains no skew curve of type 1, 
then S is separable. 


PROOF. Suppose, on the contrary, that S is not separable. Let To 


Presented to the Society, November 24, 1945; received by the editors November 
16, 1945. 

1 Paul Alexandroff, Über die Metrization der im kleinen kompakten topologischen 
Raume, Math. Ann. vol. 92 (1924) pp. 294-301. Also W. Sierpinski, Sur les espaces 
métriques localement separables, Fund. Math. vol. 21 (1933) pp. 107-113. 

2 F, B. Jones, A theorem concerning locally peripherally separable spaces, Bull. 
Amer. Math. Soc. vol. 41 (1935) pp. 437—439. 

* F. B. Jones, Concerning certain topologically flat spaces, Trans. Amer. Math Soc. 
vol. 42 (1937) pp. 53-93, Theorem 31. Also F. B. Jones, Bull. Amer. Math. Soc. Ab- 
stract 47-1-93. l 

* Kuratowski in his paper, Sur le problème des courbes gauches en Topologte, Fund. 
Math. vol. 15 (1930) pp. 271-283, defined two “skew curves.” One of type 1 is topolog- 
ically equivalent to the sum of three simple triods each two of which intersect pre- 
cisely at their end points. 
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denote a simple triod in S and let M1= To. Let Tı denote a simple 
triod in S having only its end points in My, and let M2=To +T. Let 
T2 denote a simple triod in S having only its end points in Ms, and 
let M3— T'o-- T14- 1». This process may be continued, so that if z is an 
ordinal less than (1, then (a) IST: O<n<z, ib) M, is a separa- 
ble (hence proper) subcontinuum of S, and (c) T, isa simple triod hav- 
ing only its end points in M,. Hence Ti, To, Ta, - - -, T4, + - - isan 
uncountable sequence a of simple triods such that no two of them 
have a point in common which is not an end point of one of them. For 
each z < Q, let d, denote the smallest of the distances: d (4, arc BOC), 
d(B, arc AOC), and d(C, arc AOB), where A, B, and C are the end 
points and O is the emanation point of T.. Let H, denote the set of 
all simple triods T such that for some z, T is T, of œ and each end point 
of T lies together with a point of M; in a connected domain of diame- 
ter less than d,/5. 

Suppose that H; is uncountable. There exists a positive number e 
such that for uncountably many different ordinals z < Qı, T; belongs 
to Hı and 1.1e>d;/5>e. But since M: is separable, there exist three 
distinct points Xi, X», and X; and three ordinals x <8 «y <Q such 
that (1) Te, T's, and T, each belong to Hı, (2) for each £, =q, D, Y, 
1.1e>de/5>e, and (3) for each £, =a, 6, y, and each 2, 2=1, 2, 3, 
there exists a connected domain D;; which contains X; and an end 
point of T;, and whose diameter is less than d;/5. Now for each £, 
£—a, B, y, let Oe denote the emanation point of T. From (2), (3), the 
definition of de and the triangle axiom on the distance function, it 
follows that the connected domains, Di= ZDu, De= ED, and 
D, Z Do, are mutually exclusive and neither Di, Le, nor D; contains 
either O,, Os, or O,. Because of the restricted way in which the triods 
may intersect, no point outside of Dı+D:+D; lies in more than one 
of the triods Tan Ts, and Ty. But T,- Di may be joined to T's: Di by 
an arc in Dy; Tu Di may be joined to T4: Di by an arc in Di; Ta Ds 
may be joined to Te: D2 by an arc in Dz; and so on; and in the sum of 
these arcs together with T.+7s+Ty, there exists a skew curve of 
type 1. So the assumption that H, is uncountable leads to a contra- 
diction. Hence DH: is countable. 

Let z; denote the smallest ordinal such that if zz ze, T; of æ does not . 
belong to Hı. Evidently z: < Qı. Let Hz denote the set of all triods T 
such that for some z, T is T, of œ and each end point of T lies together 
with a point of M;, in a connected domain of d:amecer less than d,/5. 
The collection Z7; is countable. Let z; denote the smallest ordinal such 
that if zz zs, T, of æ does not belong to He. Evidently 3<Q,. Let Hs 
denote the set of all triods T such that for some z, T is T; of a and 
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each end point of T lies together with a point of A. in a connected 
domain of diameter less than d,/5. The collection H; is countable. 
Continue this process, so that for each natural number n, H, is de- 
fined and countable. There exists an ordinal number z < Q such that 
for each z, 27 z,. Let 2 denote the first such ordinal. Clearly, T; of a 
does not belong to ZH, for any n. Let Di, D», and D; denote three 
mutually exclusive connected domains covering respectively the 
end points of 7; such that each has a diameter less than d;. Since 
MiCMiCM3;C --: CM, and T; has its end points in Mj, 
there exists an integer 7 such that each of the domains, Di, Ds, and D, 
intersects M... Hence T; belongs to H;. This is a contradiction. 


THEOREM 2. Let S denote a locally connected, complete metric space 
such that no pair of points cuts S. If S does not contain uncountably 
many skew curves of type 1, then S is separable. 


Theorem 2 may be established by the argument for Theorem 1, 
taking for To the closure of the set consisting of all points X such that 
X belongs to a skew curve of type 1 lying in S. The connectedness of 
M; was not used in the argument. 

Comment. This result (Theorem 1) cannot be extended to complete 
Moore spaces.* For a locally connected complete Moore space exists 
which is not cut bv any pair of its points and which contains no skew 
curve of type 1 but which nevertheless is not separable.® Furthermore, 
a separable such space exists which is not completely (perfectly) sepa- 
rable and hence is not metric.” The relation between Moore and metric 
spaces (in this connection) is shown in Theorem 3. 


THEOREM 3. Let M denote a locally connected, complete Moore space 

| such that (1) no pair of points cuts M and (2) M contains no skew curve 

of type 1. In order thar M be metric it is necessary and sufficient that M 
‚be completely (perfectly) separable. 


| PROOF. Since any metric, complete Moore space is a complete met- 
) ric space? and any separable metric space is completely separable, the 
| necessity of the condition follows at once from Theorem 1. Since a 


SR. L. Moore, Foundations of point set theory, Amer. Math. Soc. Collogiuum 
Publications, vol 13, 1932. Hereinafter this book will be referred to as Foundations. 
A complete Moore space is a space satisfying Axioms 0 and 1 of Foundations. 
€ R. L. Moore, Concerning separability, Proc. Nat. Acad. Sci. U.S.A. vol. 28 (1942) 
pp. 56-58, Example 1. 
7 Ibid. Example 2. 
8 J. H. Roberts, A property related to completeness, Bull. Amer. Math. Soc. vol. 38 
(1932) pp. 835-838. 
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Moore space is a regular Hausdorff space, the sufficiency of the condi- 
tion is well known.? 


THEOREM 4. Every metric space satisfying Axioms 0-4 of R. L. 
Moore's Foundations is completely (perpectiy) separable. 


Pnoor. Let S be a metric space satisfying Axioms 0-4 of Founda- 
tions. No finite set of points separates S.!? Furthermore, with the help 
of Theorem 7 of Chapter III of Foundations it can be shown that S$ 
contains no skew curve of type 1. It follows rom the preceding theo- 
rem that S is completely separable. 


THE UNIVERSITY OF TEXAS 


.* P, Urysohn, Zum Metrisationsproblem, Math. Ann. vol. 94 (1925) pp. 309-315, 
and A. Tychonoff, Über einen Metrisationssatz von P. Urysohn, Math. Am. vol. 95 
(1926) pp. 139—142. See Foundations, p. 464. 

10 F, B, Jones, Certain consequences of the Jordan curve theorem, Amer. J. Math. 
vol. 63 (1941) pp. 531—544, Theorem 25. 


MOEBIUS TRANSFORMATIONS AND 
CONTINUED FRACTIONS 


H. SCHWERDTFEGER 


R. E. Lane! has shown how the criterion for convergence of a peri- 
odic continued fraction can be based upon simple properties of the 
linear fractional transformation (Moebius transformation) 


(1) Z = A(z) = (az + b)/(cz + d). 


The method may be further adapted to the pure “transformation 
point of view” by: (a) interpretation of the two lemmas of Lane’s 
paper as reductions of (1) to its similarity normal forms; (b) proving 
and expressing the final theorem in terms of the theory of the Moebius 
transformation only. 

This will be done in the present note which can be read without 
reference to Lane’s paper. 

The Moebius transformation? (1) is defined by its matrix 


ab 
dä 
cd 
of complex elements with nonvanishing determinant 6, or by any 
matrix AA where A0. Let xi, x» be its fixed points: A(x,) =x,; then 
these are also the fixed points of the iterated transformations 
2,=A*(z) (n=1,2,...). 
Let T be the matrix of another Moebius transformation z' = T(z) 


by which the new variable 2’ is introduced. Then Ta)? are the fixed 
points of the transformation? 


(2) Z' = TAT-2). 
Suppose x17£xX»; then T(xı)ÆT(x:2) and the transformation T may 


be chosen so that T(x) 20, T(x) = ©, namely, 2’ = (z—23)/(z —2:), 
and (2) becomes 


(3) Z' = kz! 
where k= (a—cx)/(a—cxe2) is a complex constant, uniquely defined 


Received by the editors September 18, 1945. 
LR E. Lane, The convergence and the values of periodic continued fractions, Bull. 
Amer. Math. Soc. vol. 51 (1945) pp. 246-250. 
? Cf. C. Carathéodory, Conformal representation, Cambridge, 1932, chap. 1, 826. 
' 3 The matrix of the product (that is, composition) of two Moebius transformations, 
first A, then B, is the product BA of the two matrices. : 
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by A and the same for all similar transformations SA S—!. The trans- 
formation A is said to be elliptic if | k| =1 (säi), hyperbolic if k>0, 
in all other cases loxodromic; it is the identity if and only if k=1. 

If xı=x:=x, a transformation T can be found so that T(x)=»; 
then 74 7-! becomes a translation Z' —s'-F5'. By suitable choice of 
T one can reach the normal form 


(4) | Ziel +1 


of A which, in this case, is said to be parabolic. 

For a given 2x, (v=1, 2) we consider the recurring sequence 
Zn = A (Zn) = +--+ =AX(z). If it is convergent its limit is a fixed point 
x, of A. If z,— for all z of a neighbarhood of xi, we call xı an attrac- 
tive fixed point of A. At the same time T(x) is an attractive fixed, 
point of TAT-1. If xx; it follows from (3) that x is attractive if 
and only if || <1, and then z,—2 for all zz£x»; therefore the fixed 
point x» is said to be repulsive. 

Evidently © is an attractive fixed point of the translation (4); 
thus the only fixed point x of a parabolic transformation A is always 
attractive.‘ 

If A is elliptic, |k] =1, the sequence z, is bounded and divergent 
whatever the initial point zz£x,; the points z, all lie on the circumfer- 
ence of the same invariant circle of A. The fixed points x1, x» are sym- 
metric with respect to this circle; they are called indiferent fixed 
points of A. 

Now let 


be a given continued fraction where all 2,740. Its approximants fe 
may be represented in the following way: Let 


0 ai 0 a» 
e) aue 
1 bi 1 b 
Then one has 


fo=As(o) ss D fi abi Ai(0) = A1A2(&),---, 
Ja-ı = A142 °°° Agi(O) = Aids: ALl). 
By definition let 


1 In the book of G. Julia, Principes géométriques d'analyse, I, Paris, 1930, it is stated 
on p. 30 that the fixed point of a parabolic transformation is indifferent. This depends, 
however, on the inadequate definition of “indifferent” given there on p. 23. 
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Lues e, 


Now let f be periodic with a period of length m so that for all 
n=0,1,2,::: 


dg = Un b= b, if q=nm+r 


where r may be the least non-negative remainder (mod m) of g. We 
introduce the *period matrix" 


A = Mid- Am (A = 0). 


Then 
fa = A™A1: A) = Afr) 
for r=0, 1,- --,m—1, whence the main result follows immediately: 

The periodic continued fraction f is convergent if and only if the fol- 
lowing three conditions are satisfied: 

1. The Moebius transformation with the period matrix A is not elhp- 
hc. 

2. The attractive fixed point xy of A ts finite. 

3. For allr=0,--+,m—1 one has frix where x» is the repulsive 
fixed point of A. 

Then f =x. 

Remark. For r 20 the condition 3 implies that also x? must be finite. 
There is no restriction for fr_ı if A is parabolic. The condition 1 im- 
plies Lane’s inequality (1, 4). In fact fm ı=A(®) is the pole of the 
transformation A~! which has equal distance from both fixed points 
Xi, X» if and only if A is elliptic. In fact from (3) one has fh_1—x1 
=k(fm—-1—%2) whence moreover it follows at once that in the non- 
elliptic case the pole of A~! is nearer to the attractive fixed point of A. 

For the application of the theorem it may be useful to have the 
necessary and sufficient condition for a Moebius transformation 


— fa b 
4- (C) 
cd 


pi (r? — 45)1/2) = 0 


to be elliptic; it is 


where r=a-+d, 6=ad—bc, and r the conjugate complex of r. 


THE UNIVERSITY OF ADELAIDE 


ON THE THEOREM OF FEJER-RIESZ 


A. ZYGMUND 
1. Statement of results. Let 
(1) f(z) = ao + aye + as? +: Haar bes 


be a function regular for |z| <1. The well known inequality of Fejér 
and Riesz asserts that 


| J Volla sz f olla 


where C is the circumference |z| =1, and D any of its diameters.! 
For f(z) = F'(z), the inequality (2) takes the form 


(3) f sall dz| < -f rl as], 


which shows that the total variation of F(z) along D does not exceed 
half of the total variation of F along C. In this form the inequality 
remains valid for harmonic functions. Let z= pe?. If U(z)= U(p, 0) 
is harmonic for |z| €1, the total variation of F along D does not ex- 
ceed half of the total variation of F along C.? In symbols, 


1 
(4) J lulas f |ua. 
D 2 Jc 


Let V(z) = Kin, 8) be the harmonic function conjugate to U. In (4) 
we may replace U, by p^!V,. Writing Us=u, Ve=v, we obtain an 
equivalent form of the inequality (4), aamely 


1 
d | ds | e | |x| asl. 


© [+ 
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1 L. Fejér and F. Riesz, Ueber eine funktionentheoretische Ungleichung, Math. Zeit. 
vol. 11 (1921) pp. 305-314. 

2 The inequality (4), with 1/2 on the right replaced by an undetermined constant 
A, was first proved by B. N. Prasad, On the summability of power series and the bounded 
variation of power series, Proc. London Math. Soc. vol. 35 (1933) pp. 407-424. That 
C=1/2 was shown in F, Riesz, Eine Ungleichung für harmonische Funktionen, Monats- 
hefte für Mathematik und Physik vol. 43 (1936) pp. 401-406, and A. Zygmund, 
Some points in the theory of trigonometric and power series, Trans. Amer. Math. Soc. 
vol. 36 (1934) pp. 586-617, especially p. 599. 
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It is valid for any pair of functions 


» 
(6) u(z) = u(p, 6) = F + 3 (a, cos vd + b, sin v6)p', 
vol 
(7) v(z) = v(p, 0) = 2, (a, sin x0 — b, cos v0)p", 
youl 


harmonic and conjugate in |z| <1, provided that v(0)=0. | 
The purpose of this note is to prove the following complement to 


(4). 
THEOREM 1. Lei 
Ay © . 
(8) U(z) = ER + Y (4, cos »8 + B, sin v6)p” (z = pe") 
pol 


be a function harmonic for |z] <1, and let U„(z) be the nth partial sum 
of the series (8). For every n, the total variation of Us(z) over D does not 
exceed 2/m times the total variation of U(z) over C. The constant 2/7 
here cannot be replaced by any smaller number. 


We shall prove this result in the following equivalent form. 


THEOREM 1’. Let u(z) and v(z), given by (6) and (7), be harmonic 
for |z] <1 and conjugate (in particular, v(0)=0). Let v„(z) be the nth 
partial sum of the series (7). Then 


2 
(9) J | de] s—f nol asl 


for all n, the factor 2/x on the right being the best possible. 


3 








Taking u(z) =2f(z), so that v(z) ^ —izf(z), we deduce from (9) the 
following corollary. 


THEOREM 2. Let f(z) be a function regular for D <1 and let s,(z) 
be the nth partial sum of the series (1). Then for all n 


2 
(10) j, «9 | ae! s—f |p| esl 


In all these results the assumption that the functions are harmonic 
(or regular) inside and on C can obviously be relaxed, and more gen- 
eral results may be obtained from the special ones by routine pas- 
sages to the limit. Thus, for example, in Theorem 2 we may assume 


? See also $3, below. 
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that f(z) is regular for |z| <1 and continuous for |z| S1. The partial 
sums s„(2) for such an f may be unbounded, and it is of interest to 
note that in the passage from (2) to > the increase of the coefficient 
on the right (from 1/2 to 2/7 —0.64 - - - ) is not significant. 

That 2/7 is the best constant in ee 1’ (and so in Theorem 1) 
is easily seen from the example 


u(z) = 1/2 + pR cos 0 + p?R* cos 20 + - -- (z = pe“) 


where R is a ñxed positive number less than 1. The integral on the 
right of (9) is then r. Taking »=1 and the segment (—i, i) for D 
we find for the integral on the left the value 2R. Since R may be as 
close to 1 as we wish, the conclusion follows. 

As we shall see later, for each »>1 the constant 2/r on the right 
can be replaced Ey a constant C,«2/r, and clearly 2/7 01x C, 
e EC, +--+. One might expect that C,1/2, in accordance 
with (5). It is Se not so, and the difference C, — 1/2 stays above 
a positive number. This fact has close connection with the Gibbs' 
phenomenon. 


2. Proof of Theorem 1'. We shall use the formula 


1 pr | 
(11) ie d = —— f (1, 8 + Dos déi 
T Y + 
where 
(12) A«(p, Ò = Y. p! sin vi. 


youl 


Taking, as we may, for D the segment (—1, +1) of the real axis, we 


get 
FF | dz | sf (att, 2] U aso. | dob at 


and our problem reduces to showing that 


Va(2) 











(13) f. Ara D | do = 2, fo»-1,2,-..,—-zZizrm. 
=] 


That the integral on the left here is bounded as a function of n would 
be a simple maiter to show. Complications arise when we want to 
show that the integral in question does not exceed 2. 

We shall need the following lemma. 
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LEMMA. Let 0€t&r. For every u positive and odd, the values of the 
trigonometric polynomials 


sin 4/1 + sin 34/3 +--+ + sin ut/u, 
sin 7/1 + sin 34/3 +--+ + sin (u — 2){/(u — 2) + sin véi in 
are contained between 0 and 1. 


Taking temporarily this lemma for granted, we shall proceed with 
the proof of the inequality (13). Let us consider the auxiliary function 


. : p sin ni 
(14) As (p, 2) = p Nie sin pi = > a sin vi + EN "o : 
yas] 


vl 
We easily find that 


sin E 








sin ni 
E — p* cos ni) — p! —— (1 — | 
Sin À 


1 — 2p cos t+ p? 





As (p, ) = 


We note that, for 0 Sp S1, 


in nb - 
(1 — e?) 2 2(1 — p") — no" (1 — e) 





S 
2(1 — p^ cos nt) — p^! 


= (1— ABRU Lat: op pri) — p?7in(1 + p)] 
> (1 — p)2np"-! — 2np*3) = 0. 


Thus Af (unlike A,) is non-negative for 0S#Sz, and so nonpositive 
in the interval (—7, 0). This remark applies, in particular, to the 
trigonometric polynomial 
A,*(1, t) = 3. sin vt. 
y=] 
Let us now fix t, O Xt. In the proof of (13) we shall consider 


various special cases. 
Case (1). An(p, D 20, A«(p, t+r) SO for OSpS1. 
Thus 


+1 1 
T Las olio m f Tante D — Ad t+ Yo 


= Í | D p~ sin pt — 2, (— 1)p'7! sin 2 dp 


‚Sn ‚Sn 
sin vi 
= 2 > | = 2, 


vín, odd H 
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by the lemma. 

Case (ii). An(po, t) <0, for some po, OS po € 1. We may assume "m 
0 «po «1. 

This cannot happen for #=1. Thus 722. We shall show that in 
this case, for all p, 0S p S1: 

(a) A,(p, ¢+7) «0. 

(b) |A,(p, t)| is majorized both by A;-1p, D and A,.ı(p, D (in 
particular, the latter quantities must be non-negative). 

For suppose that 


An(p, À) = sin t + po sin + ++: + p sin nt < 0. 
We know that for all p, 0 SpX1, 
An*(p, 4) = sin ¿+ psin2t-  --- 
+ p? sin (n — 1) + 2717 sin nt = 0, 
Anl, Ò = sin ft + p sin 2¢+--- 
+ p*- sin nt + 2-1p* sin (n + 1); z 0. 
À comparison of these inequalities shows that 
(15) sin nt < 0, sin (z + 1)! > 0. 
Thus, since A, — A;* 4-27 !p"-! sin nt, we have 
271p" sin nt S A,(p, i) S AX(p, À), 
(16) | An(o, 2| S | A&*(o, D | + | 271977 sin ai 
= An*(p, I) — 27"! sin ni = A, Ap, À). 
Similarly, the formula A, =A,41—271" sin(z +1): and (15) imply 
— ien sin (n + DES Ale, i) S Asp, t), 
(17) | Anla, D | S | Actio, 2 | + | 27107 sin (m + Del 
= Ap À) + 27197 sin (x + 1)? = Asp, À. 
Thus assertion (b) is proved. To prove (a) we replace ¢ by 74-7 in the 
equations | 
An(p, t) = An*(p, t) + 271977! sin nt, 
As(p, à) = Ale, 2) — 2-1p^ sin (n + Di. 


If n is even, the first of these resulting equations, coupled with the in- 

equalities A,*(p, tr) € 0, sin nt «0, shows that A, (p, +r) <0. If n is 

odd, we similarly argue with the second equation. Thus (a) is proved. 
Using (a) and (b), we see that in case (ii) 
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+1 1 
f | A,(p, t) | dp sz f Anzio, i) =; A,(p, + T) } dp 
EE | 0 


1 ntl n 
= J d >, p" ^ sin vt — > (— User) sin 2 dp. 
ds 


yel y—1 
If n is even, we take the sign + in n +1, and the last integral becomes 


d y E PE 


yÉn-l, odd 2 n +1 


by the lemma. If n is odd (723), we take the sign — in #+1,and the 
integral in question takes the form 


sin vi 1 sin 
2( 2j +— SÉ 


Sn 0 EEN, 2 


S 2, 











again by the lemma. Thus (13) holds in case (11). 

Case (iii). An(po, +7) >0 for some po, 0S po S1. 

To prove that (13) holds in this case, we observe that, since A,(p, t) 
is odd in é, 


As(po, E+ v) = — An(po, 7 — 2) = — An(po P), 


where //—c—1. Thus Ost «T, A,(po, t’) is negative, and we are in 
case (ii). It follows that (13) holds if we replace there ¢ by H. But 


+1 +1 
I (Ain 9 | do = | | A,(p, t — m) | dp 


(18) T1 
-f | An(o, #’) | dp S 2, 


-1 
and (13) holds again. 

Cases (i), (ii), (iii) exhaust all possibilities, since the simultaneous 
occurrence of the inequalities An(po, D <0, An(p1, +) 20 is excluded 
by case (ii). Thus for the completion of the proof of Theorem 1' we 
need only prove the lemma. 

In estimating the polynomial 











sn! sin i D sin uf 
1 3 H 
t . 
(19) = Í (cos # + cos 3u + +++ + cos uu)du 
0 


= FÉES 
0 


2 sin 
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we may assume that 0$#S7/2, since replacing £ by c —: does not 
change the value of the polynomial. It is clear that the maximum of 
the last integral is attained for Z=r/(u-+1), and is equal to 


| 7/07) sin (u +1) d sin o 
0 o 2(u 


Sr mer tere 
2 sin # + 1) sin Goin + 1) 


For fixed u, 0Su Svr, and uz 1, the minimum of the last denominator 

is attained when u —1. For this particular value of u the last integral 

becomes 2-1/5 cos(u/2)du —1, and one-half of the lemma is proved. 
Similarly, assuming, as we may, that uz 3, we get S 


: sin 3f sin ul ! sin pu "l^ sin uu 
pe lee, 
3 2u o 2tan« 0 2 tan u 


"ls sin un 
sS J —dusi 
0 2 sinu 








by the result just obtained. This completes the proof of the lemma.4 
3. Additional remarks. (i) Let C, be the least number such that 


f v, (z) 


2 
for all functions #(z) harmonic in D <1. We know that C1=2/r, 
and the argument just completed clearly shows that Ca «2/T for 
n=2, 3,-++. The numbers CGizC;z Cz --- tend to a limit 
C* 21/2. Combining the estimates in cases (i), (ii), (iii) with the in- 
equalities of the lemma, we find that 











jas] s c, f | wt) || asl 


TNT 1 prim sin nee T 1 f7!” sin mu 
= im — - “z= iim — 
m>» F 0 Sim u moo T 0 U 


1 7 sin At 
= — du. 
T 0 X 


On the other hand, let R be any positive number less than 1 and let 
u(z) = ur(z) = «(1/2 + Rp cos 0 + R?g? cos 28 + - -- ) z-pe) 








u 


(21) 





so that fel u(z)| ldz] -—]1.If £40 «t«m, is the angle of D with the posi- 
tive real axis, then 


* The author is indebted to a referee for pointing out a slip in the initial proof of 
the lemma. 
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se Un Dalz) 








+1 
ol = f (Ante, D| do 
+1 
= f (AS, t) n2 A,(p, t + T) | dp 


sin £ sin 3 sin u 
= 24R + R3 Le L Re— d 
1 3 u 











where u is the largest odd integer not greater than #. Taking R as 
close to 1 as we wish, we see that the last sum comes arbitrarily close 
to 


(22) (E + sin Af D 1 sin " 
1 3 u J 











which is a partial sum of the Fourier series of the function (7/2) sign # 
(—r <t<*). This function has a jump at ¢=0 so that the partial sums 
(22) must display Gibbs’ phenomenon. This also follows from (19) 
and (20), which show that 


"siny, 
ca > 


Comparing this with (21) we see that 





1 T Sinu 
C* = =f du = .589490 : : : 
T u 


(ii) Let U (p, 0) be the Poisson integral of a function F(t), 0S1 «27, 
of bounded variation and not constant. Thus 


1 rs | 
U(p, 0) — =f  — F(t)dt. 
_, 1 — 2p cos (t — 0) + p° 


Since the total variation of U(z) on the circle |z| =p <1 tends to the 
total variation of F(£) over (0, 27), Theorem 1 gives 


» fh 


This, of course, may be obtained directly, by applying to the formula 


U „(2) 





2 2r 
ips — | | dF |. —. 
T 0 





EU) = — f Aso — Dar 
ER a Hr = Nu 


the estimates for [*!|A,(p, t)| dp. This direct approach shows that if, 
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for simplicity, we take for D the segment (—1, +1), then the sign of 
equality occurs in (23) if and only if (a) n=1, (b) F(!) is Cx(t), where 
C is any constant, and x(/) equals +1 inside (—7/2, ++/2) and 
equals —1 inside the intervals (—7, —7/2) and (7/2, v). In other 
words, U(p, 0) must be 


cÈ (eb 
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cos (2» — 1)0 
2p — 1 


SA 


A NOTE ON THE RIEMANN ZETA-FUNCTION 
FU TRAING WANG 


Let p, —f,--?y, be the zeros of the Riemann zeta-function c(1/24-2) 
whose real part 8,20. Then we have the following formula which is 
an improvement on Paley-Wiener's [1, p. 78]: 


f log | ¢(1/2 + i?) | EPES B, 
1 f? Feel | p|? 





P on l flog T 
+f Re? log t(1/2 + e") d0 + (>). 
0 


In order to prove this formula let p, v=1,2, >+, n) be the n zeros 
of t(1/24-z) for which 0 «y, « T and 0 « 8, «1/2. We require the fol- 
lowing lemma: 


LEMMA. Let K be the unit semicircle with center z =0 lying in the right 
half-plane R(z) >0 and let C be the broken line consisting of three seg- 
ments Ly (0€x €T, y=T), Li (0Sx ST, y= —T) and La (zi, 
—T<y<T). Then 


1 p7 lg|r1/2T i0], ,< P 
-f P di 229, 


T 





(1) 


1 log t(1/2 + 2) 1 log t(1/2 + 2) 
— | rer f en de 
K C 


2ri 22 212 g? 


This is a form of Carleman's theorem which can be proved by a 
method of proof analogous to that of Littlewood's theorem (Titch- 
marsh [3, pp. 130-134 ]). 

Let T be a contour describing C, K and the corresponding part of 
the imaginary axis, and let p, be a point interior to I’, and log(z — p») 
be taken as its principal value. We write C; as a contour describing I 
in positive direction to the point ty», then along the segment y —'y;, 
0 «x «,—r, and describing a small circle with center Z= pp, radius 7, 
then going back along the negative side of this segment to 7y,, and 
then along D to the starting point. 

By Cauchy’s theorem we get 


log (z — p, 
Í log ole 
C1 


g2 
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-f log (2 — p+) f^ ax 
pe panno NE E HER CN 
jet Jr z? o (xd iy)? 


where the integral round the small circle with center z — — p,, radius 7, 
tends to zero as r—0. This formula is also true for 8, =0. 
Put ¢(1/2+2) =¢(2) [*.,(z— — p) [E (2— p) where &(2) is seuls 


and has no zero in and on T'. Then we get 


Hence 








1 l 1/2 2 el 1 
doma», (i 1), {1,1 
Zait 2° yal y TY, p-1 NDv TY, 
= 25 Pr 
pra], py |? 


From this the lemma follows. 
Now we have 


(2) f. log ve + 3) D f+ 8 2 


On account of 


log (1/2 + x + iT) = O(1) forx = 1 
we have 
(3) f= | cet log (1/2 + x + iT) ms ex + 0(Z). 
i Ly 0 (x + iT)? T 
Since (Titchmarsh [2, p. 5]) 
arg (1/2 + x + iT) = O(log T) for OS x51 


and (Titchmarsh [2, p. 59]) 
log | t(1/2 + «+ cl 


2, log {(« — 8? + (T — y)*} + O(log T), 





z Ir-TI<1 
then 
(4) f log ¢(1/2 + x + iT) E -) 
0 (x + iT)? T? / 


From (3) and (4) we get 


(5) f. er (= T ) 
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Similarly 


(6) f. -0 (=). 


Since log £(1/2+T-+iy) 2 0(277), we get 











(7) f = O(T2-*). 
By (1), (2), (5), (6) and (7) we have 
f log | (1/2 3] „_,, > 
1 "a v=1 e 
(8) 


1 f log t(1/2 log T 
1 O9 as + of) 


2iJ KE 2 


But (Ingham [4, p. 70]) 


SC Dr 1 log T 
on Eden) 
ul pr | p Y? T 


The formula follows from (8) and (9). 
Finally, if we make T— then 
Iu log | t(1/2 + | 
1 


i? 





ri? 
dt = f Ri e- log ¢(1/2 + ei) 1 dà 
0 


gives a necessary and sufficient condition for the truth of the Riemann 


. hypothesis. i 
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NOTE ON A THEOREM OF MURRAY 
GEORGE W. MACKEY 


1. Introduction. In a recent paper! [1]? Murray has shown that in 
any reflexive separable Banach space 8 every closed subspace M ad- 
mits what he calls a quasi-complement, that is, a second closed sub- 
space Jt such that MNN=O and such that MIN, the smallest 
subspace containing both M and MM, is dense in 8. It is the purpose 
of this note to give a simpler proof of the following somewhat more 
general theorem. 


THEOREM. Let 38 be a separable normed linear space (not necessarily 
reflexive or even complete) and let M be a closed subspace of B. Then 
there exists a second closed subspace 9t such thet MNN=0 and MIN 
as dense in B. | 


In proving this theorem it is convenient to make use of the notion 
of closed subspace of a linear system discussed at length in Chapter 
III of [2]. We repeat the necessary definitions here. A linear system 
X, is an abstract linear space X together with a linear subspace L 
of the space X* of all linear? functionals defined on X. If (x) =0 for 
all Z in L implies that x —0 (that is, if L is total) we say that Xi isa 
regular linear system. If M is a subspace of X [L] we denote by 
M’ the set of all 7 in L [x in X] such that (x) 20 for all x in X 
[2 in L]. It is clear that MCN implies N'C M" and that M'' 2M. 
Since M” — ( M'')'CM' and since ATI? =(M’)"DM’ it follows that 
M' — M"" and hence that M =M" if and only if M is of the form N’. 
A subspace having either and hence both of -hese properties is said ^ 
to be closed. We observe that the operation ' sets up a one-to-one in- 
clusion inverting correspondence between the closed subspaces of X 
and L respectively. 


2. Two lemmas. The proof of the theorem is based essentially on 
the following lemma. 


LEMMA 1. Let X, be a regular linear system such that both X and L 


are No dimensional, that is, have No independent generators. Then if M 
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is any closed subspace of Xz there exists a second closed subspace N of 
X such that MÀ-N —X and M'+N'=L. 


The proof of Lemma 1 is an easy consequence of a second lemma 
which is proved in its present form on page 171 of [2] and in other 
forms elsewhere but which we prove again here for completeness. 


LEMMA 2. Let X, be as in Lemma 1. Then there exist sequences of 
elements xy, x, * od h, fa: of X and L respectively such that 
xx —X,hdhd e... -Landl(x)-—0jfor$j—-1,2,---. 


PROOF. Let y; ys, * © - and ma, ma, ` > * generate X and L respec- 
tively. We define x1, xo, - - + and h, b, - by induction. Let À =m 
and let x1=ÿm/#alyn) where m is the first integer such that 
mate 0. Suppose that x1, xe :: *, xx and h, b, + -:, l; have 


been defined. If k is odd let mp be the first integer such that 
ya Ga Last. Las and let up 9 Man (aya) + * * + Han). 
Then let £ be the first integer such that ma(xz41) #0 and let 
Inga = (ma — (mar) + + + + M ma(Qe)h)) /ma(xec). If k is even let #0 
be the first integer such that m,,¢h+th+---+, and let lis 
= Ming (malt Mma (x)h). Then let £ be the first in- 
teger such that /,4(y4)750 and let Xii (Ya — (l(ya)xs + > ` 
+h(ya)xı))/lz+1(ya). It follows at once by induction that ;(x;) = à; 
for i, j=1, 2,--- and it is clear that X=xı4x 4 --- and 
L=h+lb+ .... 

Proor or Lemma 1. For definiteness we shall assume that M and 
M' are infinite-dimensional. The only difference in the contrary case 
is that certain infinite sequences must be replaced by finite ones. That 
Lemma 2 is true when X and L are finite-dimensional is obvious. 
Applying Lemma 2 to M and the linear functionals on M defined by 
the members of L we may infer the existence of sequences of elements 


Xi, Xj Xe ott and 7f, m, facto of M and L respectively such 
that abat - - - =M, M’4tomtmt+ --- =L and m,(«,) = 9/ for 
i, j21,2,: -. Similarly by applying Lemma 2 to M’ and the lin- 


ear functionals on M’ defined by members of X and remembering 
that M’’=M we may infer the existence of sequences of elements 
fu Ío fe, +++ and Zr 2, far: of M’ and X respectively such that 
SLL, =M', Mtatat--- =X and fi(z;) = ô for 2, 7=1, 
2, ++. Now for each z and —1,2, - - - let 

y; = z; — (mlz) tı + más +--+ + mie) x), 

l, = ms — (miler) fr + mh) + + ml), 


where fp and zo are to be taken as zero. Then keeping in mind the fact 
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that f:(z;) — mix) — 0,7! and Fi(x;) =D for t, jel, 2, ee itis easy to 
verify that/;(y;)  Oand End =1;(x,;) = 8,7. Thestatementof the lemma 
now follows at once on setting N=y,ty+ - --. In fact since 
tat ee gite smtedt +--+ tated... Mha 
Lët -+- =X and k++ DM fi fo + EI =} ++ nn +m 
Jamie zs MI am Lage, =L, it is easy to see that N' =h 
«hlc: and Mim Last... Thus N"-N so that N is 
closed and M 4- N =X while M’+N’=L. 


3. Proof of the theorem. Since 8 is separable it is clear that 
B| Wt is also.‘ It follows then from Théorème 4 on page 124 of [3] that 
there exists a countable total set of members of the conjugate of 
%| Mt and a countable total set of members of the conjugate of 8. 
Now every member of the conjugate-of B| M has associated with it in 
an obvious fashion a member of the conjugate of 8 which vanishes 
throughout M. Thus the first countable total set defines a countable 
set of elements of the conjugate of $8 the intersections of the null 
spaces of which is M. Denote the linear span of these two countable 
subsets of the conjugate of $ by L. Since M and $ are separable 
there exists a dense countable set in 8 a subset of which is a dense 
set in M. Let X be the linear span of this countable set and let 
M=MMAX. It is obvious that the X, Land M so defined satisfy the 
hypotheses of Lemma 1 and that the closures of M and X are M and 
35 respectively. That M is closed as a subspace of the linear system 
X follows from the fact that M is an intersection of null spaces of 
members of L. Let N be the closed subspace of X z whose existence 
is guaranteed by Lemma 1. We define 9t as the closure (in $8) of N. 
Since 9t 4-9t 2 M 4- N — X itis clear that MIN is dense in $. Suppose 
that xE MN. Since M is the closure of M every element in M" 
vanishes throughout M. Similarly every element in N’ vanishes 
throughout N. Thus every element in M’+N’=L vanishes on x. But 
L is total. Therefore x —0. Thus MNN=0 and the theorem is proved. 


4. Remarks. Murray's paper closes with a proof that in reflexive 
spaces quasi-complements which are not at the same time comple- 
ments? are very non-unique in the sense that every such both properly 
contains and is properly contained in other quasi-complements. This 
theorem and its proof may be extended to the nonreflexive case (but 
not the incomplete one) by considering the closed subspaces of the 
linear systems 84 and Az where Y is the conjugate of B rather than 
those of the Banach spaces A and $8. The needed fact that the linear 


1 Here B| M denotes the quotient or difference space of B mod M. 
5 Complements of course are not unique either. 
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union of a closed subspace with a finite-dimensional one is again 
closed follows from Theorem III-1 of [2]. The trouble when $8 is 
not complete ıs that M’ and N’ may be complementary even when 
M and Yt are not. That this can indeed happen is shown by the first 
example at the bottom of page 173 of [2]. 

Using this same device one may carry over Murray's theory of the 
connection between quasi-complements and closed projections almost 
word for word to the nonreflexive and noncomplete case. 

Making further use of the methods and theorems of Chapter III 
of [2] one can show that if 8 is separable and Mt is a closed subspace 
of 3 such that neither Di nor $5] M is finite-dimensional then the quasi- 
complement of M can always be selected so as not to be a comple- 
ment and that whenever ® is complete and M and N are quasi-com- 
plementary and not complementary then % has infinitely many 
linearly independent elements mod MN. ° 
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HARVARD UNIVERSITY 


ON PROXIMATE ORDERS OF INTEGRAL FUNCTIONS 
S. M. SHAH 


Let f(z) be an integral function of finite order p and let M (r) 
= MAX EE fl . It is possible to find! a positive continuous function 
p(r) having the following properties. 

(1) p(r) is differentiable for r 27, except at isolated points at which 
p'(r —0) and p'(r 4+0) exist; 


(2) lim p(r) = p; 

(3) lim rp'(r) log r = 0; 
. IR 

log M 

(4) rm UN _ 
FR ger): 


Such a function is called a Lindelöf’s proximate order for the in- 
tegral function f(z). The proof given by Valiron far the existence of 
proximate orders is based on some rather deep results due to Blumen- 
thal. The object of this note is to give a particularly simple proof of 
the existence of proximate orders. The proof given here makes no use 
of the special properties of M(r) and is therefore of wider scope. 

Let o(r) =log log M(r)/log r. Either (A) o(r) » p for a sequence of 
values of r tending to infinity, or (B) e(r) Sp for all large r. 

In case (A) we define ¢(r) 2 max;z. [o (x) |. Since e(r) is continuous, 
lim sup... o(r)=p and o(r)>p for a sequence of values of r tending 
to infinity. Therefore $(r) exists. p(r) is a nonircreasing function of r. 

Let r1» e* and ó(ri) =o{rı). Such values will exist for a sequence of 
values of r tending to infinity. 

Let p(ri) 2 (rj). Let bh be the smallest integer not less than 1+ 
such that &(rı) zait), and let p(r) = p(71) -ó(r)) for n<rSh. 

Define m as follows: 


uy > lis 
p(r) = p(ri) — log log log r + log log log tı fort; sr Su, 
_p(r) = pr) for r = 1, 


but p(r) >¢(r) for tı Sr <u. Let rz be the smallest value of z for which 
You, and à 


Received by the editors November 10, 1945. 
! G. Valiron, Lectures on the general theory of integral functions, Cambridge, 1923, 
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pre) = o(r2) e 


If 72; 41, then let p(r) =(r) for uu £r Sr». Since d(r) is constant for 
1i Sr Sra, therefore p(r) is constant for v; Sr Sr». We repeat the argu- 
ment and obtain that p(r) is differentiable in adjacent intervals. Fur- 
ther 


= 


P(r) 20 or —; 
r log r log log r 


and p(r) 2¢(r) zo(r), for all ren, Further p(r) =o(r) for an infinity 
of values of r —ri, ra, * * - , p(r) is nonincreasing and lim, @(r) =p. 
Hence 


lim sup p(r) = lim p(r) = p, 
T0 fo 


and since log M(r) —77(? =re( for an infinity of r, log M(r) «r^t? 
for the remaining r, therefore lim sup, log M(r)/r*(? =1. 

Let e(r) Sp for all large r (case (B)). Here there are two possibili- 
ties: 


(B.1) o(r) = p 
for at least a sequence of values of r tending to infinity; 
(B.2) . ar) <p 


for all large values of r. 

In case (B.1) we take p(r) — p for all values of r. 

In case (B.2) let (r) =maxxszsr{o(x) | where X zeg is such that 
a(x) «p whenever ze X. &(r) is nondecreasing. Take a suitably large 
value of rı>X and let 


Dé = Dy 
p(r) = p + log log log r — log log log 7; for zu Sr Sr 


where sı <7, is such that E(sı)=p(sı). If E(s1) <o(s1), then we take 
p(r) =&(r) up to the nearest point 4 <s, at which E(t) =o(t). pr) is 
then constant for A Er Ss}. 

If E(sı) 2o (sı), then let ı — s. 

Choose ze > r1 suitably large and let p(r.) =p, 


p(r) = p + log log log r — log log log re fors: S fr S re 
where s» (<r) is such that? &(s2)=p(se). If £(ss) £o (sz), then let 
———— / 


2 s; is given by the largest positive root of £(s4) =p Llog log log r2+log log log sz. 


328 W. F. EBERLEIN [April 


p(r)-—E(r) for k Sr <s, where iz (<s2) is the point nearest to s: at 
which &(f2)=o(f2). If £(s2) =o(se), then let 4-5». For r «fs let p(r) 
= p(t») +log log log is — log log log r for u1 Sr St, where u, (<t) is the 
point of intersection of y =p with y = (i2) +log log log #2 —log log log r. 

Let p(r) =p for rı Sr Su. It is always possible to choose z so large 
that 7; <zı. We repeat the procedure and note tha- 


pr) 2 Er) = e(r) 


and p(r)=c(r) for r =h, tz ta, - - - . Hence lim... p(r) =p, and 
| log M(r) 
lim sup — = 1 
r— o P(r) 


MUSLIM UNIVERSITY 


A NOTE ON THE SPECTRAL THEOREM 
WILLIAM F. EBERLEIN 


1. Introduction. Although the connections between the spectral 
resolution of a self-adjoint transformation in Hilbert space, the mo- 
ment problem, and Riesz’ integral representation [1]! for linear func- 
tionals on the space C are known (cf. Stone [2], Murray [3], Widder 
[4], Lengyel [5]), the following elementary deriva-ion of the spectral 
theorem from the Riesz theorem exhibits the connections in, perhaps, 
the simplest light. We consider only bounded self-adjoint transforma- 
tions À; one can treat an unbounded H by considering ([+H?)-, 
which is bounded and self-adjoint [3, p. 95 |. Note that the derivation 
does not involve the separability of the Hilbert space $. 


2. Six lemmas. Let H be a self-adjoint transformation with the 
bounds a, b—that is, a|fl? x (Hf, f) Salil for all f CH, and || zl] 
=max(|a| i IA ). Denote by C the space of continuous real-valued 
functions defined on the closed interval (a, b), with f(x)]| =max| J(x) | 
(a Ex xb). Let p(x) => Bea? be any polynomial wich real coefficients, 
and let p(H) be the corresponding transformation p(H) =) %c,Hi, 
where AN =]. 


Received by the editors September 6, 1945. 
1 Numbers in brackets refer to the references cited at the end of the paper. 
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Lemma 1. aED] set =maxze u,» P(x) |. 


Murray [3, p. 82] gives a proof of the lemma; we remark only that 
the general case can be reduced to the case of a self-adjoint H in 
n-dimensional Euclidean space. The inequality is almost obvious 
when A is represented by a finite diagonal matrix; and the lemma is 
essentially equivalent to the statement that every n?-symmetric ma- 
trix can be reduced to diagonal form by unitary transformations. 

Given any two elements f, g C $, consider the expression (p(A)f, g), 
taking on real or complex values, as an operator defined over the 
linear set of polynomials included in C. The linearity of the operator 
is obvious; its continuity follows from Lemma 1: 


| os, 2] s lean Al Mall s CU el ie Col. 


Since the polynomials are dense in C (Weierstrass approximation 
theorem), the operator can be extended uniquely to a linear functional 
defined over all C, without increase of norm. The Riesz theorem [1] 
then yields immediately: 


LEMMA 2. There exists a function of bounded variation p; f, g) 
(a SX Eb) such that 


(MS) = f POOF. 9. 


the uniqueness of p being assured by the normalization conditions: 
pla; f, g)=0 and pA; f, g)=pA+0;f, g), a «X «b. pA; f, f) is real, 
and Var,» pH LS, 


The structure of the p(^; f, g) isimplied by the following elementary 
properties of the Stieltjes integral (cf. Widder [4 ]). 


LEMMA 3. Let f(x), g(x) be continuous and y(x) be a normalized func- 
tion of bounded variation on (a, b). Then G(x) = [2g(t)d-y(t) is a normal- 
ized function of bounded variation, and [^f(t)aG(t) — riet), If 
fai7dy(t) =0 (n=0, 1, 2,---), then y(t)=0. 


LEMMA 4. (1) p(b;f, 2 - (5,8, OS PALA) «lul 
(2) pA; fi foy g) = PQ; fu g) PQ fa g); 

(3) pA; df, g) -eo(N; f, g); 

(4) PX; f, 8) =P; g, f). 

The equality in (1) arises on setting pÀ) =1 in Lemma 2. But then 


pA; f, f) is nondecreasing, whence the inequality. The proof of (2) 
is typical of the remaining statements: 


J 
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b 
J A*dp(A; f + fa, g) = (H"(fi + fe), £) ES (H^fi, g) Ss (H^fs, g) 
= Í add; fy, g) + Í | AdoC; fa, 8) 


- f Ad { (As fu 8) + (AG fas dl. 


Set YA) =P; fi fo g) — loi fu g) teAifs g)} and apply Lemma 3. 


Lemma 4 and the representation theorem [2, p. 63] for bounded, 
bilinear symmetric functionals defined over a Hilbert (or unitary) 
space yield the following theorem: 


LEMMA 5. There exists a set of bounded self-adjoint transformations 
F(X) (a EX b) such that (FOSS, g)=p(;f, g). F(a) =0, and F(b) =I. 


That the F(A) are projections is a consequeace cf the following re- . 
sult: 


LEMMA o P(u)F(X)- F(v), where v=min(p, X). I n | particular, 
FA) = F(A). 


For, let m and n be arbitrary (m, n=0, 1,2, -- - Then 


f And { f und(F(p)f, pt = J PUO, g) = (Hot, g) 


a 


b 
= (rj, ng) = | vato, no 


a 


b 
= (sagen, o 


-f vel f | EEE dr. 


Application of Lemma 3 yields 
b \ 3 
f ewr a = [ares = | mmo, os 
and another application, Fu) F(A) = F(v), where v =min(u, À). 


3. The spectral theorem. In order to put our results into standard 
form we modify the definition of the family of projections by setting 
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EQ) =0 (A<a), EQ) = F(A+0) (a8 <b), EQ) =I AZO). The EA) 
thus obtained form a finite resolution of the identity: They are all 
projections; E(A)E(u)=E(v), where »=min(u, À); E(A+0) =Z(A) 
(— c <A< ©): (E(A)f, g) is of bounded variation; E(A)=0 (À <a) 
and H(A) =f (Azb). 

. To allow for the change in definition at the point \=a we modify 
the limits of integration from (a, b) to (a — e, b), e being an arbitrary 
positive number. Our final result is then the following: 


SPECTRAL THEOREM. Let H be a bounded self-adjoint transformation 
with bounds a, b. Then there exists a finite resolution of the identity E(X) 
such that 


ag, D = | DOUES, 9. 


e being an arbitrary positive number. 


REFERENCES 


1. F. Riesz, Sur les opérations functionelles linéaires, C. R. Acad. Sci. Paris vol. 149 
(1909) pp. 974-977. 

2. M. H. Stone, Linear transformations in Hilbert space, Amer. Math. Soc. Col- 
loquium Publications, vol. 15, 1932. 

3. F. J. Murray, An introduction to linear transformations in Hilbert space, 1941, 

4. D. V. Widder, The Laplace transformation, 1941, 

5. B. A. Lengyel, Bounded self-adjoint operators and the problem of moments, Bull. 
Amer. Math. Soc. vol. 45 (1939) pp. 303-306. 


WASHINGTON, D. C. 


AREOLAR MONOGENIC FUNCTIONS 
R. N. HASKELL 


1. Introduction. There have been several modifications of the defi- 
nition of the derivative of a complex function of a complex variable 
which lead to theories of non-analytic functions. These generaliza- 
tions were initiated by Riemann (1351) and Picard (1892) and fol- 
lowed with others by Pompeiu, Kasner and Cioranescu. The general 
derivatives of Riemann and Cioranescu depend on direction and 
have an infinite set of values at a given point, hence Kasner gave to 
the class of non-analytic functions considered the name polygenic 
functions to distinguish them from classical analytic, monogenic func- 
tions. 

The conditions for classical monogenity have been much reduced by 
Looman-Menchoff [7, pp. 9-16; 9, p». 198-201 ].2 We shall similarly 
reduce the restrictions for the existence of the Cioranescu single-val- 
ued areolar derivative and show that under those reduced conditions 
the real and imaginary parts of the areolar monogenic function are 
biharmonic. Finally the class of areolar monogenic functions so de- 
termined will be simply characterized in terms of the Pompeiu de- 
rivative. 


2. The Cioranescu and Pompeiu derivatives. Let f(z)-—f(x, y) 
=u(x, y) --iv(x, y) be defined in a domain D of the complex variable 
z2=x-+iy. Construct a rectangle in D at a point z of D whose vertices 
in positive order are Z, 2, 2’, 2. If z is taken as the pole of a polar co- 
ordinate system (p, déi then 1 —z = p1e'?, z; —2=pei@tr/2) and z'—z 
= (012+ p,?) Vett where e — tan^! p;/pi. We now form the quotient 


JG) — flax: — Ke) + fei 


(31 — 2)(22 — 2) 


(2.1) A*f(z) = 


and consider the limit of A®f(z) as pı and ps approach zero with & held 


Received by the editors October 26, 1945, and, in revised form, November 24, 
1945. 
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constant. If u(x, y) and v(x, y) have continuous second order partial 
derivatives at z, the limit exists and we have 


A*f(z) = D'f(z) 
= VET — fw — 2if sy) /4 = (fez — Jun + 2if .,)e "4/4 
= (tes — Uyy + 2925) + 1022 — yy — 2u y) ]/4 
"es (ia. — Uyy — 202) + Zëss — yy F 292g) Je-ti#/4. 


The necessary and sufficient conditions that D?f(z) shall be inde- 
pendent of ¢ are that 


(2.3) ey = — (Vez — de) Vey = Dies — Uyy)/2. 


If (2.3) are satisfied then D?f(z) «v, —4uz,is the Cioranescu derivative. 

If now u(x, y) and v(x, y) are assumed to have fourth order partial 
derivatives at z then from (2.3) we have Viu(x, y) = V*v(x, y) where 
V4 — V((V?) and V? is the Laplacian operator. 

We shall make the following definition. 

Definition. A complex function f(z) =u(x, y) T-?v(x, y) defined in a 
domain D will be said to be areolar monogenic at a point (x, y) of D 
if u(x, y) and v(x, y) have continuous second order partial derivatives 
at (x, y) which satisfy (2.3). We shall call f(z) an areolar monogenic 
function in D if these conditions are satisfied at every point of D. 

The Pompeiu areolar derivative is defined as 


D 1 
om a "éi ul fads 


Ess E, ZS 


(2.2) 








where s is any simple rectifiable closed curve of diameter 6 which 
with its interior ø is in D and w is the area of e. If u(x, y) and v(x, y) 
are continuous with their first and second order partial derivatives we 
have 


D 
(2.5) 2 = [(uz — vy) + i(92 + tty) ]/2 


and 


D?f 
(2.6) a [— vy + Dias — Myy)/2 + if may + (022 — v,,)/2] ]/2. 
As remarked by Cioranescu [2, p. 29] we see by (2.6) that the 
class of areolar monogenic functions is the class of solutions of the 
differential equation D?f/Dw? =0. 
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3. Green’s lemma. Most discussions of monogeneity lead to the 
evaluation of fcu f(z)dz where the integral is a line integral around 
a closed curve in D which in our case we shall assume is a rectangle 
with sides parallel to the coordinate axes. This integral is then trans- 
formed by Green’s lemma into integrals over the area of the rec- 
tangle. A reduction of conditions under which 


(3.1) ICE = — ffe + 2,)dxdy + if (us — v,)dxdy 


then leads to reduced conditions for monogeneity. We shall give three 
conditions for (3.1) to hold for all rectangles C(R) in D. 

(3.2) Condition C. If u(x, y), v(x, y), uz, uy, v and vy are continuous 
in D, then (3.1) holds for all rectangles in D. 

(3.3) Condition A. If F(R) — fcuyudy, G(R) = — fecryudx with simi- 
lar conditions for v(x, y) and F and G are absolutely continuous func- 
tions of point sets in D, then (3. 1) holds for all rectangles C(R) in D. 

This is condition (A) of Evans [4, p. 32]. 

(3.4) Condition M. If uz, uy, v, and v, exist almost everywhere in 
D and are summable and, moreover, at each point of D except for at 
most a finite or denumerably infinite set, the functions u(x, y) and 
v(x, y) have finite Dini derivatives with respect to x and y, then (3.1) 
holds for all rectangles C(R) in D. 

This condition among others was given by Menchoff [5, p. 29]. 


4, The principal theorem. We are now in a position to prove the 
following theorem. 


THEOREM 1. 7f u(x, y) and v(x, y) sahis)y conditions C, A or M in D 
and the equations 


(4.1) Uz — Vy = U(x, y), Uy +7, = V(x, y) 


hold almost everywhere (everywhere under condition C) in D, where 
U(x, y) and V(x, y) are conjugate harmonic in D, then f(z) =u(x, y) 
+iv(x, y) is areolar monogenic in D. 


Proor. Under the conditions C, A or M the differential equations 
(4.1) are equivalent to the integral equations 


f vdx + udy = ff U(x, y)dxdy, 
C(R) R 


(4.2) 
f vay — udx -f P(x, y)dxdy. = 
C (R) R 


These are the integral equations considered by Evans [4]. Let 
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1 1 
us, 3) = na) = - = | f "Jog = UCP dee, 


(4.3) 
1 1 
v(x, y) = XM) = — SI, log PE V(P)dor. 





Since U(x, y) and V(x, y) are harmonic in D they satisfy a Hölder 
condition [6, p. 153] and the first and second partial derivatives of 
p(M) and v(M) exist at M and | 


(4.4) Vuia, y) = U(x, y, Verla y) = V(x, y). 
The general solution of (4.2) is 

Ou ðv | Oy ðv ðu | Op 
4.5 ba Se Se ee v( x, = — — — + — 
(4.5) u y) ERR Dr T (x, y) m os T 


where W(x, y) is (in D) an arbitrary harmonic function. Now by the 
theorem of Evans [4, p. 33], (4.5) is a solution of (4.1) almost every- 
where in D when U(x, y) and V(x, y) are only bounded and measur- 
able in the Lebesgue sense. In our case with U(x, y) and V(x, y) 
harmonic in D, (4,5) is a solution of (4.1) everywhere in D and any 
solution of (4.1) satisfying C, A, or M can be given the form (4.5). 
We have from (4.5) and (4.4) 


(4.6) uw, — v, = Hints y) = U(z, y), uy +02 = V(x, y) = V(x, y) 
at all points (x, y) of D and therefore u(x, y) and v(x, y) satisfy 
(4.7) Viu(x, y) = Mis y) = 0, Vins, y) = VY (x, y) = 0 


at all points (x, y) of D. Solutions p(x, y) and v(x, y) of (4.7) are ana- 
lytic in D and since p(x, y), v(x, y) and (x, y) are all solutions of 
Viw —0 their first partial derivatives are also biharmonic and there- 
fore analytic in D. Therefore u(x, y) and v(x, y) by (4.5) are bihar- 
monic and analytic in D. Now from (4.1) we derive that 


24 zy + (Dez — I) = Uy + Vs = 0, 
29., — (ee — Uyy) =. Uz + Vy = 0 
and therefore f(z) is areolar monogenic in D. 
COROLLARY. If u(x, y) and v(x, y) satisfy the conditions C, A or 
M in D and the Pompeiu derivative exists for all rectangles C(R) in D 
and Df/DR = (U(x, y) +iV(x, y)]/2— F(z)/2 almost everywhere in D 


and F(z) is monogenic in the ordinary sense, then D?f(z) /DR* —0 at all 
points of D and f(s) is areolar monogenic. 
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The following theorem is an analog of the first theorem of Menchoff 
[7, p. 9] relative to ordinary monogeneity. 


THEOREM 2. The Junction f(z) 2u(x, y) -Hv(x, y) is areolar mono- 
genic in a domain D if u(x, y) and v(x, y) satisfy condition C in D 
and if the second partial derivatives of u(x, y) and v(x, y) exist, are 
finite and satisfy the conditions (2.3) everywhere in D except for a point 
set E which consists of at most a finite or denumerable infinity of points. 

Proor. Let U(x, y) »u;—vy, V(x, y)=u,+v.. Then by (2.3) we 
have on D— E 

U.—V = — 27, + Use 1. = 0, 
(4. 8) V y v2 
U, > V: == 2U sy + Ure == Dua = 0. 


By the theorem of Menchoff [7, p. 9] U(x, y) and V(x, y) are con- 
jugate harmonic functions in D and F(z)= U(x, y)+iV(x, y) is a 
monogenic function in the ordinary sense. Therefore, by Theorem 1, 
J(z) is areolar monogenic. 


COROLLARY. If u(x, y) and v(x, y) satisfy condition C in D and the 
second Pompeu derivative exists, is finite and equal tc zero at all points 
of D except for at most a finite or denumerably infinite set, then f(z) is 
areolar monogentc in D. 


5. An analog of Morera’s theorem. We have the following analog 
of the theorem of Morera. 


THEOREM 3. A necessary and sufficient condition that f(z) be areolar 
monogenic in D is that it be continuous, and for all circles C(xo, Yo; r) 
with center (xo, yo) and radius r in D 


(5.1) NE = ar?i [U (xa, Yo) + VV ( Xo, yo) | 


where U(x, y) and V(x, y) are given conjugate harmonic functions in D. 
Proor. Necessity. If f(z) is areolar monogenic in D we let 
(5.2) e — v = U(s, y), Uy + v: = V(x, y) 


and, by (5.1) and (2.3), U(x, y) and V(x, y) are conjugate harmonic in 
D. Therefore we have 


f js = f uds- io + à f ode + nay 

(5.3) ^ °° : E 
= 1 (Gi, y) ldxdy. 
if f luce 9) + irs déet 
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Now by the mean value property of harmonic functions we have from 
(5.2) that (5.1) is satisfied for all circles C(xo, yo; 7) in D. 

Sufficiency. From (5.1) by the mean value property of harmonic 
functions we have (5.3) and therefore 


f sax + us = ff U(x, y)dxdy,: 

c A 

f say — udx = ff V(x, y)dxdy. 
c j A 


Now by an argument similar to that for Theorem 1, f(z) is areolar 
monogenic. 


(5.4) 


COROLLARY. The class of ordinary monogenic functions is a subclass 
of areolar monogenic functions [1, pp. 264-265 ]. 


In this case U(x, y) +iV(x, y) =0 in D and by (5.1), fcf(z)dz 0 
for all circles C(xo, yo; 7) in D. The solution of (5.4) with the right- 
hand member zero is given by (4.6) with a=»=0. Therefore u(x, y) 
and v(x, y) are conjugate harmonic in D and f(z) is monogenic in the 
classical sense. 
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THE UNIVERSITY OF TEXAS 


APPROXIMATION IN THE SENSE OF LEAST TH POWERS 
WITH A SINGLE AUXILIARY CONDITION 
OF INTERPOLATION 


A. SPITZBART 


Introduction. Let w=g(z) map the interior of the analytic Jordan 
curve C conformally into the interior of the circle | av | —1. We shall 
say that the function f(z), analytic interior to C, is of class E, there 
if fc,|f(z)|?|dz| is bounded for r<1, where C, is the curve | g(z)| =r. 
A function is of class A, if it is analytic for Le <1, and of class E, 
there. We are taking p>0. 

Of the functions f(z), analytic interior to C, of class E, there, with 
f(a)=A (s=a a point interior to C, A an arbitrary constant), let 
Fo(z) be the one! which minimizes the integral fel f(2)|»|dz]. Let 
P,(z) be the minimizing polynomial of degree # with P,(a) =A, for 
this integral. We shall prove that the sequence P,(z),n=0,1,2, - - -, 
converges maximally to Fotz) on the closed set T, consisting of C and 
its interior, and then derive some extensions. We use the term maxi- 
mal convergence in the sense of J. L. Walsh [3, p. 80].? 

We denote by p the maximum value of R such that the minimizing 
function can be extended so as to be analytic and single-valued in- 
terior to Us, as used by Walsh [3, p. 80]. 





1. Inequalities: unit circle. We shall start with the results for the 
unit circle. 


THEOREM 1.1. Of the functions f(z) of class H, (p > 0) interior io C: 
| z =1, with f(o) —A, Io <1, the one which minimizes the integral 
So|f(z)|?|dz| is given by Fw(z)—Al(|o|?—1)/(az—1)]?», with the 
branch for which Fifa) =A. 


For, it is true that fe|f(z)|»|ds| z2«]f(0)|», so that for the case 
a —0, the minimizing function is Fo(z) =A. If, in the general case, we 
map the interior of the unit circle conformally into itself, with z=a 
corresponding to the origin, the desired result is obtained. 

The main new tool exhibited by the paper is the following theorem. 


THEOREM 1.2. Let f,(z) be a sequence of functions of class H, with 
frla)=A and fel|f«(z)|7laz| S fel Folz)|r|del Le where €,0 as 
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1 The minimizing function Fo{z) is unique. 
* Numbers in brackets refer to the references cited at the end of the paper. 
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n c. If D is any closed region lying entirely interior to C, there is a 
constant M, depending only on D, such that 


1/2 


| fn(2) I F,(2) | S Me, for z in D. 


This implies continuous convergence of f,(z) to F(z) interior to C, 
and gives a measure of the degree of convergence. 
We start the proof with the case a=0, A —1. Then 


[120 |2| del S 2r + en, Li = 1. 


With the further restriction that f,(z) 0 for D <1, the functions 
fa(2)”!? are of class Hz and have the expansions 14-5 tin, with 
24 la; ? convergent, from which, by Parseval's Theorem 


Í | fa(z)?/? |2| dz | = 27 |: + YI sb | < 2m + én, 
C i1 


so that we get the inequality in 
f | f(z) ?/? —1 [2| dz | = 2m >, | lin |? S €. 
o il 


By a lemma of J. L. Walsh [3, p. 101] this implies, for some con- 
stant M', 


ı 1/2 


Ic ^ -1| s MS in. 
' where M' depends only on D, and we can write 


2/p 


faz) -1= [1+] ?-1, Iwo|sMe, zinD. 


For * sufficiently large, the binomial expansion may be used, and 
there is a constant M’’ such that, for some integer N, 


| faz) — 1| < M”. max | na(s) |, n>N. 


This gives the desired inequality for n sufficiently large, and a suitable 
choice of the constant makes it valid for all n. 

If now the functions f,(z) do vanish interior to C, let B,(z) be 
the Blaschke product for the zeros of f,(z) interior to C, normalized 
so that B,(0)>0. We write 


(1) F(z) = Ba(2) Walz) 


where y,(z) #0 interior to C, and dei is of class H, for each #. Since 
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| B.(z)| has boundary values equal to unity a.e. on C, 
J ine |? | ds| = [140 |?| dz <2r+e, 
from which, setting V, (z) =y,(2) Aj, (0), 
(2) f Vs)» da) S Ge + a) [s]. 
From (1) we have ¥,(0)21 and hence from (2), fe|¥,(z)|?| dz] 


S2m-ten. The first part of the proof now applies to Y,(z) and gives, 
for some constant M’, 


(3) | iy.) EIET AA z in D. 
Since the left member of (2) is not less than 27, we have 
(4) [/. (0) ]?? < (1 + €n/2n)¥? 
which, with (3), means that for some M"' 

| vale)” — 1| < mé z in D, 
and, as in the first part of the proof, | 
(5) | ~1| s Ma, z in D. 


We now desire a measure of the degree of convergence of B, (2). 
We have ae, on C,. 


| BAG) — 1]? = | Baz) |? + 1 — 29? [B,(2)], 


so that, since B,(0) is real, and the Cauchy integral formula applies 
to B,(z) on C, 


f | B,(z) — 1 |?| dz | = 4v |1 — B,(0)]. 
C 
By (1) and (4), B,(0) z (1-- e,/27)-!/5, so that for some constant M', 
f | Ba(z) —1|?| d| S Men n=0,1,2,-:-, 
C 


and by the lemma used previously, we have for some M, 


(6) | 3.) —1| € Me”, z in D. 


In (5) and (6), M is not necessarily the same, but the two inequalities 


` 
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imply the existence of a constant M, depending only on the region D, 
such that |f. (z) — 1| e Mei zin D. 

It is clear that this inequality holds in the case f,(0) =.4, where the 
convergence is to the function identically equal to A. 

Let us now return to the original problem, where 


fila) =A, Fl) = AR] al? — 1)/(az — Oli, 


Here we have 


(7) J [sll as! s | Ipse] as] +. 


If we make the transformation w = (z —o)/(1 — az), (7) becomes 
Í | Fo) |P] dw| 8 2r| A|? + e/(1 —]a|), C:|w| =1, 
c’ l 


where 


Fal = (1 + aw)-*/?- f,[(w + a)/(1 + aw)] 


and since F,(0)=A, this is precisely the situation already treated. 
The closed region D in the z-plane corresponds in the w-plane to a 
closed region D’ which lies completely interior to C’. Hence, for some 
constant M’, 

| F.(w) - A| < Mie w in D’, 
and we have finally for some constant M, 

(ra — Fola) | < Men’, z in D. 


Continuous convergence interior to C for the case f,(0)=1 was 
proved by Keldysch and Lavrentieff [1, p. 35], but no attempt was 
made to determine the degree of convergence. 


2. Maximal convergence: unit circle. We now estimate the e, for 
minimizing polynomials. 


THEOREM 2.1. Let P,(z) be the polynomial of degree n with P,(a) =A 
for which fo|P.(z)|?|dz| is a minimum. Then, given any number R 
such that 1<R<p, there exists a constant M, not depending on n, such 
that in the inequality 


NEZ s | | ota) fr] al Te  C:[z] =1, 


we may take e, S M/R”. 
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Let 7,(z) be the polynomial of degree n, of best approximation to 
Patz) on T in the sense of least maximum modulus, with the condi- 
tion 7,(o) 24. The zl converge maximally to Fe(z) on r [3, 
§11.2], so that for any R as above there is a constant M such that 


| v.e) — Fo) | $ M/R", zon T. 


This implies first of all that for n sufficiently large, the 7,(z) do not 
vanish interior to C. Let us now write 


maz) = Fo(z) + R,(z) 
from which | 
Ta(z)?/2 = Fo(z) säit + R,(z)/Fo(z) |?/2, | R,(z) | sM/R, zirT. 


Since Ruiz) is bounded from zero on I’, the expansion of the binomial] 
is valid for # sufficiently large, and there is a constant M’ and an in- 
teger N such that 


| Tn(z)P/2 — Fy(z)?/2| s M'. max | R, (2) l, zinT, n>N, 
z in 


(8 ^ | m. (z)7/2 — Fo(z)?/?| < M”/R", zinT, n» N. 

The function F,(z)?/?—7,(s)?/? is analytic on D for each 2 which 
is large enough, and vanishes for z=a. Hence it is orthogonal to 
(1—az)—! on C, by which we get 
(9) f F9 — sid): Far] as] = 0. 
. o 
"Thus, | 

f | Fo(z)?/2 — e)» [2] dz] 
à ; 
(10) = ftro — n rM — nm] as] 
C 


=" from fst 


But by (9), foFo(z)?/?#n(z)?/2| dz| = fel F,(2)| | dz], so that (10) be- 
comes 


Tn Pi dz) = o(3) |? Fa pI? — m (2)?/? 12) dz|. 
Jil rebel = f ealla + f Amer mare as 
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Applying (8) we have for some M'""' and n large enough 
[imo lel asl s f 120l] a+ n 
C - C 


But since P,(z) is the minimizing polynomial of degree n for P,(«) 
= À, this inequality is also true for P,(z), and all #, and the theorem 
is proved. 


THEOREM 2.2. The sequence of minimizing polynomials P,(z) con- 
verges maximally to Fo(z) on T. 


it must be shown that given R, with 1 « R € p, there exists M such 
that | P,(2) — Fo(z)| < M/R”, zin T. Choose an R, such that R « Ri € p. 
We can then find a closed region D, lying completely interior to C, 
such that Das contains T in its interior [3, 2 2, Theorem 2]. By 
Theorem 2.1 we have 


f | Pa(z) |?| dz | < | Fo(z) |? | dz | + M'/Ri. 
C o 
But then by Theorem 1.2, 
| P.(z) — Fo(z)| € MIB, z in D, 
which gives [3, $4.7, Theorem 8, corollary | 
| P,(z) — Fola) | S M'"/R7, z in Dn. 


This inequality, being valid on Dep, is valid on its subset T, and the 
theorem is proved. 


3. Maximal convergence: analytic Jordan curve. Let C be an ar- 
bitrary analytic Jordan curve of the z-plane, and z 2« a point interior 
to C. Let w=g(z), z=h(w) map the interior of C conformally into the 
interior of C’: |w| =1 so that z—a corresponds to w=0. Let T con- 
sist of C and its interior. ` ` 


THEOREM 3.1. Among the functions f(z) of class E,(p>0) interior 
to C, with f(a) =A, the minimum of fel fol | dz| occurs for the func- 
tion Fo(z) =A[g'(2)/g’ (o)] v. 


For, with the transformation w=g(z), we have 


Lo blél = (Liv: room P| a]. 


The function f[r(w)]-h’(w)Yr is of class H, interior to C’ and takes 
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on the value À -A'(0)!» at w=0. Hence the minimum of the integral 
on the right occurs when F,[h(w)]-h’(w)/? =A -h’(0)"/?, which in the 
z-plane gives F(z) as above. 

This result in a restricted form is due to Julia, and in more general 
form to Keldysch and Lavrentieff. 

The previous methods carry over to the present situation. Thus, 
suppose we have the inequality of Theorem 1.2, where the f,(z) are 
of class E, interior to C, fala) =A, and &—0 as n— ©. In the w-plane 
this becomes 


f eco] rel aul s. [din] ele] del + ev 


The hypotheses of Theorem 1.2 are satisñed, and a closed region D 
entirely interior to C corresponds to a closed region D’ entirely in- 
terior to C’; then there is a constant M such that 


Le Do) ]-¥’(w) — Sta), Mt" S Me, winD. 


But A'(w)!/? is bounded from zero on I, so that in the z-plane this 


becomes 
7 1/5 


| fa(z) — Folz) | S Me: z in D. 
THEOREM 3.2. Theorem 1.2 is valid if all statements in tt now refer 
to an analytic Jordan curve. 


In estimating the e, for the minimizing polynomials P,(z), we use 
polynomials „(2) of best approximation to Fi(z) in the sense of least 
maximum modulus on T, subject to r,(æ) =A. The proofs carry over, 
and we have the general result as follows. 


THEOREM 3.3. Let Y be a closed region bounded by the analytic Jordan 
curve C, and let 2=a be a point interior to C. If P,(z) is the minimizing 
polynomial of degree n, in the sense of least pth powers (5 0), to the 
function f(z) =0, on C, with P,(a) =A, then the sequence P,(z) converges 
maximally on T to the minimizing function F(z) = A[g' (z)/g' (o)]/». 


4. Approximation to (z —6)-!: analytic Jorden curve. The results al- 
ready obtained extend to polynomials of best approximation to cer- 
tain rational functions. 


THEOREM 4.1. Let Y be a closed region bounded by the analytic Jordan 
curve C, and z —a a point interior to C. The function of class Ep interior 


® Julia, G. Leçons sur la représentation conforme des aires simplement connexes, 
Paris, 1931. 
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to C which minimizes the integral 


[le a=- yolas 
C 


4s given by i gi 
§ 
F(z) = —— 
Z 


— a gr) 
where w=g(z) is the mapping function of §3. 
It is seen that Fo(z) is analytic at z—a if properly defined there. 


THEOREM 4.2. Let f.(z) be a sequence of functions of class Ep interior 
lo C, for which 


[e-9=-r@blals f 16-27 — Pole) P| in| en 


where e,—0 as n>. If Dis any closed region lying entirely interior 
to C, there is a constant M, depending only on D, such that 


| faz) — Fo(z)| < Men’, sin D. 


As in $3, we may take e, € M/R?” for the minimizing polynomials, 
which enables us to prove the following theorem. 


THEOREM 4.3. The sequence of polynomials P,(2) of best approxima- 
tion in the sense of least pth powers to the function (2—0o)^! on an ana- 
lytic Jordan curve C converges maximally on T to the minimizing func- 
Hon. 


The method of proof for these results is indicated by the following. 
We can write 


f. (s — à) — f(3)|»1ds| = f. g()-(s — ali — gta) |» | dz]. 


'The function within the absolute value signs on the right is now of 
class E, interior to C, and at the point z—« takes on the value g'(a). 
If we apply Theorem 3.1, we get Fo(z) as above. 


5. Introduction of a weight function. We shall merely state a re- 
' sult, derived by methods as above. 


THEOREM. The minimizing function for — 


Jeolrarlal, fe) = 4 
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where C is an arbitrary analytic Jordan curve, 2=a is a point interior 

to C, f(z) is of class Ep interior to C, and n(z) is the modulus on C of a 

function N(z) analytic and nonvanishing in the closed region T, is 
N (qa) iu 

Ne) gl ` 

Let P,(2) be the corresponding minimizing polynomial of degree n. Then 

the sequence Del, n=0, 1, 2, * + , converges maximally to Fo(z) on T. 


t 








F(z) = A | 
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UNIVERSITY OF WISCONSIN 


NOTE ON THE LOCATION OF THE CRITICAL POINTS 
OF HARMONIC FUNCTIONS 


J. L. WALSH 


The object of this note is to publish the statement of the following 
theorem. 


THEOREM I. In the extended (x, y)-plane let Ry b2 a simply-connected 
region bounded by a continuum Cy not a single point, and let the disjoint 
continua Cy, Co, - © - , Ca lie interior to Ro and toge-her with Co bound a 
subregion R of Ro. By means of a conformal map of Ro onto the unit 
circle we define in Ry non-euclidean lines, the images of arbitrary circles 
orthogonal to the unit circle. Denote bv IL the smallest closed non-euclidean 


convex region in Ro which contains Cy, Cz, - - - , Cs. 
Let the function u(x, y) be harmonic interior to R, continuous in the 
closure of R, with the values zero on Co and unity on Cy, Co, * ++, Cr. 


Then the critical points of u(x, y) in R are n —1 in number and lie in IL. 


Critical points are of course to be counted according to their multi- 
plicities. 
A limiting case of Theorem I has already been established :! if f(z) 
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is an analytic function whose modulus is constant on the boundary of 
a simply-connected region R, where f(z) is analytic interior to R and 
continuous in the closure of R, then the zeros of f’(z) in R lie in the 
smallest non-euclidean convex polygon in R containing the zeros of 
f(z) in R. Theorem I is readily established by the use of this limiting 
case, and of methods developed elsewhere by the present writer;? de- 
tails are left to the reader. 

Theorem I admits an extension to the case where Rp is bounded 
by Co, and the subregion R of Ro is bounded by Cy and by further dis- 
joint continua Ci, Cz, * * * , Cn, Cua * * * 5 Ca in Ro; the function 
u(x, y) is supposed harmonic interior to R, continuous in the closure 
of R, with the values zero on Co, unity on C1, Co, © * * , Cm, and minus 
unity on Casi, C55, * * © , Ca; a non-euclidean line A in Ro (if existent) 
which separates Ci, Cs, + * © , Cm from Csi, Cm+2, * 7 * , Cn cannot pass 
through a critical point of u(x, y). If a A exists, the points of Ro which 
do not lie on any such A form two disjoint non-euclidean convex 
point sets in Ro which are closed with respect to Ro, which contain 
respectively Ci, C2, ©  * Cm and Cmi, Cus * * * , Cn, and which to- 
gether contain all critical points of u(x, y) in R. This extension of 
'Theorem I may likewise be proved from a limiting case already formu- 
lated (loc. cit.) for a region Ro bounded by a circle. 
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PROPERTIES EQUIVALENT TO THE 
COMPLETENESS OF [e-'?«] 


R. P. BOAS, JR., AND HARRY POLLARD 


We are concerned with the following three properties which may be 
possessed by an increasing sequence {A} of positive integers. 

(A) If { On} is a secuence of complex numbers such that, for some f, 
G4 = O(1*) and A^»a,—0 (1—1,2,:--), a, is a polynomial in n; here 


n 


Atay = > (— 1)*C,,rCr. 


kal 


(B) The set {net} is complete L?(0, ©); that is, 
f Geet = 0 Peewee 
0 - 


implies $(/) =0 almost everywhere.! 

(C) If f(z) is regular and O(|z|*) for some o in the half-plane 
x>—e, e>0, and f?9(0) 0 (n=1, 2, - - - ). f(z) is a polynomial.? 

W. H. J. Fuchs [3 ] showed that (A) and ‘B) are equivalent. We 
shall give a somewhat simpler proof, and show in addition that (C) 
is equivalent to (À) and (B). 

Fuchs showed that (A) is true if z(r) 2r/2—" for some constant 7, 
where #(r) is the number of A, Sr. R. P. Agnew discovered independ- 
ently [1] that (A) is true if À, —22; a simplified proof given by Pollard 
[5] was the starting point of this note. Boas [2] has shown by other 
methods that it is enough to have n(r) =r/2—76(r), where f^r-10(r)dr 
converges and ó(r) satisfies some mild auxiliary conditions. (Fuchs, 
in a paper [3a] which appeared whi:e this note was in the press, has 
shown that a necessary and sufficient condition for (A) is that 
f^r-*5)(r)dr diverges, where log V(r) 2 25 A s 471.) 

Let PAn) mean that { An} has property (P): PA; — N), that the se- 
quence IA, AN has (P), where A,—-V is replaced by 0 if A» < N. Our 
line of reasoning is schematically as follows: A (An) >B(An)>CA,+N) 
>A Ant N)->A (An — N)->B(An— N)9-C(N.)9-A (An). It would be 
more direct to use £(A,)2-B(A. — N); this can be quoted from the 


Received by the editors December 17, 1945. 

1 Replacing ct by ¢, we see that (B) is independent of c. 

2 (C) thus concerns the analytic continuation of a function defined by a lacunary 
power series ? ,c,z/», where {un} is the sequence of positive integers complementary 
to {rn}. 

3 Numbers in brackets refer to the references at the end of the paper. 
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work of Fuchs, but the proof is rather involved, and we know of no 
really simple direct proof. One implication of our reasoning is that 
*B(X,)2-B(A4 — N)” is actually equivalent to our other results, and 
not merely a convenient lemma. Carrying out the indicated scheme 
actually involves only four nontrivial steps. 

(1) A(An)->A(An— N). It is sufficient to prove this when N —1. Sup- 
pose that {\,—1} does not have (A); we then have a nonpolynomial 
sequence Jo, LZ. a. —O0(n^), Av-!ao—0 if M>0, ao=0 if X —0. 
Consider the sequence 105) 220; where b)=0, bss — A foots for 
n=1,2,-... Then a, zs ba Bai and for p>0, by a simple direct 
computation, Ara, =Art!b,. Consequently Avo, — A712, —0 if An >0, 
A9b, — 5,0; furthermore, if {ba} were a polynomial sequence, {an} 
would be one also; and 5, 2 O(n*!). Hence {An} cannot have (A) if 
Na 1 } does not. 

(2) A=-B. Suppose that $(é) EL? and 


f eg !PpPe(D)dt = 0, n= 1, 2, = cs 
0 


We have to show that $(/) =0 almost everywhere if (A) is true. We 
define b, by 


nib, = Í e Hätze di: 
then | . 
a, = Abo = Í e e(t) { KN DCA P/R} dt 
0 k=0 
() : 
= f eene, 
0 


where L,(f) is the nth Laguerre polynomial. Thus 


lel < { f e Dd uo Paik = J “| 6 l'as, 


and so a, — O(1). Since, as is readily verified, bn —A"a,, (A) implies 
that {an} is a polynomial sequence, which must be constant since 
{an} is bounded. Hence a,=@ for n=1, 2, : - -. Since e"? L,(1) is 
orthonormal, 3 gei converges, by (I). But this is possible only if all 
the a, vanish. Hence 5,—0, n=0, 1,---. But then $(/) =0 almost 
everywhere, since B(n—1) is true. 

(3) BA,)>CA.+N), N2Za+1. Suppose that f(z) satisfies the hy- 


4 This is equivalent to the completeness of the set {e~*Ln(#)}; see [6, p. 104]. 
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potheses of (C), with A, LN" we have to show that f(z) is a polyno- 
mial if (B) is true for {An}. For convenience, suppose e=2. If P (z) 
is the sum of the terms through 2" in the Maclaurin series of f(z), 
g Nl { f(z) —P(z)} belongs to the class H?(—1) of functions g(z) such 
that g(x+iy) € L?, qua function of y, uniformly in <> —1, and con- 
sequently [4, p. 8] 


JA = P(e) +e" f eeu 7 eei. 
0 
Since fOst¥) (0) «0, 
| f P»e-o(t)dt = 0, An 2 N. 
0 
Since (B) is assumed for D], $ (t) =0 almost everywhere and so 
f(z) & P(z). 


(4) CA. Let a, =O(nf), Ava, —0; we may assume that B is an 
integer. Define b, —A"a;, so that 6, — O(n£27), by, =0. Consider 


f(z) = > baz” 


n= 


>, cn >, (— 1)FC, xax 
r=0 k=0 


25 (— 1)¥an do Cans” 
Lal 


nak 


LA d go X 
a e 
1 — 3 2. JL — -) 
The first series for f(z) converges for | zl <1/2; the last, for | 2/(1 —2) | 
<1, that is, for x <1/2. Consequently f(z) is regular in this half-plane. 


There is a number Æ such that [al SKn(n—1l)---(n—8--1),»zB. 
We then have 


Il 



































` 1 © g Nh = k! g 1 
s | — KY alr 
os a) $ me (k—Bll1—z 
KB! 3 JP Z A, 
soil 7 Gal (mms A Es = 0 8 
= 1—z ( wer) (21 


in x«1/2—e, e>0. Since (C) is assumed, f(—z) is a polynomial. 
Hence all b, vanish from some #, on, and 


Abe Y^ (eo Dion co Tue v Gres a DM 


a polynomial in #. 
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BROWN UNIVERSITY AND 
YALE UNIVERSITY 


POLYNOMIAL DOMINANTS 
PAUL CIVIN 


Let f(x) be a continuous function of period 27, and let F,(x) be a 
trigonometric polynomial of degree n which dominates f(x) at the 
pointsx;^ =2jr/(2n-+1) wherej 20. - - +,2n, that is, F,(x,") = f(x?) | : 
The present paper is concerned with relations of inequality between 
various integral means of the functions f(x) and F,(x). A similar 
problem was considered by Hardy and Littlewood [2]! under the hy- 
pothesis that the Fourier series of a function F(x) was a majorant 
of the Fourier series of f(x). A further variation concerning the means 
of the Fourier coefücients under the hypothesis of functional domi- 
nance, that is, F(x) z |f(x)|, was treated by the author [1]. In the 
present work, heavy reliance is made on the results of Marcinkiewicz 
and Zygmund in their paper Mean values of irigonometric polynomials 
[4]. This paper will be referred to in the sequel as MV. 

The results which are obtained are of the type 


(1) Mf) S AM (Fr) + Be(2v/n), 


where (i) Ma(g) represents some integral mean of g(x); (ii) A and B 
are constants independent of # and the functions f(x) and F,(x), but 
dependent on the particular mean Ma; and (iii) w(8) is the modulus 
of continuity of f(x). 

It can easily Ee seen that neither term on the right of inequality (1) 
can be omitted. Suppose first that, for some x, f(x;*) =0 but f(x) is not 
identically zero, and also that F,(x;") 20 so that F,(x) =0. Then the 
left side of (1) will not be zero while the first term on the right van- 
ishes, and consequently the second term on the right is essential. 
Finally, if the first term were not present in the right member of (1), 
the left side would be different from zero for non-null functions while 
the right side would tend to zero as n—», 

Throughout the remainder of the paper we shall suppose that 
xj" = 2jr/(2n-+1); that gf =x; when x; Et «x53; and that a let- 
ter A, B,--- with subscript vill denote a constant depending only 
on those parameters appearing in the subscript. The same letter may 
have a different value at each appearance. 


THEOREM 1. For 1<r<, 


Presented to the Society, February 26, 1946; received by the editors December 26, 
1945. 
* Numbers in brackets refer to the references cited at the end of the paper. 
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(2) ( J 7 | f(x) jas) < 4( J i | F,(x) jas) + Bo(2r/n), 


where A, and B, depend on r alone. 


There is a trigonometric polynomial, T,(x), of degree n such that 
| fix) —T,(x) | <Aw(2r/n), where A is an absolute constant [3, p. 7]. 
Therefore, 


(f "Las Me) < ( J "|f — Tala) as)" 
(3) + ( J Ir rés) 
Îr 


S Aw(2r/n) + (f. | Z« (2) as) , 


Theorem 1 of MV states that 


(4) ( J 7 | T(x) s) s Al J 7 | Tala) CO 


Nan 
( f Exe ap) 
s ( f 19 = fbi) 
+([ Linien) 


< Ayo(2n/n) + ( [| 8 | f(a) apa) - 


The hypothesis of dominance at the points x;^, together with Theo- 
rem 2 of MV, implies that 


(f | f(x) FE) 
s (f^ | P. (a) ibi) s A | PJ jax) ` 


The combination of (3) through (6) completes the demonstration of 
(2. 


(6) 
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If f(x) is a trigonometric polynomial of degree x, the approximation 
process is unnecessary and the terms in w(27/n) do not occur. 


COROLLARY 1. If f(x) is a trigonometric polynomial of degree n, then 
for 1<r< © 


LL Heo) el = À; (f, | Fa(x) Me). 


where A, depends on r alone. 


THEOREM 2. For 0<u<1, 


(7) (f^ | f(x) has) s al | F,(x) | dx + Biw(2r/n), 


where A, and B, depend on y alone. 


Let T',(x) have the same connotation as above. Then by Theorem 6 
of MV, 


(f | f(x) dx S f | f(x) — T(x) | dx + f. | T (x) ds 
(8) ` | 
S A,lo(2r/n) Je + sl f | Tala) | dés, «Gy. 


Theorem 1 of MV and the hypothesis of dominance show that 
2x H 
( f | Ta(x) | SEO 
0 
2x H 
sl 17.0) - faa) 
0 
2r H 
HOMO") 
0 


(9) 2 u 
S A, lol2r/n)]e + (f. | F(x) | SECH 


< A es) B ( f^ Len DE 


Inequalities (8) and (9) therefore imply that 


LL | f(x) |rdx s ^(f ^ | F(x) | ds + B,[co(2a/n) ]r. 


1946] POLYNOMIAL DOMINANTS 355 


The extraction of the appropriate root and the corresponding re- 
labelling of constants then gives (7). 


THEOREM 3. If | f(x)| SM, then 


2r or 
J |f) | d s A logt at | | F (s) | da + B 
; 0 


+ Cw(2r/n)[1 + M + logt M + Co(2x/n) ], 
where A, B, and C are absolute constants. 


Again, let T,(x) have the connotation as above. Then by Theo- 
rem 5 of MV, 


f, ae 
s J IAD- res f | TAA | ae 


s Acel +B f E.G) | 10g" | Ts) | éist +C 


10 2r 
Uu ap J | | Zax) | logt | Ta) | — | f(x) logt | f(a) | | d02 (9 


+ Ao(2n/n) + B f "| fa) Logt | fla) | domla) +C 
= Si, Asti fat +SH+C. 


The application of Theorem 1 of MV shows that 


$2 < B logt uf" | f(x) | dhon+1 
l 2r 
(11) e Blog M | pr dem 


2r 
« Blogt M f | P. (2) | da. 
0 


To obtain an estimate for Sı, first suppose that for a particular 
value of 7 either | T s (x?) | <1 or | f(x) <1. If the former holds, then 
[f| S1--4e(27/2), and |f(x;)] logt [f(x;)| S MAeQ/n). It 
the latter holds, then | T n(x") | <min[M+4Aw(2r/n), 1+Aw(2r/n) J, 
so that | T, (9) | logt [T Lea) S[M+Aw(2r/n) ]Au(2r/n). 
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Suppose next that for a particular value of j, both | T a (xj?) | > 1 and 
| f(x) | >1. For brevity suppose also that | Tea) =f(x;"). The 
other case will lead to the same conclusion. Then 


| Ts) | logt | Tax) | — | 2) | logt | f(x?) | 
= | Tala) | [log* | Taler) | — logt | fxs) |] 
+ logt | f(x;)| El T«( | ^ | 27) |] 
< | Ta(x3) | log D + | Talas) |- | Ks) |] + Au(2r/n) logt M 
s [M + Ao(2z/n) |Aw(2r/n) + Aw(2r/n) logt M. 


In any event, the individual terms comprising the mean in Sı are 
less than 4e (27/1) | M--og* M+Aw(2r/ 2)], and therefore S, has the 
same bound. The theorem then follows from (10) and (11). 
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UNIVERSITY OF BUFFALO 


GEORGE DAVID BIRKHOFF AND HIS 
MATHEMATICAL WORK 


MARSTON MORSE 


The writer first saw Birkhoff in the fall of 1914. The graduate stu- 
dents were meeting the professors of mathematics of Harvard in 
Sever 20. Maxime Bócher, with his square beard and squarer shoes, 
was presiding. In the back of the room, with a different beard but 
equal dignity, William Fogg Osgood was counseling a student. Dun- 
ham Jackson, Gabriel Green, Julian Coolidge and Charles Bouton 
were in the business of being helpful. The thirty-year-old Birkhof: 
was in the front row. He seemed tall even when seated, and a friendly 
smile disarmed a determined face. I had no reason to speak to him, 
but the impression he made upon me could not be easily forgotten. 

His change from Princeton University to Harvard in 1912 was de- 
cisive. Although he later had magnificent opportunities to serve as & 
research professor in institutions other than Harvard he elected to 
remain in Cambridge for life. He had been an instructor at Wisconsin 
from 1907 to 1909 and had profited from his contacts with Van Vleck. 
As a graduate student in Chicago he had known Veblen and he con- 
tinued this friendsip in the halls of Princeton. Starting college in 
1902 at the University of Chicago, he changed to Harvard, remained 
long enough to get an A.B. degree, and then hurried back to Chicago, 
where he finished his graduate work in 1907. 

It was in 1908 that he married Margaret Elizabeth Grafius. It 
was clear that Birkhoff depended from the beginning to the end on 
her deep understanding and encouragement. Her varied talents and 
charm were reflected in the overflowing hospitality of their home. 
Their children, Garrett and Barbara (Mrs. Robert Treat Paine, Jr.) 
are well known to friends of Birkhoff. 

Birkhoff admired Moore of Chicago, but not to the point of imitat- 
ing him. He respected Bócher no less, and did him the honor next to 
Poincaré of following his mathematical interests. F. R. Moulton's 
study of the work of Poincaré had something to do with Birkhoff's 
own intense reading of Poincaré. Poincaré was Birkhoff's true teacher. 
There is probably no mathematician alive who has explored the works 
of Poincaré in full unless it be Hadamard, but in the domains of 
analysis Birkhoff wholeheartedly took over the techniques and prob- 
Jems of Poincaré and carried on. 

Birkhoff’s loyalty to Harvard was complete and only occasionally 
critical. The response of the non-mathematical members of the faculty 
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to his early successes was slow at first and he felt this. But he did not 
wait long before he was recognized by the University as a whole. It 
is a mark of the intellectual distinction of President Lowell that he 
hailed Birkhoff as ane of Harvard’s greatest men and honored him 
accordingly. He was made Perkins Professor of Mathematics and 
served at one time as Dean of the Faculty of Arts and Sciences. 
Birkhoff’s colleagues in mathematics at Harvard were as one in their 
admiration of him and affection for him. 

Unlike his colleague Osgood, Birkhoff thought of his contempo- 
raries in Europe, particularly in Germany, as colleagues rather than 
as teachers. He held Klein lightly, was unenthusiastic over Weier- 
strass, but gave his full respect to Riemann. Through his papers on 
non-self-adjoint boundary value problems and asymptotic representa- 
tions he probably influenced the Hilbert integral equation school as 
much or as little as it influenced him. His relations with the members 
of the French and Italian schools of analysis were close, both per- 
sonally and scientifically. Levi-Civita and Hadamard were among his 
best friends. Birkhoff was at the same time internationally minded and 
pro-American. The sturdy individualism of Dickson, E. H. Moore and 
Birkhoff was representative of American mathematics “coming of age.” 
The work of these great Americans sometimes lacked external sophis- 
tication, but it more than made up for this in penetration, power and 
originality, and justified Birkhoff’s appreciation of his countrymen. 

Much has been said about Birkhoff’s teaching, and each of his pu- 
pils will have his tale. There is one thing which may be noted in gen- 
eral: that there is an excellent correlation between the more distin- 
guished Ph.D.'s from Harvard and those who were inspired by Birk- 
hoff’s teaching. Among his “tutees” there was an unanalyzed appreci- 
ation of Birkhoff’s ability to transform a subject into something alive, 
and a deep gratitude for his painstaking personal effort with them. 
He never consciously descended to the level of the untutored, nor 
gave them evidence that he was aware of his own relative elevation. 
He often improvised in an exposition, thereby illuminating many 
things besides the immediate theorem. He once said that if his liveli- 
hood depended upon it he would vie with those most perfect in ex- 
position. Those who knew him best will agree that he could have done 
so and successfully. This demonstration however was never de- 
manded. 

In his social and political views, he was detached from the world 
about him and this was sometimes a source of misunderstanding. 
Proceeding from the dynamic individualism of the Middle West to 
an environment of tenacious self-sufficiency in New England, he un- 
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derstood and interpreted both as conditions for living. His philosophy 
of life was intellectual rather than emotional. His own conduct of 
life was extraordinarily well integrated, and free from manifestations 
of eccentricity. He showed his individualism most clearly in the broad 
range of suppositions which he could entertain and on which he could 
vividly speculate. The fact that these speculations were disassociated 
from his own life was one of the reasons why his extreme detachment 
was possible. He chose to be brief and simple, but not explanatory. 
He could examine a point of view as if it were his very own and later 
reflect with equal appreciation on an opposite point of view. A hearer 
who did not understand this range of his speculations could easily 
receive incorrect impressions of Birkhoff's views. To understand 
Birkhoff one had to weigh and average his conclusions over a long 
range of circumstances. Birkhoff’s separation of thought and action 
was a part of his conscious desire to ight only one battle, the battle 
of mathematics. 

Birkhoff was uncompromising in his appraisal of mathematics— 
by the test of originality and relevance. For him the systematic or- 
ganization or exposition of a mathematical theory was always second- 
ary in importance to its discovery. I recall his remarks on a mathe- 
matical treatise that had come to his attention and eventually had 
a wide circulation but which he did not regard as original. Birkhoff 
said ^I read this book through in a half hour." His choice of topics 
of investigation could be called objective rather than subjective. 
His problems were not necessarily chosen from among those which 
he could solve; indeed many of his papers from 1920 on were on prob- 
lems which he left unsolved. Some of the current mathematical theo- 
ries were regarded by Birkhoff as no more than relatively obvious 
elaborations of concrete examples. 

The major interest in Birkhoff in the future will undoubtedly center 
about his mathematical theories and this report is devoted to their 
exposition in brief.! 

Popular opinion focuses attention on two striking achievements, 
his proof of Poincaré's Last Theorem and the Ergodic Theorem. 
By contrast much of his other work is obscured. Important as they 
are, it is to be doubted whether either of the above theorems is more 
substantial than other phases of his work. His magnificent theory of 
the generalized Riemann problem, his contributions to difference 
equations, his formal theory of stability in dynamics, and the con- 


! In reviewing the research of Birkhoff the writer has had the assistance of Dr. 
Pesi Masani, particularly in the study of Birkhoff's early work. 
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sequent geometrical theory, all involve structures upon which much 
can and probably will be built. 

In the domain of transitivity in which the Ergodic Theorem lies, 
the basic hypothesis of metric transitivity remains a conjecture as 
far as analytic dynamical systems of classical type are concerned. 
The relative importance in mathematics of statistical or symbolic 
dynamics can hardly be assessed until it is known whether or not 
topological transitivity in an analytic system implies metric trans- 
itivity. The importance which Birkhoff attached to symbolism in 
dynamics is made evident by the fact that his last papers on dynamics 
were largely concerned with the search for a general symbolism char- 
acterizing a dynamical system. 

Birkhoff's first paper [1]? was written with H. S. Vandiver under 
the title On the integral divisors of a" — b^. Birkho was eighteen and 
Vandiver twenty. An immediate consequence of the principal theo- 
rem was that there are an infinity of primes congruent to 1, mod #, a 
result known to Kronecker, Hilbert and Sylvester. The principal theo- 
rem is new. One consequence of this collaboration was the high regard 
for Vandiver's work which Birkhoff held throughout his life. 

To continue with a systematic review of Birkhoff's work it will be 
convenient to divide his papers into six principal groups. Various sub- 
jects such as the four-color problem will be referred to separately. 


\ 
I. ASYMPTOTIC EXPANSIONS, BOUNDARY VALUE PROBLEMS, 
STURM-LIOUVILLE THEOREMS 


(a) Asymptotic expansions and boundary value problems. The years 
of Birkhoff’s graduate study were major years in the development of 
integral equations. Parallel developments in terms of Green’s func- 
tions were of great interest. Self-adjoint problems corresponding to 
symmetric kernels had been extensively studied, but when n>2 the 
case of a non-self-adjoint operator 


ng dr? 


d Z 
L(z) = +++ p(x) +++ + Als (a S x S b) 


dx" dar? 








had not been adequately treated. 
The 2 boundary conditions in [3] 


(1.1) Wi(u) = 0 ET 


were linear and homogeneous in # and its first n— 1 derivatives taken 
at «=a and x =b, and were linearly independent. The functions p.(x) 


2 Numbers in brackets refer to the Bibliography at the end of this paper. 
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with all their derivatives were assumed continuous on the closed in- 
terval (a, b). The operator M(z) adjoint to L(z) was defined in the 
classical way. With L(u) and the conditions (1.1) Birkhoff was the 
first? to associate the adjoint boundary conditions 


Vv) = 0 AAT 


in the now accepted manner. The parameter A was introduced, giving 
the “problem” 


(1.2) Lu) + Au = 0, Wu) = 0 EAR A 
and the adjoint problem, 
(1.3) M (v) + = 0, Vi(v) = 0 (21,:--,m). 


In a paper [2] which constituted the first part of his thesis, Birk- 
hoff had given an elegant asymptotic representation of solutions of 
diferential equations of the form 


n n—i 


Z 
+ Pan-ıl%, 
ax” (n p) dam! ` 
for large values of D . The differential equations in (1.2) and (1.3) 
took the form (1.4) on setting À — p^. With the aid of these asymptotic 
representations Birkhoff proved the existence of an infinite sequence 
An, Aa... of characteristic values with corresponding solutions 


(1.4) +--+ p^ad(x, p)z = 0 








uix), us x), "o Eug 
vi( x), v(x), Sr 


of (1.2) and (1.3) respectively. He was able to do this by imposing 
certain determinant conditions on the coefficients in the boundary 
conditions. 

The function f(x) to be expanded was assumed real and piecewise 
continuous with a continuous derivative. In the case in which the A; 
are zeros of the first order of the determinant A(A) defining the char- 
acteristic roots, the expansion 


(1.5) >, ctil x) 
ids = 
f (aneda 
ETC) 


3 As stated by Bócher, Applications and generalization of the conception of adjoint 
systems, Trans. Amer. Math. Soc. vol. 14 (1913) pp. 403-420. 
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converges (as does a Fourier expansion) to 


f(x + 0) + f(x — 0) 


2 


at each inner point of (a, b), to 

asf(a + 0) + afb — 0) 
at x =a and to 

bif(a + 0) + baf(b — 0) 


at x=b where ay, a», bı, bs are constants, independent of f(x). In case 
A; is not a zero of the first order of A(A) the corresponding term in 
(1.5) is to be replaced by a term readily defined with the aid of the 
Green’s function. The proof of the convergence depended, as with 
Poincaré, on the method of contour integration in the X-plane. 

The interest in this work of Birkhoff is signaled by a historic inter- 
change between Birkhoff and J. D. Tamarkin. Tamarkin had inde- 
pendently worked out asymptotic representations similar to those of 
Birkhoff without publishing them, and was prepared to treat the 
problem of Birkhoff when he received reprints from Birkhoff. Birk- 
hoff’s papers were published in 1907 and 1908 respectively and 
Tamarkin’s paper! was published in 1912. In this paper Tamarkin 
stated that he found Birkhoff’s reasoning brief, and on certain points 
insufficient. It should be stated that Birkhoff had treated the case 
of an even # in detail and had indicated the proofs when # was odd. 
In twelve pages in [6] Birkhoff showed that his earlier proofs could 
be carried through in general. In a note? in the Rendiconti, Tamarkin 
reviewed the matter at issue and accepted Birkhoff's supplementary 
proof. | 

Problems similar to those treated in [2] and [3] were taken up at 
length in Birkhoff's and Langer's paper [8] where the case of a sys- 
tem of ordinary differential equations was treated. In this paper may 
be found references to extensions of the theory by Hopkins and 
Wilder, pupils of Birkhoff. 

(b) Separation and comparison theorems. The existence of charac- 
teristic roots in boundary value problems in the plane and the oscilla- 
tion properties of characteristic functions are treated in [4] follow- 


* J. D. Tamarkin, Sur quelques pointes de la ihéorie des équations différentielles 
linéaires ordinaries et sur la généralization de la serie de Fourier, Rend. Circ. Mat. 
Palermo vol. 24 (1912) pp. 345-382. 

5 J. D. Tamarkin, Sur un problème de la théorie des équations différentielles linéaires 
ordinaires, Rend. Circ. Mat. Palermo vol. 37 (1914) pp. 376—378. 
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ing the methods of Sturm, Liouville, and Bécher (n=1). The exist- 
ence of infinitely many characteristic roots is established in the 
self-adjoint case and a general oscillation theorem is obtained. 

Around 1930 the new techniques auxiliary to the “variational the- 
ory in the large” opened up the separation-comparison-oscillation 
theory for self-adjoint systems of # second-order ordinary linear dif- 
ferential equations. The Sturm separation theorem was generalized 
by the theorem that the conjugate points on an arbitrary interval J 
of a point x =a of the x-axis differ in number by at most # from the 
conjugate points on J of a point x =b. The boundary conditions were 
expressed in terms of a minimum set (u) of parameters and an acces- 
sory quadratic form q(u) defined in the second variation. A necessary 
and sufficient condition for the existence of infinitely many charac- 
teristic roots was obtained. 

In these terms it was possible for the first time to give a systematic 
classification of the possible separation, comparison and oscillation 
theorems, and with the aid of Morse’s “index form" to establish the 
principal results. In [9] Birkhoff and Hestenes turned from the older 
methods of Sturm to the new methods, adding an isoperimetric inter- 
pretation to the proofs. A detailed review of [9] is here impossible. 
Fortunately, a recent *hour address" by W. T. Reid covers this field 
in an excellent manner both historically and mathematically, and the 
interested reader is referred to this address. 

In a short note [7] in 1917 Birkhoff gave a simple condition that a 
normalized set of orthogonal functions u,(x) be closed, and applied 
this to Sturm-Liouville series. The principle involved in the applica- 
tion could be stated as follows: any set of orthogonal vectors in a 
functional space lying near enough (in a sense defined by Birkhoff) 
to a complete set in that space is itself complete. Birkhoff was here 
sampling a great theory, a theory in which the name of his pupil and 
colleague Marshall Stone was later to become illustrious. 

Perhaps the most remarkable of the contributions of Birkhoff in 
the domain of separation and comparison theorems is in [5] and con- 
cerns an ordinary third order linear differential equation. This equa- 
tion does not lend itself to treatment by the Sturmian methods nor 
bas it yet been effectively brought into the domain of the variational 


theory. A solution 
yx) (i = 1, 2, 3) 


is thought of as a curve in a 2-dimensional projective space. Birkhoff 


6 W. T. Reid, Boundary value problems of the calculus of variations, Bull. Amer. 
Math. Soc. vol. 43 (1937) pp. 633-666. 


364 MARSTON MORSE [May 


utilizes the projective differential geometry of Darboux and Wilcyn- 
ski and by elegant methods far removed from all other methods 
arrives at theorems very similar to the classical ones. This part of 
the field deserves further study. 


II. LINEAR DIFFERENTIAL EQUATIONS AND THE 
GENERALIZED RIEMANN PROBLEM 


With Gauss, Riemann, and Poincaré leading the way, ordinary 
linear differential equations of the second order of Fuchsian type have 
been studied by almost every analyst of note. In mathematical 
physics, equations of this type bear the name of Bessel and Legendre. 
In complex function theory such equations lead by way of conformal 
mapping to the elliptic modular and automorphic functions. In real 
function theory integral relations such as’ 


f, tor -y[sjd 20  (y(0) =0) 


are typical of a class of relations which arise? from Fuchsian differ- 
ential equations with two singular points. Much of Bócher's research 
was concerned with these equations. It was natural therefore that 
Birkhoff should try his hand in this central field. 

Departing somewhat from the order in which Birkhoff's papers on 
this subject appeared we refer first to [11] on A simplified treatment of 
the regular singular point. At a regular singular point the canonical 
solutions have singularities (if any) of a well known type. This fact 
had been previously proved by the method of Frobenius, whereby 
the coefficients of a formal solution were first obtained and the solu- 
tion then proved convergent. Birkhoff gives a direct proof, without 
use of a series expansion, and this proof is barely two pages in length. 

Birkhoff was not content with this achievement. Linear differen- 
tial systems with irregular singular points presented a field of great 
difficulty and next challenged his attention. 

No mathematician of Birkhoff’s day possessed greater facilitiy in 
combining formal algebraic methods with penetrating numerical 
analysis. Birkhoff needed all of this power in attacking the irregu- 
lar case. Thomé was his predecessor in using formal solutions of a 
general type. Poincaré and Horn? had effectively introduced asymp- 


? Hardy, Littlewood, Pólya, Inequalities, p. 175. 

8 Marston Morse and Walter Leighton, Singular quadratic functionals, Trans. 
Amer. Math. Soc. vol. 40 (1936) pp. 252-286. 

? See Birkhoff's papers for references. References which may be found in the papers 
of Birkhoff are generally omitted. 
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totic representations. Birkhoff had used formal series and asymptotic 
representations in the study of boundary value problems. Hilbert 
and Plemelj, prior to Birkhoff and unknown to Birkhoff, had already 
solved one of the matrix problems relevant to the theory. Cunning- 
ham had generalized Poincaré's use of Laplace transformations in re- 
ducing the problem. 

There was thus a great technique available to Birkhoff when he 
began his research. But with all this power no one had carried the 
theory through to a triumphant end. Birkhoff in [10, 13] took up the 
problem with typical boldness. He added the concepts of canonical sys- 
tems of differential equations and of equivalence of such systems. He 
carried through the asymptotic representation of the matrix solution in 
the general irregular case; enumerated the essential “characteristics” of 
a singular point of arbitrary rank, defined and solved the “generalized 
Riemann problem.” 

Such were Birkhoff’s achievements in this field. Although any ex- 
plicit formulation is complicated, it is needed if the reader is to sense 
the depth of Birkhoff’s mastery and skill. 

The differential equations can be represented in the form 


dyi SS 
(2.1) E = a,,(2) 95 (2, 7 1, PCS n) 


using the summation convention for repeated indices. Here z is a 
complex variable, and y;(z) the unknown ith component of a solution 
(y). In any local study the singular point can be taken as the point 
z= œ. The functions a;;(z) are assumed analytic at z= © except at 
most for poles. The maximum order of these poles is denoted by g 
and q+1 is termed the rank of the singularity z= ©. When q« —1 


the singular point is ordinary. When q= —1 the point is regular, and 
when qZ:0 irregular.-The irregular case g=0 had been reduced to the 
regular case g=—1 by Poincaré on using a Laplace transformation 


of the variables (y), and Poincaré had indicated a possible reduction 
of the irregular case q7 0. 

To simplify the system (2.1) Birkhoff uses linear transformations 
of the form 


(2.2) U; = Gi2)73 (2, j=l., n) 
in which the functions c;,(z) are analytic at infinity and have there 
a nonvanishing determinant. Any system into which the system (2.1) 
goes under (2.2) is said to be equivalent to the system (2.1) at infinity. 


Birkhoff shows that a system (2.1) of rank g+1=0 is equivalent to a 
canonical system 
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(2.3) Su. = Qi (2)y; (ij =1,--+,n) 


again of rank g+1 in which q;,(z) is a polynomial of degree at most q4-1. 

In proving this theorem Birkhoff used a lemma on analytic mat- 
rices [12]. Unknown to Birkhoff at the time, this lemma followed 
from general theorems of Hilbert and Plemelj. The canonical systems 
(2.3) are of great value in formally reducing the complexity of the 


system. 
With Thomé, 2 formal solutions each of the type 
(2.4) y; = e? Og! Bis) (21,:--,m) 


are next determined. Here B,(z) is a formal series of nonpositive pow- 
ers of z such that at least one of the # constant terms (221,2, - - - , 2) 
is not zero while p(2) is of the form 





(2.5) p(z) = 
q 


The coefficient @ is a characteristic root of the matrix of coefficients 
of z** in the polynomials q;,(z). These roots o; are assumed distinct. 
For each of the # formal solutions there is thus a polynomial p(2), 
an exponent „u, and a formal series B;(z). These solutions with 
j—71,---:,m may be chosen sc that their determinant | Bs;()| £0. 

By making generalized Laplace transformations of the variables y; 
in (2.3) together with other linear transformations of elementary 
character, Birkhoff shows that the rank of the differential system at 
its different singular points can be reduced step by step until the 
system is regular. This process leads to solutions in the form of gen- 
eralized Laplace integrals. Each of these integrals is asymptotically 
represented by a formal solution of the type (2.4) in an appropriate 
“sector” of a neighborhood of z= œ. These sectors are bounded by 
the m=n(n—-1)(g+1) rays on which (R=real part) 


R{st(a; a9] = 0 (4 934,7 =1,---,n). 


A base W, oi these solutions can be chosen in the rth sector 
(r=1,-++, m) so that the base W;* belonging to the succeeding 
sector is obtained from the base W, by multiplying W, on the right 
by a matrix of the form 7 4- C,, where I is the unit matrix and C, isa 
matrix with just one non-null element c,. , 

These "transformation constants" cı, - - - , Cm, together with the n 
exponents u; and the x(¢g+1) constants 


(2.6) (a, ps ; As) (i = KS , ?t), 


1946] GEORGE DAVID BIRKHOFF AND HIS MATHEMATICAL WORK 367 


of which the zth set appears in the ith solution of a formal matrix 
solution, are termed by Birkhoff the characteristic constants of the 
singular point at infinity. With these constants given he shows that 
there exists a locally defined canonical system (2.3) to which these 
constants will be equivalent in the above sense. 

The preceding theorem completes the local analysis and Birkhoff 
turns next to the problem in the large. Let S be a differential system 
of the type (2.1) with at most a finite number of regular or irregular 
singular points 


(2.7) G1, 7 7 Ak 

of ranks 

(2.8) Q5 775 Qk 

respectively. Corresponding to a base Y of solutions of S there exist 
matrices 71, * * * , T of constants such that Y is replaced by YT; 


when a positive circuit of a; is made. The matrices T; generate the 
monodromic group G with a relation 


(2.9) lisser 


corresponding to a circuit which encloses the points (2.7). 
Birkhoff says that two matrices Yi(z) and Y;(z) whose elements 
are analytic in the vicinity of z=a are properly equivalent at z —a if 


(2.10) Yı(z) = A(z) V2(z) (z £ a) 


and A(z) is a matrix of elements analytic at z =a with | A (a)l 750, and 
improperly equivalent if (2.10) holds and the elements of A(z) are 
analytic at z=a except at most for poles. He then proves the follow- 
ing theorem: 

Let ay, > - - , ax be k given points. Let T3, - - - , Ty be matrices of con- 
stants such that (2.9) holds. Let Z;(z) ($—1,- - -, k) be matrices of 
functions, analytic of determinant not zero in the vicinity of z=a; and 
undergoing a transformation to Z;(a)T; as 2 makes a positive circuit of ax. 
There exists a matrix Y(z) of functions not zero for za, - - - , ax and 
analytic save at these points, which undergoes a transformation to YT; 
as z makes a positive circuit of a;; furthermore Y(z) is properly equiva- 
lent to Zi at a; (i=1, - - - , k—1) and properly or improperly equivalent 
to Zi al ar. 

This theorem contains as a special case a theorem of Hilbert and 
Plemelj in which the Tys are given but not the Z;'s, while F(z) is 
affirmed to exist and possess elements which are analytic to finite 
order. The above theorem of Birkhoff gives a first type of generaliza- 
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tion of the Riemann problem. A second type of generalization which 
includes two problems proposed by Riemann is formulated by Birk- 
hoff as follows. 

To construct a system of linear differential equations of the first order 
with prescribed singular points (2.7) and with a given monodromic group, 
the characteristic constants being assigned for each singular point. 

In order that a solution exist it is necessary that the relation (2.9) 
hold and that the elementary divisors of T; be those of the trans- 
formation matrix determined at a; by the “transformation constants” 
belonging to a; When these conditions are satisfied Birkhoff shows 
that the lee admits a solution provided one replaces the expo- 
nents u; (£—1, * - * , n) belonging to some one of the singular points 
by new D nentes usts where s is a suitable integer independent of 7. 

This concludes Birkhoff's memorable work on differential systems. 
A byproduct was a number of theorems on the representation of ana- 
lytic matrices. Birkhoff returned to this subject in a paper [14] on 
Infinite products of analytic matrices where he generalized the theo- 
rems of Weierstrass and Mittag-Leffler on tke representation of an 
analytic function by an infinite product. 


III. LINEAR DIFFERENCE EQUATIONS 


In his study of the Riemann problem Birkhoff had mastered and 
extended-the use of formal solutions and asymptotic representations. 
He had used the formal expansions not only to obtain asymptotic 
solutions but to find the invariant characteristics of the singular 
points and the a priori limitations on the monodromy group. This use 
of formal solutions was to remain characteristic of his mode of at- 
tack in at least three other main fields, linear difference equations, 
stability in dynamical systems, and surface transformations with an in- 
variant integral. The underlying analogies were great but the innova- 
tions which remained to be made in each case were much greater and 
would discourage most mathematicians. 

In his Fifty years of American mathematics [54] Birkhoff writes that 
it was the lectures of Van Vleck at Wisconsin on difference equations 
that led him to an appreciation of the open problems in this field. 
The thesis of Carmichael in 1911 under Birkhoff at Princeton was 
perhaps the first significant American contribution on difference equa- 
tions. Birkhoff’s own work began with [15], published in 1911 in a 
volume of the Transactions that also contained Carmichael’s thesis. 

Birkhoff [15] dealt!? with a system of z linear homogeneous differ- 


10 The writer is indebted to C: R. Adams for a summary of Birkhoff's work on 
difference equations. 
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ence equations of the first order rather than with a single equation 
of the nth order studied by Carmichael. The system was assumed reg- 
ular in the sense that the characteristic roots were simple and neither 
0 nor ©. In matrix form the system took the form 


Y(x + 1) A(x)Y(a) (| A(x) | 4 0) 


with A(x) a square matrix of rational functions. Two formal matrix 
solutions arose 

AAAs +1), 

A(x— Lis — 2)* > 


leading to two “principal solutions” Y}(x) and Y. (x). These princi- 
pal solutions were analytic except for poles in the finite x-plane, and 
were asymptotically represented in the left and right hand planes re- 
spectively by formal solutions. Results similar in character to these 
had been established by Nórlund and Galbrun a few months earlier 
using methods based on Laplace transformations. 

The matrices of constants which are used in the theory of linear 
differential systems are here replaced by matrices P(x) of functions 
with a period 1. In particular a matrix P(x) of this type was deter- 


mined such that 
Y.(x) = Y,(z)P(z). 


The *characteristic constants" of the system include the constants in 
P(x) and certain other constants defined by formal solutions in series 
form. The *generalized Riemann problem" was to determine a system 
of difference equations whose principal solutions have the given char- 
acteristic constants. Properly modified, this problem and its analogues 
for g-difference equations were solved in [13 |. 

The irregular case remained unsolved at this time although Adams 
had carefully examined the extent to which Birkhoff's methods so far 
published were sufficient. In [16] (1930) Birkhoff presented a com- 
plete solution of the formal problem with strong analogies with the 
corresponding solution in differential equation theory. His last major 
paper [17] in this field was a significant collaboration with Trjitzinsky 
which extended and modified Birkhoff's earlier methods introducing 
new devices adequate for the analytic treatment of the general ir- 
regular case. 

Birkhoff's writings in this field occurred in two sbort periods seven- 
teen years apart. His interest in the field remained keen throughout 
his life as is shown by the doctoral theses written under him. His 
students in this field include R. D. Carmichael and K. P. Williams 
at Princeton; P. M. Batchelder, C. R. Adams, O. E. Lancaster, P. C. 
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Guenther and Jeanne S. LeCaine at. Harvard. The last two students 
received their degrees i in 1941. 


IV. DYNAMICAL SYSTEMS 


As with Poincaré the history of Birkhoff's researches in dynamics 
Is one of successes which are partly complete and partly incomplete. 
The grand aim was to give a formal normal reduction of a dynamical 
'system which distinguishes equilibrium points as to stability, and en- 
ables one to pass from these forms to a complete qualitative charac- 
terization of the system. Hamiltonian and Pfaffian systems formed 
the central core with the restricted problem of three bodies [20, 32, 
39] a typical example. The formal aspects of Birkhoff's research in 
dynamics may be regarded as relatively complete. Normal forms of 
great generality were obtained. 

On the qualitative side Birkhoff's success was unconditional in 
many important phases. His central and recurrent motions belong to 
a theory which is valid for systems-with any degree of freedom. His 
ergodic theorem is, however, conditioned in its usefulness by the un- 
certainty as to the hypothesis of metric transitivity. By far the 
greater part of his qualitative analysis was restricted to systems with 
two degrees of freedom, m=2; this is inherent in his dependence on 
“regular surfaces of section” whose existence seems likely for m —2 
but is in general unproved, and whose existence for m » 2 is doubtful. 
Assuming metric transitivity and the existence of surfaces of section 
(m=2) he is able to reveal an astonishing range of ordered but intri- 
cate dynamical phenomena; in this he is close to realizing a complete, 
qualitative characterization. 

As did Poincaré, Birkhoff seeks to make the periodic orbits central 
in the theory. Poincaré's conjecture that these orbits are everywhere 
dense in phase space turns out to be false in special cases but is be- 
lieved true in general for m=2. Poincaré was stopped by the inade- 
quacy of his method of analytic continuation of these orbits. In a 
series of studies Wintner™ and others have penetrated deep into the 
mystery, but in the general case much remains to be done. It is the 
conjecture of the writer that the method of topological continuation? 
which Birkhoff does not use may be an essential key to the situation. 
We shall continue with a summary of various aspects of Birkhoff's 
theory. \ 


11 A, Wintner, Grundlagen einer Genealogie der periodischen Bahnen im restringierten 
Dreikörper Problem, Math, Zeit. vol. 34 (1931) pp. 321-349, 350-402. 

2 See Marston Morse, The calculus of variations in the large, Amer. Math. Soc. 
Colloquium Publications, vol. 18, New York, 1934, chap. 9. 
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(a) Formal dynamics. In general form a dynamical system is locally 
defined by differential equations [26] 


dx; 
di 


The functions F; are assumed analytic in the neighborhood of an ini- 
tial point (x°). Hamiltonian systems have the special form 
ap; oH dq; oH 


(4.2) = , 
di dg, at od; 


where H is a function of 2m variables 





(4.1) = Far, : +, Xn) (¢=1,---,7n). 











—— 
— 


(Pus Bai fu": Im). 


Pfaffian systems are defined by the Euler equations of an integral 


D 
(4.3) Í [X dan, os) x] +Z(a1,- ++, Xam) ét 
to 

in the variational problem in nonparametric form in the space 
(x1, * * 7, Xam, D). In order to be able to solve the Euler equations 
for the x; it is assumed that the determinant of coefficients of these 
variables in the Euler equations is not zero. The Hamiltonian and 
Lagrangian equations also admit the Hamilton and Jacobi variational 
forms. 

Birkhoff speculates on the meaning of these variational forms. 
His views seem to have evolved somewhat with the passage of time. 
In [26] he points out that these variational forms have no "special 
significance" near a point which is not a point of equilibrium. At a 
point (x?) of equilibrium 


(4.4) | F;(x°) = 0 (i=1,---,#) 


in (4.1). He indicates the formal convenience of the variational form 
when a transformation of coordinates is to be made. He later shows 
[25] that the Hamiltonian form is one to which (4.1) can be formally 
reduced neighboring a point of completely formal stability of general 
type (to be defined later) provided the formal transformations used 
are sufficiently general in character. Finally in 1943 [44, p. 310] he 
writes as follows: | 

“It is only the fact that there is a single explicit variational form 
available in the entire domain of the independent variables that is 
really significant. Possibly this interesting situation indicates that the 
basic importance of variational principles will be found to be topologi- 
cal.” (Italics are Birkhoff’s.) 
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The situation is relatively clear in ordinary dynamics. The writer 
wonders in what form topology will first appear in quantum me- 
chanics. 

Most of Birkhoff’s work is concerned with systems (4.1) which in- 
volve € in the functions F;. This occurs whenever a periodic? orbit 
x;=x;(f) is given and one then makes a change of coordinates 


ge = xl) + zi CEA E 


Starting with (4.1) in its original form this transformation leads to a 
new function F; of (x) and of ¢ as well, which vanishes at the origin 
in the space (#) for all values af ¢. The origin (x) =0 is then termed a 
point of generalized equilibrium. 

| Neighboring such a point the modified system (4.1) is subjected 
to formal transformations in which x; is replaced by a formal series 
in new variables y; with coefficients which are analytic and periodic 
in £ These coefficients are permitted to have complex values but in 
such cases the transformation is to be such that the new variables y; 
can be arranged in pairs which are formally conjugate in terms of the 
original real variables. In the case of the Hamiltonian system the 
new variables (5,, qj) are taken as conjugate. 

Corresponding to an equilibrium point the equations" of variations 
of (4.1) can be brought to a canonical form. In the so-called genera? 
case this canonical form is 

dy; 


(4.5) T = v (j not summed = 1, , n) 


where the Ass satisfy no pode 
Mi: + tr + HÀ + fiai — 1)1/2 = 0 


' in which the m,’s are integers not all zero. In the case of the Hamil- 
tonian or Pfaffian system the multipliers can be grouped in m pairs 


(A, = A); Te Tg (Am, Sei Am) 


where the A;'s are either real or pure imaginary. With this under- 
stood a prime result of Birkhoff is as follows [26]. 

By suitable formal (generally divergent) transformations a Hamilto- 
nian or Pfaffian system with a generalized equilibrium point of “general” 
type at the origin may be taken into a normal Hamilionian form in which 


13 [t will be convenient to take this period as 27 throughout. 
14 Involving the terms of first order in (4.1). 
15 The “general” case is referred to throughout in this sense. 
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H(p, q) is a formal power series in the products (p.gi) starting with the 
quadratic terms 


(4.6) À D id; (j ef TA m). 


The case in which H reduces to the quadratic terms (4.6) is termed 
degenerate. Birkhoff is largely concerned with a “generalized equilib- 
rium point” of “general” type with a “non-degenerate” Hamiltonian 
function H, as these terms have been defined. 

The representations (4.1) which have been described are local. The 
whole of “phase space” is supposed “covered” by a finite number of 
such local representations each defined in a region of a space of pa- 
rameters (x). The phase space M is here supposed to be compact. A 
transformation T of M is defined in which each point P corresponds 
under T' to the point P, on the trajectory through P. The origin for 
tis so selected that P =P. This one-parameter family of transforma- 
tions T is called a flow. In the case of certain systems (that is, Hamil- 
tonian systems) there exists an integral of the form f(V) where V isa 
measurable subset of M such that 


FV) = fUv) 


where T(V) is the image of V under T. The integral f(V) is then 
termed invariant and the system conservative. The integrand of f is 
- supposed positive and may ordinarily be taken as analytic. 

Various types of stability are met, and these must be carefully dis- 
tinguished. Historically, one of the most important is the property 
of a conservative system whereby the images of any open region ii 
under the flow intersect R for values of £ which cluster at oe, 

First order formal stability is defined relative to a generalized equi- 
librium point of a Hamiltonian or Pfaffian system. It requires that 
the multpliers ^; be purely imaginary. 

Formal trigonometric or complete stability occurs as follows. Let T' 
be a time interval, m any positive integer, P, any polynomial in (x) 
with coefficients analytic and periodic in ¢ and of lowest degree s. 
It is then possible, for e>0, to approximate P,, for time intervals 
less than T', with an error numerically less than Me"** with a suitably 
chosen sum, 7 

>, (A; cos kt + B;sin k jl) (ki — k; > k>0) 
3J=0 
in which M, N, k are constants dependent only on m and P, (ko=0). 

(A) It is a capital result of Birkhoff that first order formal stability 

of Hamiltonian or Pfaffian systems in the case of a point of “generalized 
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"ol of “general” type implies formal trigonometric stability 
26 |. 

(b) Recurrence and transitivity. A subset S of the phase space M 
which is carried into itself by the “How” on M is called invarianti. A 
point P of Sis called wandering relative to S if there exists a neighbor- 
hood W of P relative to S which, for some /;7 0, and for 1o, has no 
image which intersects W. A maximal invariant subset S* of S whose 
points are non-wandering relative to S* is called central in S. Birkhoff 
shows by transfinite induction that every non-empty invariant sub- 
set A of M possesses a central subset ST Such a set AT is closed rela- 
tive to 5 and non-empty. If the system is conservative as defined 
earlier, the set which is central relative to M is M; but if M isnon- 
conservative, the central set M* of M is in general a proper subset 
of M. Let N be an arbitrary neighborhood of M* on M. The fraction 
of time which the finite arc PoP: spends in JV tends to 1 as becomes 
infinite, independently of the choice of Po on M [26]. 

A closed invariant subset of M no proper subset of which is a 
closed invariant set is called minimal and any sub-motion (complete 
trajectory) of the set is called recurrent |18]. A periodic motion is a 
very special minimal set. For a motion P; to be recurrent it is neces- 
sary and sufficient that for every e>0 there exists a T>0 so large 
that any arc PPr of the motion has points within a distance e of 
every point of the motion. Limit points of & motion P, as ¢ becomes 
negatively or positively infinite respectively are called a- and w-limit 
points respectively. Birkhoff shows that the a- (or w-) limit motions 
of a given motion include at least one minimal set. In general, mini- 
mal sets do not reduce to a periodic motion. Recurrent motions on 
surfaces of negative curvature can be studied and classified with the - 
aid of the topological symbolism of Hadamard,'5 as Morse first showed 
in his thesis. 

In his desire to determine the ultimate significance of formal sta- 
bility of Hamiltonian or variational forms, Birkhoif goes beyond the 
case of Hamiltonian or Pfaffian systems. In such general dynamical 
systems (A) is not true. Birkhoff defines even more general formal 
transformations and states that if these be admitted, any dynami- 
cal system can be formally reduced near an equilibrium point of gen- 
eral type to Hamiltonian form provided the conditions of first order 
and formal trigonometric stability are satisfied [25]. The meaning of 
this bold step is not altogether clear. 

Departing from the domain of formal operations, permanent stabil- 


£ For a general theory see Marston Morse and Gustav A. Hedlund, Symbolic 
dynamics, I and II, Amer. J. Math. vol. 60 (1938) pp. 815-866; vol. 62 (1940) pp. 1-42. 
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ity is said to occur when sufficiently small initial displacements at 
t=to from an initial solution cause displacements from the initial 
solutions which are arbitrarily small for all time. Formal conditions 
for permanent stability are not known. In particular it is not known 
whether or not a point of generalized equilibrium which is formally 
“completely” stable is in general permanently stable. The theory in 
the large is tied up with the theory in the small because the validity 
of the hypothesis of metric transitivity in a system would imply that 
permanently stable periodic orbits do not exist. 

A motion is termed transitive if it is everywhere dense in the phase 
space M. If such a motion exists the system is called topologically 
transitive. Birkhoff exhibits examples of such transitivity. The most 
general case of topological transitivity established up to this time in 
dynamical systems of classical type is that of geodesic motion on a 
surface of genus greater than 1 on which no point has a conjugate 
point. 

Under meiric transitivity, as first defined by Birkhoff and P. A. 
Smith [27], the only invariant subsets of M are sets whose measure 
is 0 or m(M). Metric transitivity implies topological transitivity. The 
converse is probably true in analytic systems or systems with some 
degree of analytic regularity. A proof or disproof of this converse is 
much needed. 

Smith and Birkhoff [27] have defined central motions of iterates 
of a surface homeomorphism and characterized them in various ways. 
Metric transitivity is shown by them to be equivalent to the condi- 
tion that no two “invariant integrals" on S be linearly independent. 
In the general analytic case at least two central motions are shown 
to exist. | 

B. O. Koopman [30] discovered that a conservative flow T, on M 
with an invariant measure on M could be represented by a one- 
parameter family of unitary transformations in Hilbert space, thus 
opening up a new mode of investigation of dynamical systems. Fol- 
lowing this, von Neumann established his “mean ergodic theorem” 
appropriate to Hilbert space. Under the stimulus of these ideas, 
Birkhoff [29] saw that in treating transitivity open sets should be 
replaced by sets of positive measure. Birkhoff’s first theorem is what 


17 Marston Morse and Gustav A. Hedlund, Manifolds without conjugate points. 
Trans. Amer. Math. Soc. vol. 51 (1942) pp. 362-386. For other aspects of the problem, 
see J. C. Oxtoby and S. M. Ulam, Measure preserving homeomorphisms and metrical 
transitivity, Ann. of Math. vol. 42 (1941) pp. 874-920, and P. R. Halmos, In general 
a measure preserving transformation is mixing, ibid. vol. 45 (1944) pp. 786-792. 
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is commonly known as his ergodic theorem. We shall give a formulation 
due to Khintchine.!? 

The space M ts assumed to have a finite measure m invariant under 
the flow. Let f be integrable over M and let P be a point of M. Then 


(4.7) | lim E 
Too T 


exists for almost ali P on M. 

Extensions and applications of the ergodic theory have been made 
by Wiener, Wintner, E. Hopf, Garrett Birkhoff and others. If f is 
the characteristic function of an arbitrary measurable subset V of M, 
the integral in (4.7) is the measure of the time spent by P, in Vfor 
OSIST, and, in case the system is metrically transitive, Birkhoff 
shows that the limit in (4.7) equals the ratio of m(V) to m(M) for 
almost all P on M. 

(c) Periodic orbits. In the case of a Hamiltonian or Pfaffian system 
with two degrees of freedom and with a periodic orbit A (period 27) 
one can use an integral to reduce the dimension of the phase space 
containing À to n =3. Let S be an element of a regular analytic “sur- 
face of section” which cuts across X at some point Q. If P is a point 
of S sufficiently near Q the orbit P, will cut S again later at a point 
T(P). Poincaré introduced these transformations T of S into itself 
in order to establish the existence of periodic orbits in the neighbor- 
hood of À. It is clear that a necessary and sufficient condition that P 
represent an orbit with a period near 27 is that | 


P = T(P). 


One can similarly use the kth iterate 7*(P) of the transformation 
T (P) to find orbits near À with periods near 2&7. 

The orbit \ is termed simple if its equatians of variation have no 
nonzero periodic solution. If is simple it cannot be a member of 
an analytic family of periodic orbits, and, bearing in mind no doubt 
that this excludes systems classically called “integrable,” Birkhoff 
terms the problem non-integrable if every periodic orbit and its multi- 
ples are simple [26]. 

A generalized equilibrium point has been termed degenerate if the 
Hamiltonian function H can be formally reduced to qéadratic terms. 
A system in which each periodic orbit is nondegenerate is termed non- 
degenerate. Non-integrable nondegenerate systems exist as Birkhoff 
shows. Let (u, v) be regular coordinates on S neighboring a fixed 


18 A. Khintchine, Zu Birkhoff’s Lösung des Ergodentroblems, Math. Ann. vol. 107 
(1933) pp. 485-488. 
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point (0, 0) of T. If the system is non-integrable and nondegenerate 
the terms of first order in T reduce either to a rotation about (0, 0) 
through an angle incommensurable with 27 (fixed point of elliptic 
type) or to the form ° 
1 
A = pu, y = — 1 (p £ 0 or 1) 
p 
where p is real (fixed point of hyperbolic type) [23]. 
Following Poincaré, Birkhoff makes use of the existence of an in- 
variant integral in the original phase space to obtain an invariant in- 
tegral [23, 33] 


Í Í Q(u, v)dudv (Q > 0) 


on S neighboring the origin, where Q is real and analytic in (t, v). 
Birkhoff shows that there exists a real power series F(u, v) which 
may be convergent or divergent, and is formally invariant under 7. 
The series F starts with terms of the second degree or higher. The 
series O and F are formally related by differential equations 


da r 5 " 
dk " dk 


whose formal solutions 4 and v starting with terms of the first order 
yield T* when & is replaced by an integer. 

Formal series transformations of 4 and v reduce T' to a transforma- 
tion 


(4.8) ui + iv, = (u + ivje) (h(r) = a + cr?”) 


when A is simple and nondegenerate and the fixed point (0, 0) elliptic. 
Here a and c are real constants with c#0 and a incommensurable 
with 27. The exponent m is a positive integer in general 1. Whenever 
(4.8) holds, T is actually as well as formally very close to a rotation 
through an angle a, for sufficiently small positive r. For a simple 
nondegenerate orbit and a hyperbolic fixed point, T has the normal 
form 

ui = puet", 9, = loggen (m > 0; c ¥ 0) 

p 

where p is real and neither 0 nor 1. The use of these forms to obtain 
approximate representations of T is reminiscent of Birkhoff’s use of 
asymptotic representations in his thesis, in the Riemann problem and 


in the formal Hamiltonian theory. 
E “a 
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In [33] Birkhoff largely removes the condition that the orbit be 
“simple” although this task is one of great formal complexity. When 
the periodic orbit is “multiple? the terms of first order in the repre- 
sentation of T have equal characteristic roots. In such special cases 
the corresponding fixed point Q of T is termed hyperbolic if there 
exists a real invariant curve passing through Q. Otherwise Q is termed 
elliptic. 

To establish the existence of periodic orbits in the restricted prob- 
lem of three bodies Poincaré introduced his celebrated “last geometric 
theorem” but was unable to prove it.!? This theorem may be stated : 
as follows: 

Given a ring 0 <a Sr Sb in ther, 0, plane and a 1-1 continuous area- 
preserving transformation T of the ring under which points on r=a ad- 
vance, and those on r=b regress, there will exist at least two points of the 
ring invariant under T. 

A number of mathematicians had attempted to prove this theorem 
and at least one erroneous proof was published. Urged on by his col- 
leagues, Birkhoff [19] gave a beautiful procf of the theorem that 
went directly to the heart of the problem. Modified forms of the 
theorem were also presented by Birkhoff [24]. 

Using theorems of a nature similar to thaz of Poincaré, Birkhoff 
proves the following in [26]: | 

(a) In non-integrable, nondegenerate Hamiltonian systems with two 
degrees of freedom any neighborhood of a periodic orbit of elliptic type 
includes infinitely many periodic orbits both of the elliptic and hyper- 
bolic types. At most a finite set of these orbits have periods less than a 
given constant. | 

À generalization of the Poincaré theorem to higher dimensions is 
given in Birkhoff [28]. This generalization employs the theorem of 
Morse that the number of critical points; suitably counted, of an 
analytic function defined on the product of #-circles is 2, With D. C. 
Lewis, Birkhoff’s theorem is applied in [31] to establish the existence 
of periodic orbits neighboring a periodic orbit of general, formally 
stable type. 

A periodic orbit À of hyperbolic type cannot be permanently stable. 
When A in o is hyperbolic there exist [23] two analytic curves on S 
passing through (0, 0) and inzariant under T (P). These invariant 
curves on 5 imply the existence of analytic families of motions asymp- 
totic to À in either sense. | 
- No example is known in which the elliptic orbit X of (a) is *perma- 


?* H. Poincaré, Rend. Circ. Mat. Palermo vol. 33 (1912) pp. 375-407. 
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nently stable” in the geometric sense and none such could exist if the 
system is metrically transitive. Nevertheless Birkhoff gives a rela- 
tively complete description of motions neighboring A in case A is in 
fact permanently stable. Since this description is similar to the one 
given by Poincaré, it is omitted. 

A priori existence theorems for periodic orbits are very necessary. 
Birkhoff turns to the *direct" method in the calculus of variations, 
and uses the Jacobi “action integral" J. In Lagrangian problems 
in which the constraints are independent of the time this integral 
will in general be regular and positive definite in the sense of classi- 
cal variational theory. A periodic minimizing extremal will then 
exist in an “extremal convex” region. No periodic minimizing ex- 
tremal exists in very general problems, as for example in the restricted 
problem of three bodies with a parameter o sufficiently small. To fll 
in this gap in the theory Birkhoff applied a “minimax principle” [21]. 

In Birkhoff's applications this principle reduces to an existence 
theorem for critical points of an analytic function F(x) of n-variables. 
If one supposes for the sake of definiteness that F is defined over a 
regular, compact, analytic manifold, then, suitably counted, there 
exist at least Rı+ Mo—1 generalized saddle points, where R4 is the 
linear connectivity of the manifold and Mo the number of points 
(supposed isolated) of relative minimum of F. In similar or related 
forms this principle was known and applied by Poincaré, Maxwell, 
and Kronecker, and has an origin even more remote in the past. 
Birkhoff’s bold step was to conceive of its application to functions of 
curves such as the integral J. He applied it in the billard ball problem 
[26] (motion on a convex table) and to obtain closed geodesics ona 
convex surface. On slipping an elastic band over the surface from one 
egg-shaped end to the other the process that requires the least stretch- 
ing leads to a closed geodesic of minimax type. However, Birkhoff's 
conjecture that the closed geodesic analogously obtained for a topo- 
logical n-sphere is of “minimax type," as characterized by him, is 
not true if 4? 2. 

The a priori existence of periodic orbits is necessary for the dynami- 
cal theory as conceived by Poincaré and Birkhoff. 

(d) General qualitative dynamical theory. 'This theory is limited al- 
most wholly to the case of two degrees of freedom m —2 largely 
because a fundamental tool with Birkhoff as with Poincaré is a “regu- 
lar surface of section." One presupposes a three-dimensional, analytic, 
compact, nonsingular phase space. A regular surface of section S is 
then an analytic surface crossed in the same sense by all trajectories 
without being tangent to S except along the boundaries. These bound- 
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aries are to be finite in number and consist of closed trajectories. 
Further every trajectory except the boundary orbits shall cut S at 
least once in any sufficiently large fixed interval of time. 

It seems likely that such surfaces of section exist in general when 
m=2. As Poincaré indicated, such a surface exists in the restricted 
problem of three bodies when the mass p (that is, earth) is sufficiently 
small. Although open hyper-surfaces of section exist when m>2 it 
has not yet been found possible to make profitable use of them. 

As in (c) the "flow" in the phase space defines and is characterized 
by a conservative transformation T of SS into itself. Birkhoff makes 
three tentative hypotheses none of which has been proved to hold in 
general, but each of which probably does so hold. These hypotheses 
as given in [33 | are: 

(A.1) The dynamical systern is transitive. 

(A.2) A regular surface of section S exists. 

(A.3) There is at least one point which is fixed under 7', but any 
such point, if elliptic, corresponds to a nondegenerate, periodic orbit. ` 

This qualitative theory culminates in the paper [33] 130 pages 
long, crowned by the Pontifical Academy. This paper resumes and 
extends much of Birkhoff's earlier dynamical theories. Upon finishing 
this work Birkhoff commented to the author that it was an exhausting 
task. In this connection it is of historical interest to recall that Birk- 
hoff stated about 1925 that he considered his Transactions paper [21] 
for which he received the Bócher prize as good a piece of research 
as he would be likely to do. In the writer's opinion, the Rendiconti 
memoir [20], also a prize paper, should be placed near the top of 
Birkhoff's works, not because it is final but because one finds Birkhoff 
there first meeting the problems which he inherited from Poincaré, 
and taking the first clear cut concrete steps which he later generalized. 

The Pontifical memoir can only be broadly summarized. After ex- 
tensive formal studies already reported on, Birkhoff shows that under 
hypotheses (A) there exists an infinite number of hyperbolic points 
fixed relative to some of the iterates T* of T. There may exist no 
elliptic points, but if one exists, there exist infinitely many such ellip- 
lic points. The general existence of the hyperbolic fixed points makes 
them a suitable instrument on which to base a qualitative character- 
ization of T and this Birkhoff proceeds to do. 

On S the invariant curves C through a hyperbolic fixed point P 
are divided into a-branches E-(P) and w-branches E,(P) according 
as the iteration of T^! or T makes a point on C tend toward P onC 
as a limit. In the original phase space each point on an «-branch 
(w-branch) defines a motion which becomes negatively (positively) 
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asymptotic to the periodic orbit determined by P. Returning to 5, 
Birkhoff shows that under hypotheses (A) these a- and w-branches 
associated with a single hyperbolic fixed point P, if continued ana- 
lytically, are everywhere dense on S. There is an exception which does 
not occur for most fixed points P when one of these branches belongs 
to a second hyperbolic fixed point. These a- and w-branches intersect 
in infinitely many points termed “homoclinic” by Poincaré. Homo- 
clinic points are proved to be cluster points of fixed points. 

In the case of a metrically transitive system the set of all fixed 
points and of all æ- or w-branches attached to hyperbolic fixed points 
has a measure zero on the surface of section. The remaining points 
are grouped into sets Zo termed isomorphic by Birkhoff. Let Q be a 
point which belongs to no set E,(P) or E,(P). The maximal con- 
nected set of points which contains Q but no point of a set E.(P) 
or E,(P) is independent of P among hyperbolic fixed points P and is 
denoted by Zo These sets are transformed into each other under 7, 
hence the term isomorphic. It is probable that Zg =Q in general; this 
case is called regular. 

Birkhoff shows in what sense the intersections of an Æ.(P) and an 
E,(P) “characterize” the isomorphic sets Zo, He invents a 2-dimen- 
sional symbol called the signature of the system which displays the 
topology of the intersections of E,(P) and E,(P). For Birkhoff such 
a signature is the ultimate in the qualitative description of a dynamical ` 
system. 

These a- and w-branches belonging to a hyperbolic point P are 
properly called asymptotic to P. Birkhoff also defines connected sets 
asymptotic to elliptic points. These are sets and not curves, at least 
a priori. They were studied at length by Birkhoff before he recognized 
the importance of the o and w-branches belonging to hyperbolic 
points. He indicates the formal analogies between the sets asymptotic 
to elliptic points and the a- and w-branches attached to hyperbolic 
points. 

(e) The restricted problem of three bodies. This famous problem was 
studied by Birkhoff in three principal papers [20, 32, 34]. Much of 
the work in these papers is an application or exposition of general 
theories elsewhere reported. There remain several special achieve- 
ments to be noted. 

The two finite bodies (that is, sun and earth) have masses 1—p 
and p respectively, and the third body (x, y) has a mass which is 
infinitesimal. The two principal bodies are originally supposed to ro- 
tate about their common center of gravity in the clockwise sense. 
In the representation of the problem in the (x, y)-plane the coordi- 
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nates have been so transformed that the earth and sun rest fixed at 
points on the x-axis with their center of gravity at the origin. The 
problem then has the Jacobi integral 


CHOSE 


where Q is a positive function of special nature. 

When C is sufficiently large the point (x, y) is confined in “Case I” 
to an oval about one of the finite masses. The phase space is then 
shown by Birkhoff to be the homeomorph of the three-dimensional 
projective plane. Topological models are given for the phase space 
for other values of C. Birkhoff keeps to Case I in general. 

Direct periodic orbits had been established by Poincaré only for 
sufficiently small values of u. Birkhoff shows that in Case I at least 
one retrograde periodic orbit symmetric with respect to the x-axis 
always exists. He replaces the ring transformation of Poincaré which 
led to the “last geometric theorem” by a transformation of a diskoid 
into itself. As long as this construction is possible there exists a direct 
‘periodic orbit. But such a construction is definitely established only 
for sufficiently small values of x. However the existence of the diskoid 
seems to demand less by way of proof than the existence of the 
Poincaré ring. 

Returning to the ring transformation of Poincaré, Birkhoff con- 
cerns himself with the existence of orbits which are symmetric with 
respect to the x-axis. He shows that the transformation of the ring 
surface of section S into itself is the product of two involutory trans- 
formations. He attaches two characteristic integers to a symmetric 
periodic orbit as follows. Suppose that this orbit cuts S at a point P. 
If T represents the ring transformation of Poincaré there is a least 
integer k such that the T*(P) =P. The k-iterates of P on S will rotate 
about the Poincaré ring / times. The pair (k, 7) characterize the orbit. 
Birkhoff shows that there are infinitely many pairs (k, D which repre- 
sent symmetric periodic orbits and he exploits this symbolism to the 
full. 

After reading the preceding report on Birkhoff's advances in dy- 
namics the reader may find it of interest to compare a summary [22] 
in 1920 and a prospectus [35] in 1941 by Birkhoff himself. The sum- 
mary occurs under the title Recent advances in dynamics and the 
prospectus is entitled Some unsolved problems of theoretical dynamics 
and was presented at a fiftieth anniversary symposium at the Uni- 
versity of Chicago in 1941, After a lapse of. twenty-one years the prob- 
lems remain essentially the same, but the approach and particularly 
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the language of approach has become more topological and abstract. 
“Conservative flows” are to be studied both in the topological and 
the statistical sense, and abstract variational theory is to enter. There 
is no doubt about the challenge of the field, and the need for a power- 
ful and varied attack. 


V. PHYSICAL THEORIES?? 


The earliest evidence of Birkhoff's interest in relativity can be 
found in a review of Books on relativity |36], in 1922. In a few words, 
while commenting upon the development of Einstein's general theory, 
he formulates what has turned out to be his own ideal in the creation 
of physical theories: *In the first place, it illustrates afresh the im- 
portance of taking the simplest possible case as an abstract basis of 
departure. Secondly, Einstein uses mathematical analogy in passing, 
step by step, from the simple universe of the special theory to the 
most genera] universe, and at each step the mere sense of mathemati- 
cal form is sufficient to point the way to a natural generalization. 
The mathematician may feel satisfied that the formal analogies sup- 
plied by classical dynamics and four-dimensional geometry furnish 
the very basis by which Einstein's generalization proceeds" (page 
217). 

In 1923, in his widely acclaimed monograph, Relativity and modern 
physics (written with the cooperation of R. E. Langer), Birkhoff car- 
ries out this ideal as closely as he can by establishing the electromag- 
netic equations, and the fundamentals of the special and general the- 
ories of relativity,showing how this can be done without indiscriminate 
appeal to physical intuition, and with a maximum of regard for geo- 
metrical symmetry, mathematical rigor and simplicity. 

Feeling that “without a true model as a starting point, it does not 
seem likely that a final conception of the physical universe can be 
arrived at" [37, p. 70], Birkhoff selects a “perfect fluid," which satis- 
fies the classical equations of hydrodynamics, slightly modified and 
unified so as to be invariant under the Lorentz transformations. The 
pressure-density relation was such that all disturbances would be 
propagated with the speed of light. This fundamental property of the 
substance of which all matter is composed was intended to eliminate 
those paradoxes in the theory of collision which Birkhoff pointed out 
in his presirvential address of 1926 [40]. 

In this address, Birkhoff urged theoretical physicists to attempt to 


20 This account of Birkhoff's physical theories has been written by Morse's assist- 
ant Dr. Richard Arens, who had the advantage of numerous conversations on this 
subject with Birkhoff in the last years. 
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account for atomic phenomena using mainly the ideas of special rela- 
tivity and abstract dynamics, for he felt that the recurrence proper- 
ties of dynamical systems could eventually provide an intuitive ex- 
planation of quantum effects (cf. also [42, p. 317]). He made a modest 
attempt in this direction himself [39, 40]. He welcomed the return 
to the use of differential equations, due to Schrédinger, and justified 
these equations, from a general point of view, in [41]. 

Although it soon appeared that the “perfect fluid” could not be 
limited to a desirable behavior by its hydrodynamical equations alone 
[42, p. 324], Birkhoff retains it as raw material for “mathematical 
model-making,” perhaps because he feels that any physical theory 
should contain some statement about the constitutive equations of 
“matter” [44, p. 301]. The best cross section of Birkhoff's ideas after 
ten years of contemplation can be obtained from his Franklin Insti- 
tute Lecture of 1938, Electricity as a fluid [43], in which he states his\ 
ideas, opinions, and preferences with unusual directness, clarity and 
humor. 

The final phase, which was undoubtedly intended to be only the 
beginning, of Birkhoff's work in relativity was his gravitational theory 
[43] of 1943. With such a degree of analogy to electrodynamics as 
the essence of things permits, this theory involves a gravitational 
tensor potential governed by a linear differential equation which is, 
as seems proper in view of the underlying flat but Minkowskian 
space-time, of hyperbolic type. Whereas in electrodynamics the ac- 
celeration of a charged particle is a linear function of the velocity with 
coefficients characterizing the field, here the acceleration depends 
quadratically on the velocity. The theory is completely linear, and 
homogeneous except for the presence of the “perfect fluid.” 

As regards experimental verification, Birkhoff's theory predicts the 
same rate of rotation of the apse line of planetary orbits as does the 
general theory of relativity. Recently, moreover, a practical method 
of successive approximation for treating the two body problem has 
been worked out.? 

In Birkhoff's theory, phenomena such as the bending of light 
around the sun cannot be regarded as of electromagnetic nature, 
since there is no interaction of.electromagnetic and gravitational 
field; but Birkhoff finds that by considering the world lines of 
“photons” as limits of world lines of particles on which the speed ap- 
proaches that of light, the proper magnitudes for the bending of light 
and red-shift effect can be obtained [44a]. He has also discovered 


. UC, Graef Fernandez, El movimiento de los dos cuerpos en la teoria de la gravitación 
de Birkhoff, Boletin de la Sociedad Matemática Mexicana vol. 1 (1944) p. 25. 
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another approach to the red-shift effect which makes use of the wave- 
length-energy relation of Planck. These ideas merit careful investiga- 
tion, even apart from the remaining theory. 

It has been stated? that this theory does not provide for the iden- 
tity of gravitational and inertial mass in as effortless a manner as 
the theory of Einstein, and this seems to be a defect from which 
linear theories must suffer.” 

Birkhoff inherited from Poincaré the sentiment that no single math- 
ematical theory of any phenomenon deserves the exclusive attention 
of physicists, or at least of mathematicians. 


VI. MISCELLANEOUS WORKS 


(a) Fixed points in function space. The paper [45] written jointly 
with O. D. Kellogg is undoubtedly one of Birkhoff's most important 
contributions. The first theorems are generalizations of the Brouwer 
theorem that a continuous transformation of an #-disc into itself has 
at least one fixed point. This is applied to a transformation of a space 
of uniformly bounded and equicontinuous functions f(s) and of the 
space of functions f(s) which are summable square and representable _ 
by a subset of points in Hilbert space for which > x? converges uni- 
formly. Fixed elements f(s) are inferred. 

A second point of departure is the theorem that a continuous trans- 
formation of a real projective space of even dimensions into itself 
has at least one fixed point or “invariant direction." This theorem 
extends to integral equations. 

Deformations of transformations are extensively used. A continu- 
ous transformation T) on an n-sphere H, into the embedding (n+1)- 
space is given as depending linearly on a parameter ^ in such a 
manner that as À varies to 0, 7 deforms into the identity without 
intersecting the origin. It is concluded that to each point (b) on Hn 
corresponds a point (a) (“inverse direction”) on Ha whose image 
under T; is on the same ray as (b). This theorem has applications in 
the Fredholm theory. 

It is of interest that the paper in the Transactions preceding [45 | 
was an elegant treatment by Alexander of "transformations with in- 
variant points," including many of the theorems in [45] concerning 
transformations of finite-dimensional spaces but not including appli- 
cations to function spaces. The work of Birkhoff and Kellogg was the 


2 H. Weyl, Comparison of a degenerate form of Einslein's with Birkhoff's theory of 
gravitation, Proc. Nat. Acad. Sci. U.S.A. vol. 30 (1944) pp. 205-210, especially p 205. 
23 Loc. cit. p. 206. 


386 MARSTON MORSE [May 


acknowledged stimulus of the noteworthy extensions of Schauder, 
and later of Schauder and Leray, including important applications to 
partial differential equations. The mvariance of the Brouwer degree 
of a transformation under continuous deformations is a unifying ele- 
ment in the Schauder-Leray theory. 

It is of interest to recall that Birkhoff’s introduction to fixed point 
theory was by way of the lemma of Poincaré that the sum of the 
signed indices of an analytic vector field on an orientable surface of 
genus p is 2—2p. Birkhoff used this theorem in his theory of elliptic 
and hyperbolic fixed points of the surface transformations arising in 
dynamics [21]. 

(b) The 4-color problem.” Birkhoff's interest in this problem was 
aroused in Veblen's seminar in “analysis situs” during his years at 
Princeton. Birkhoff brought out two papers [46, 47] on this subject 
during his stay at Princeton. 

In [47] Birkhoff revived the qualitative approach based on Kempe 
chains. He found certain “reducible configurations,” that is, figures 
whose presence in a regular map reduces the coloration problem to 
that of a simpler map. Of these the most important and the hardest 
to analyze was a ring of two regions not surrounding a regular penta- 
gon. Of such reducible configurations later found by Franklin, Errera, 
and Winn, many are direct extensions of those of Birkhoff and most 
require for their proof Birkhoff’s theorem on rings of five regions. The 
minimum number of regions in a map not capable of coloration in 
four colors was shown successively to be at least 25 (1922, Franklin), 
27 (1927, Reynolds), 31 (1938, Franklin), and finally 35 (1940, Winn). 

In [46] Birkhoff introduced the quantitative approach. “Chromatic 
polynomials” P(x) equal to the number of ways a given map can be 
colored in x colors were found. Although the main objective of show- 
ing that P(4)>0 was not achieved, many properties of P(x) were 
obtained by Birkhoff [46, 48] and later by Whitney whose thesis 
was on this problem. Birkhoff hoped that the theory of chromatic 
polynomials could be so developed that methods of analytic function 
theory could be applied. Birkhaff took the first real step in this direc- 
tion in [49]. 

The quantitative approach was not as successful in the study of the 
classical problem as the qualitative. Nevertheless Birkhoff felt that 
it might be easier to establish a stronger result concerning P(x) than 
a direct and weaker theorem of qualitative type. In a long joint paper 
with D. C. Lewis, submitted to the Transactions, a fusing of the quali- 


21 The writer is indebted to Philip Franklin and to D. C. Lewis for summaries of 
work on the 4-color problem. 
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tative and quantitative approaches is sought by way of a study of 
P(x), borrowing and modifying the method of Kempe chains. In this 
study the reducibility of certain configurations previously established 
by Kempe chains is established by quantitative methods. Deeper in- 
sight is thus gained. | 
This paper includes a conjecture to which Birkhoff attached the 
maximum importance. The map of the sphere under consideration 
consists of 24-3 simply-connected regions containing only triple ver- 
tices, that is, points on the boundaries of just three regions. Let 
P.+3(x) be the number of ways of coloring this map in x colors. Itis 
known that this polynomial is of degree z--3 and vanishes when x — 0, 
1 and 2. Hence 
Que) = =) 
xy — 2 - 2) 
is a polynomial of degree # in x. The conjecture is that 
(x — 3)" € Q(x) S (x — 2)” 


for x24 and 40. The conjecture is readily established for x25. It 
is also established for # «9 even when x =4. It has been verified for 
special maps of 12, 14, 15, 16, and 17 regions with x —4. 

This paper also contains an asymptotic formula for P,(x) conjec- 
tured by Birkhoff as a result of heuristic probability considerations. 

(c) General mean value and remainder theorems. The paper [50] of 
Birkhoff written in 1904 is somewhat complicated in form as is per- 
haps necessary. There is given the value of f(x) and some of its 
derivatives up to the (z—1)st at n points on an interval (a, b). 
Birkhoff introduces a polynomial F which together with its deriva- 
tives equals f and its derivatives at the respective points in question. 
The function f^^? (x) is assumed continuous, and f(? is assumed to 
exist on (a, b). The general remainder theorem involves f and F and 
includes most known remainder theorems. It has applications in the 
fields of mechanical differentiation and quadratures. 

(d) Aesthetic measure. Birkhoff's interest in the analysis of art and 
music forms was of long standing. It culminated in his famous treatise 
on aesthetic measure [51]. To oversimplify this work of Birkhoff 
would result in a misrepresentation. For this reason and because of 
the readability of [51] no extended account of Birkhoff's work in this 
field will be presented. 

Within each class of aesthetic objects Birkhoff defines the order O 
and complexity C so that their ratio 


O 
M=— 
C 


388 MARSTON MORSE [May ' 


yields the *aesthetic measure" of any object of the class. Equal at 
Jeast in importance to the particular value of M attached to an aes- 
thetic object is the fact that, such an attempt at aesthetic analysis 
leads to distinctions and comparison of a more refined nature than 
those ordinarily made. His objects of study include polygonal forms, 
ornaments and tilings, vases, melody and harmony, and musical qual- 
ity in poetry. Birkhoff's work is in the spirit of many a great artist and 
artisan of bygone days. 'The writer recalls the impression made upon 
him by finding Sheraton, the great creator of 18th century furniture, 
starting a treatise on design with descriptive geometry and ending 
with sideboards. : 

In addition to this principal work Birkboff wrote a number of 
papers on the subject, and spent a half year on leave of absence in 
the Far East and Europe to gather material. His study has been of 
interest to artists, musicians, psychologists, historians, and even 
mathematicians. The writer has found Birkhoff’s theories on melody 
of practical value in the problem of effective improvisation on the 
organ. The high value which Birkhoff put on-the aesthetic is illus- 
trated by the answer he gave a professional musician as to why one 
should study mathematics. “One should study mathematics,” said 
Birkhoff, “because it is only through mathematics that Nature can 
be conceived in harmonious form.” 

(f) Basic geometry. Birkhoff and Ralph Beatley joined forces in the 
interest of the teaching of elementary geometry around 1929. In 1932 
Birkhoff [52] wrote a set of postulates for plane geometry based on 
the scale and protractor. These studies were capped by a textbook 
[53] on Basic geometry, written with Beatley and published in 1940. 
The necessity of undefined terms and assumptions is emphasized from 
the outset, doing away with “self-evident truths.” There are five 
fundamental postulates, seven basic theorems and nineteen other the- 
orems together with seven in loci. The system of real numbers is in- 
corporated into three of the five axioms leading at once to the heart 
of geometry. Reports on the use of the book in practice are favorable. 
In any case the introduction of new ideas from the pen of a man as 
eminent as Birkhoff should be a great stimulus to the subject of ele- 
mentary geometry. 

In summarizing the mathematical work of Birkhoff a sentence of 
Poincaré comes to mind. Of the periodic orbits in dynamical systems 
he says that they are “la seule bréche par oü nous puissons essayer de 
pénétrer dans une place jusqu'ici réputé inabordable.” Poincaré would 
be amazed to see the extent to which Birkhoff has widened this 
breech and opened many others. His zeal never flagged. 
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During the major part of his life Birkhoff was, the acknowledged 
leader of American mathematics. His nomination as President of the 
International Congress of Mathematics that was to have been held 
at Cambridge, Massachusetts in 1940 was symbolic of this fact. 
Learned societies and universities the world over honored him. His 
work was crowned with four prizes. In the case of a man such as 
Birkhoff, a ranking at this time in the hierarchy of the great, in an- 
ticipation of the verdict of history, seems of doubtful value. The au- 
thor can find no words adequate to define him except that he was 
profoundly unique. Those who knew him best can add very simply 
that he was a kind and courageous friend for whom they will have a 
lasting affection. 
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PHYSICS AND THE WAVE EQUATION : 
J. C. SLATER 


Often in the history of physics a guiding line of mathematical 
thought has permeated the whole of the science for years, tying to- 
gether apparently unrelated branches of the subject, contributing to 
the unity of physics, but at the same time stimulating philosophical: 
thought, and focussing attention on a branch of mathematics, and 
leading to its development. The Newtonian mechanics was such a 
guiding principle. From Kepler through Newton and up into the 
nineteenth century, more and more of physics was explicable in me- 
chanical form. Even philosophy and economics and history felt the 
impact of rationalism. Mathematics felt the tide; calculus and the 
. theory of ordinary differential equations grew up under the impetus 
of the physicist, who needed the mathematical methods to explain 
his physical facts. A second guiding principle was the variation prin- 
ciple. D'Alembert, Lagrange, Hamilton expressed the laws of me- 
chanics in variational form. Ás time went on, more and more branches 
of physics could be formulated in similar language. We had not merely 
the principle of least action in mechanics, but Fermat's principle in 
optics, and variational formulations of electromagnetic theory. Here 
again there were impacts on both philosophy and mathematics. The 
philosophers grasped at the principle of least action as a proof of the 
existence of the deity, who used the simplest and most effective means 
. to accomplish his purposes. The mathematicians were led to the de- 
velopment.of the calculus of variations, and to such related fields as 
the theory of continuous groups and of contact transformations. Sev- 
eral similar developments have come since that time; two conspicuous 
ones are statistics, as seen in statistical mechanics, in the philosophi- 
cal ideas associated with the second law of thermodynamics, and in 
the mathematical development of the theory of statistics; and rela- 
tivity, with its obvious philosophical accompaniments, and its rela- 
tion to the theories of the absolute differential calculus and tensor 
analysis. In all of these cases, I believe one could make out a case 
for the thesis that each succeeding line of thought in physics enriched 
and supplemented, but never supplanted, those which had gone be- 
fore; that the philosophical applications were in general superficial 
and ephemeral, the embodiment not of fundamental truth but of the 


The nineteenth Josiah Willard Gibbs lecture delivered at Chicago, Illinois, No- * 
vember 23, 1945, under the auspices of the American Mathematical Society and the 
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prejudices of the men of the time; and that the impact on mathemat- 
ics stimulated some of the most vital and valuable developments of 
that science. 

I should like this evening to call to your attention the guiding prin- 
ciple which, more than any other, is running through the theoretical 
physics of the present, and to suggest that, though the mathemati- 
cians are well aware of it, they could nevertheless profit by following 
it even more closely. This is the wave equation. I shall not try to 
draw any philosophical implications from the fact that more and more 
parts of physics are now being explained in terms of the wave equa- 
tion. I do not believe it has any philosophical implications at all. We 
are merely in that stage of the great development of physical thought 
in which we are exploring and exploiting the wave equation and its 
uses, as we have in the past explored and exploited Newtonian me- 
chanics, the variational principle, statistics, tensor analysis, and 
many other lines. It will fit into a continually developing mosaic, 
enriching it and making 1t more powerful. We should be as wrong to 
base our philosophy on the principle of uncertainty and the wave 
mechanics as our ancestors were in basing theirs on Newtonian deter- 
minism; each is only a partial phase of the broader physical theory 
which is gradually unfolding itself. But mathematics may well be 
stimulated by studying the efforts of physicists to handle problems 
in the wave equation which are beyond the range of our present math- 
ematical techniques, but not beyond the problems whose solution 1s 
not only useful but pressing. 

The present importance of the wave equation is the culmination 
of a century and a half of continually increasing emphasis on partial 
differential equations. Laplace, Poisson, Fourier, Bernoulli, and many 
others, discovered the extraordinary similarity of the mathematical 
theory underlying the propagation of waves in strings and mem- 
branes and fluids and solids, the flow of heat and electricity and 
fluids, and the behavior of the gravitational and electrostatic poten- 
tials. These problems all have a mathematical framework in common. 
In each one there is a single dependent variable, the displacement or 
velocity, the temperature, the potential, and so on, and four inde- 
pendent variables, the three coordinates of space, and the one of time. 
The formulation of their fundamental laws in terms of differential 
equations leads us then at once to partial differential equations, rela- 
tions between the derivatives of the dependent,variable, which for 
the sake of illustration we may call u, with respect to the four inde- 
pendent variables x, y, z, and ¢. The remarkable feature of the prob- 
lem is not this mathematical framework, but the fact that in every 
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one of them the dependence on x, y, and s comes through the La- 


placian expression 
du u u 


Ox? ay? dai 


which we may write as V*u, using the notation of Gibbs, in whose 
honor we are meeting this evening, and who more than any other 
clarified the relations between these branches of physics and vector 
analysis. The Laplacian appears in different ways in different prob- 
lems. ‘The form which we are particularly interested in tonight is the 


wave equation 
1 ĝu 
Vu — — — = 
v of 


in which v is a constant, which proves to be the velocity of propaga- 
tion of the wave. But we have as well Laplace's equation, V’u=0, 
Poisson's equation, V?u —f(x, y, 2), where f is a function of x, y, 2, and 
the heat flow or d:ffusion equation, V?u =adu/dt, where a is a constant. 
These can be handled, as far as their time variation is concerned, in 
a common manner: we assume that « varies with time according to 
the exponential function e??*, so that u —w(x, y, 2)e'**. Thus the wave 
equation becomes V2w-+(p?/v?)w=0, Laplace's equation is V?w=0, 
Poisson's equation is V^ =f, and the heat flow equation is Vw =atpw. 
All of these can be considered as special cases of the general equation 


Vu + kw = f(x, y, 2) 


which we may call the inhomogeneous wave equation. By setting 
k —0, or f=0, we can obtain our various special cases. 

We have here a partial differential equation for a function w(x, y, 3), 
whose solution is one of the classical problems of mathematical 
physics. Two broad approaches to its solution have been made, the 
method of expansion in orthogonal functions, and of Green's func- 
tions. Both are based. first on a consideration of the related homo- 
geneous equation V-w+k*w=0. It is perfectly simple to obtain 
solutions, in fact an indefinitely large assortment of solutions, of this 
equation. The trick is to find solutions satisfying certain desired 
boundary conditions. If we desire solutions of the equation, for in- 
stance within a closed volume, satisfying the condition that w=0 
over the surface of the volume, then we can show, if k? is positive, 
that solutions are possible only for certain discrete values of k, the 
characteristic values or proper values or eigenvalues, which we may 
denote by a subscript, as ka; the corresponding functions w,, the char- 
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acteristic functions or proper functions or eigenfunctions, may then 
easily be shown to possess a property of orthogonality, 


f mado = 0 ‘if nm 


where the integral is extended over the volume. The general solution 
of our homogeneous wave equation is then shown to be expressible 
as a sum of particular solutions, 


u = Y A,w,(x, y, einst 


where the A,'s are arbitrary, and may be used to satisfy initial condi- 
tions at 2 —0. To satisfy these initial conditions, we must expand the 
initial value of z, say W(x, y, z), in series of the form 


W(x, Y, z) = 25 Ann 


and so determine the constants A,. Such an expansion is easily car- 
ried out, in virtue of the orthogonality of the w,’s: we merely multiply 
both sides of the equation by a particular Wm, integrate over the vol- 


ume, and have 
Am = [Wunde / f uas 


This is an expansion analogous to a Fourier expansion, and many of 
the properties characteristic of the Fourier expansion hold here too. 

We may set upa space of an infinite number of dimensions in which 
the A„'s are plotted as the coordinates of a point. Such a point repre- 
sents a function; the space is called a function space, or a Hilbert 
space, and the property of orthogonality can be interpreted geometri- 
cally in function space. Through such paths we are led to a sort of 
vector analysis in a space of an infinite number of dimensions; that 
is, we are led to a form of linear algebraic equations formally equiva- 
lent to the solution of the partial differential equation. This is a trans- 
formation of great power in all problems of this type, a transformation 
which for example allows us to solve problems in perturbations: if we 
know the solution of a problem near to the desired one, we can expand 
the solution of the desired problem in terms of the characteristic func- 
tions of the similar soluble problem, and, using the algebraic form 
of the problem, we can find the expansion coefficients as power series 
in the small perturbation. 

By using the method of orthogonal expansion, we can solve the in- 
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homogeneous wave equation, for we can expand both w and the in- 
homogeneous function f(x, y, z) in series in the w,’s, and equate terms 
on both sides of the equation. Án interesting case is found where the 
inhomogeneous part of the equation varies sinusoidally with time. If, 
for instance, we have the equation 
= "1 u ` gioi 
u — — — = f(x, y, ei“ 
v 0% á 


and if we let u=>),U,w,e!, f=) afin then, remembering that 
Vw (w/v) = 0 (where w2/v? is written for the earlier k2), we 
have 


2 2 
OD rz Wy, 
Sal ) = 3 Fw. 
" v? " 
or, equating terms, 


Un = Pa lo — SCH 


showing that the coefficients U, show a dependence on w similar to 
that of the amplitude of a linear oscillator of natural frequency w,, 
forced by an external frequency w. We are led by following this argu- ' 
ment to a theory of the normal modes of oscillation, closely related 
to the normal coordinates of a vibrating system of a finite number of 
degrees of freedom. We find, in fact, that we can build up the whole 
theory of the orthogonal functions and normal modes of the wave 
equation by a generalization of the theory of mechanical oscillations 
of a system of a finite number of degrees of freedom, to the case where 
the number of degrees of freedom becomes infinite. 

The extensive development o: the theory of orthogonal functions, 
which we have merely sketched, is very beautiful and very general, 
but its usefulness is severely limited by the very narrow range of 
problems for which we can actually obtain the solutions and find the 
orthogonal functions. The problems which are soluble by classical 
means are only those in which a separation of variables is possible; 
that is, in which w can be written as a product of functions 
X(E)H(n)Z(Q), where £, n, T are three variables, functions of x, y, 2, 
such that the boundaries are determined by setting either £, 7, or { 
equal to constants. It can be shown that there are only eleven sets 
of coordinates in which separation can be effected, the familiar ones 
being rectangular, cylindrical, spherical, and ellipsoidal coordinates. 
These soluble problems are important, but the insoluble ones, with 
more complicated boundary conditions, are more so, and at present 
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we know no elegant ways of getting solutions in such cases. Physicists 
attempt to devise approximate ways of computing the characteristic 
functions and characteristic numbers of such problems, but these 
methods lack generality. No problem which the mathematician could 
attack would be more useful to the physicist at present than a real 
advance in the solution of the non-separable wave equation. 

The other method of solving the wave equation, which shows as 
much generality as the method of orthogonal functions, is Green’s 
method. The most familiar example of this is found in the solution of 
Poisson's equation, V&$ = —47p(x, y, z), for the potential (x, y, 3) de- 
termined by a density of charge p(x, y, z). The solution is $ = /(p/r)dv, 
where 7 is the distance from the point where p is computed to the 
place where we are finding ¢. This holds if the boundary condition 
is that the potential is to vanish at infinite distance. If instead the 
potential is to have specified values over a finite boundary, surface 
integrals must be added to the volume integral, arising from the so- 
called Green's distribution over the surface. If we have the wave 
equation instead of Poisson's equation, we then meet the Kirchhoff 
solution, in which we must use the retarded potential, computing the 
p which appears in the integral not at the time tat which we want to 
find ¢, but at a time earlier by the amount 7/v, such that a disturb- 
ance leaving the point of integration at the earlier time, traveling with 
the velocity v, would reach the point xyz at time ¢. These solutions are 
very general and very powerful, but often not very convenient for 
‘computation. We can naturally show the equivalence of the method 
of orthogonal functions and of Green's function, and in this way can 
exhibit interesting interrelationships between the theory of integral 
equations (to which Green's method naturally leads us) and the the- 
ory of orthogonal functions and of function space. The mathematical 
interrelationships of all these ways of handling the wave equation 
should be the familiar stock in trade of every physicist. Unfortunately 
they are not; for the conventional mathematical texts and college and 
university courses concentrate almost entirely on the soluble cases of 
potential theory rather than on the powerful general methods and the 
relationships between them. The physicist, rather than the mathe- 
matician, is left with the main burden of expanding this branch of 
mathematics. 

Now let us inquire why and how these methods of handling the 
wave equation have come to have so much more importance in the 
last few years. This has come about largely through the wave me- 
chanics. Everyone realizes by now that it has been found that the 
correct formulation of mechanical problems is through Schródinger's 
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equation, an equation which is essentially like the wave equation, 
only with a velocity which is a function of x, y, z. Such an equation 
can perfectly well occur in other branches of physics, for instance in 
optics, if the index of refraction varies from point to point, but it had 
been largely neglected by the mathematicians. Schródinger's equa- 
tion, however, has forced the physicist to hunt for ways of solving 
this case, approximately or exactly. The problem is further compli- 
cated by the fact that there are not merely the three coordinates 
x, y, Zin addition to time, but 3n coordinates, where # is the number of 
particles concerned in the problem. In spite'of this great added diffi- 
culty, great progress has been made in discussing the practically im- 
portant cases of Schródinger's equation. The general method of 
orthogonal functions, with all its ramifications, still applies. Green's 
method, on the other hand, bas had almost no study as related to 
Schródinger's equation; maybe there are unsuspected advances tó be 
made in that direction. Át any rate, wave mechanics has widened the 
horizons and strengthened the techniques of the physicist when deal- 
ing with the wave equation. It has also clearly shown that the im- 
portance of the method of variations, and the method of classical 
mechanics, which I mentioned earlier, was exaggerated in earlier pe- 
riods. For it shows that the principle of least action is an approximate 
principle giving the path of a ray, as Fermat's principle is in optics, 
and is merely a derived result of the wave equation; and that classical 
mechanics is likewise a limiting case, describing the limiting motion 
of a so-called wave packet, in the case of large-scale objects. 

Wave mechanics has greatly broadened and strengthened the grasp 
of the physicist on the wave equation, and has made him more 
anxious than ever to learn more and more powerful techniques for 
handling it. This broadened grasp has reacted in other applications 
of physics. My colleagues Morse and Bolt have been applying the 
methods learned in wave'mechanics to the study of acoustics, to 
sound waves in rooms and other enclosures, with the result that they 
are changing the whole line of development of that science. Many of 
us working on radar during the war have been applying our knowledge 
of wave mechanics to help us in the solution of electromagnetic prob- 
lems, with very satisfactory results. For instance, I have been using 
the method of expansion in orthogonal functions for a general study. 
of electromagnetic oscillations in a cavity, leading to formulas like the 
ones I mentioned earlier for the solution of an inhomogeneous wave 
equation, which resembles the formula for a forced oscillator. In elec- 
tromagnetic language, this becomes the formulation of the behavior 
of an oscillating cavity in terms of an equivalent circuit, and it gives 
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a complete theory of the circuit-like behavior of a cavity, a result of 
great practical importance in microwave theory. This is an example 
of a case where the general theory has important uses, even in the 
absence of exact solutions for special cases; for the general theory tells 
us the type of functional behavior we can expect, in terms of certain 
undetermined constants, and in our practical work we have deter- 
mined those constants experimentally, in cases where we could only 
estimate them crudely from numerical calculation. 

The applications of wave theory will extend far beyond such ex- 
amples, however. For it becomes clear that wave mechanics is furnish- 
ing at least a beginning for the study of nuclear forces, and the 
behavior of particles of very high energies. We are then at the thresh- 
old of a great new field of theoretical physics, for which we are very 
conscious that we do not at present possess the answer. Such theory 
as we have is a development of the types of theory that I have 
sketched this evening. On the other hand, it is very tentative and 
unsatisfactory. For one thing, there are points of the utmost impor- 
tance in which the theory, which takes the form of an expansion in 
power series, gives series that fail to converge. In some cases, these 
divergences seem to result from an unhappy choice of the form of 
expansion to use; in other cases they are inherent. In those cases, more 
than in any other which physicists have yet had to face, convergence 
or divergence is a major problem. Here-it is the physicists who are 
likely to elucidate the inner nature of the problem, as Gibbs, in a very 
similar case, pointed out the true nature of the so-called Gibbs phe- 
nomenon in Fourier expansion. It seems likely that the real solution 
of our physical problems will not be accomplished without at the same 
time bringing about real extensions of our mathematical knowledge. 

At this point, I return to my introduction. More and more of 
physics is being found to be subject to the wave equation. The physi- 
cist needs to know more than he does about it, both in the matter 
of the general theory, and of the solution of special problems. Yet 
the physicist finds very little help from the mathematician. For every 
mathematician like von Neumann who realizes these problems, and 
contributes practically to them, there are twenty who seem to have 
no interest in them, who either work in fields of only remote interest 
to physics, or who stress the older and more familiar parts of mathe- 
matical physics. Is it any wonder that in such a situation the physi- 
cist, looking at the mathematicians, feels that they have strayed from 
the path which has led to the past greatness of mathematics, and 
feels that they will not regain this path until they again resolutely 
enter the main current of progress of mathematical physics, the cur- 
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rent which in the past has led to the mos: fruitful development of 
mathematics? Gibbs was great because he kept close to earth, always 
knew what his theory was for. That, the physicist firmly feels, is the 
only path through which the mathematician of the present can 
achieve greatness. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY 


THE FEBRUARY MEETING IN NEW YORK 


The four hundred fourteenth meeting of the American Mathemati- 
cal Society was held at Columbia University on Saturday, February 
23rd in conjunction with a meeting of the Association for Symbolic 
Logic. The attendance was approximately three hundred including 
the following two hundred forty-two members of the Society: 


Leonidas Alaoglu, C. B. Allendoerfer, R. L. Anderson, R. F. Arens, H. A. Arnold, 
H. E. Arnold, L. A. Aroian, W. A. Asprey, Silvio Aurora, Melvin Avramy, E. G. 
Baker, S. F. Barger, I. L. Battin, £. G. Begle, Stefan Bergman, P. G. Bergmann, Lip- 
man Bers, Archie Blake, Gertrude Blanch, M. L. Boas, R. P. Boas, H. W. Bode, 
G. L. Bolton, C. B. Boyer, C. C. Bramble, A. B. Brown, C. T. Bumer, R. S. Buring- 
ton, A. W. Burks, Hobart Bushey, J. H. Bushey, H. H. Campaigne, G. C. Campbell, 
W. B. Campbell, Herman Cherncff, D. E. Christie, Alonzo Church, E. P. Churchill, 
R. V. Churchill, M. D. Clement, G. R. Clements, A. B. Coble, Carl Cohen, I. S. 
Cohen, T. F. Cope, Franco Croci, D. R. Crosby, H. B. Curry, M. D. Darkow, Norman 
Davids, F. H. Davidson, D. J. Dickinson, C. H. Dowker, Y. N. Dowker, T. L. 
Downs, T. C. Doyle, R. J. Duffin, Nelson Dunford, J. C. Durand, W. D. Duthie, 
Jacques Dutka, Samuel Eilenberg, W. H. Fagerstrom, Ky Fan, A. B. Farnell, Her- 
bert Federer, J. M. Feld, N. J. Fine, W. B. Fite, F. H. Fowler, R. H. Fox, Gerald 
Freilich, Bernard Friedman, R. E. Fullerton, Aaron Galuten, Hilda Geiringer, Abe 
Gelbart, David Gilbarg, P. W. Gilbert, A. M. Gleason, A. W. Goodman, R. O. 
Goodman, A. M. C. Grant, M. C. Gray, George Grossman, C. C. Grove, D. W. 
Hall, F. C. Hall, Marshall Hall, H. K. Hammer, K. E. Hazard, E. A. Hedberg, 
G. A. Hedlund, M. H. Heins, Erik Hemmingsen, Edwin Hewitt, L. S. Hill, Einar 
Hille, Abraham Hillman, Banesh Hoffmann, T. R. Hollcroft, Harold Hotelling, E. M. 
Hull, H. D. Huskey, (L.) C. Hutchinson, Nathan Jacobson, Herbert Jehle, Fritz 
John, R. A. Johnson, R. E. Johnson, A. W. Jones, Edward Kasner, M. E. Kellar, 
J. L. Kelley, D. E. Kibbey, W. J. Klimczak, J. R. Kline, E. G. Kogbetliantz, R. E. 
Langer, J. A. Larrivee, J. R. Lee, D. H. Lehmer, R. A. Leibler, Howard Levi, 
Norman Levinson, Marie Litzinger, W. R. Longley, L. H. Loomis, E. R. Lorch, 
A. N. Lowan, N. H. McCoy, S. W. McCuskey, L. A. MacColl, G. W. Mackey, 
Saunders MacLane, H. F. MacNeish, A. T. Maria, M. H. Martin, W. T. Martin, 
A. E. Meder, Karl Menger, D. D. Miller, D. S. Miller, Don Mittleman, Deane 
Montgomery, T. W. Moore, D. J. Morrow, Marston Morse, Ernest Nagel, C. A. 
Nelson, O. E. Neugebauer, Morris Newman, G. E. Noether, P. B. Norman, L. R. 
Norwood, C.O. Oakley, Rufus Oldenburger, L.F. Ollmann, J.C. Oxtoby, J.S. Oxtoby, 
L. G. Peck, B. J. Pettis, C. R. Phelps, R. S. Phillips, Everett Pitcher, Harry Polachek, 
Harry Pollard, E. L. Post, M. H. Protter, R. G. Putnam, Hans Rademacher, Moses 
Richardson, R. G. D. Richardson, D. E. Richmond, C. E. Rickart, John Riordan, 
J-F. Ritt, E. K. Ritter, H. E. Robbins, R. E. Roberson, V. N. Robinson, P. C. 
Rosenbloom, Arthur Sard, L. J. Savage, S. A. Schaaf, Robert Schatten, I. J. Schoen- 
berg, Lowell Schoenfeld, E. J. Scott, J. B. Secrist, I. E. Segal, C. E. Shannon, R. H, 
Shaw, Max Shiffman, James Singer, M. M. Slotnick, D. M. Smiley, M. F. Smiley, 
Harold E. Smith, P. A. Smith, E. R. Stabler, E. P. Starke, F. M. Stewart, J. J. 
Stoker, M. H. Stone, W. J. Strange, E. G. Straus, L. M. Straus, R. C. Strodt, W. C. 
Strodt, A. C. Sugar, M. M. Sullivan, E. G. Swafford, A. H. Taub, Feodor Theilheimer, 
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J. M. Thomas, Leonard Tornheim, J. I. Tracey, C. A. Truesdell, Y. W. Tschen, 
A. W. Tucker, Bryant Tuckerman, J. W. Tukey, Annita Tuller, H. E. Vansant, 
G. L. Walker, A. D. Wallace, W. R. Wasow, J. V. Wehausen, Harry Weingarten, 


‘Louis Weisner, A. P. Wheeler, G. W. Whitehead, D. V. Widder, John Williamson, : 


H. P. Wirth, W. D. Wray, Bertram Yood, J. W. Young, Leo Zippin, M. F. Zucker, 
Antoni Zygmund. 


The meeting Saturday morning was divided into two sections, one 
for papers in Analysis, Geometry, and Topology, at which Dr. R. P. 
Boas presided, and one for papers in Algebra, Logic, Applied Mathe- 
matics, and Statistics, at which Professor Marshall Hall presided. 

At the general session Saturday afternoon, Professor A. D. Wallace 
gave an address entitled Spheroidal properties of normal spaces. Pro- 
fessor Saunders MacLane presided. 

Titles and cross references to the abstracts of the papers read fol- 
low below. Papers whose abstract numbers are followed by the let- 
ter ^?" were read by title. Papers numbered 1-10 were presented in 
the section for Analysis, Geometry, and Topology, papers 11-19 in 
the section for Algebra, Logic, Applied Mathematics, and Statistics, 
papers 20-50 were presented by title. Paper 6 was read by Dr. 
Schatten, paper 10 by Professor Pitcher, paper 14 by Professor 
Tukey. Professor Hua was introduced by Dr. H. F. Tuan, Mr. Kohn 
by Professor Alexander Weinstein, and Professor Schiffer by Dr. 
Stefan Bergman. 

1. Erik Hemmingsen: Dimension theory for normal Hausdorff 
spaces. Preliminary report. (Abstract 52-3-100.) 

2. I. E. Segal: Topological groups in which multiplication on one 
side is differentiable. (Abstract 52-3-75.) 

3. C. H. Dowker: Lebesgue dimension of a normal space. (Abstract 
52-3-99.) 

4. G. W. Whitehead: On families of continuous vector fields over 
spheres. (Abstract 52-3-102.) | 

5. T. C. Doyle: Tensor theory of invariants for the projective differ- 
ential geometry of a ruled surface. (Abstract 52-3-90.) 

6. Robert Schatten and John von Neumann: The cross-space of 
linear transformations. Il. (Abstract 52-1-22.) 

7. R. E. Fullerton: Compaciness in certain Lebesgue spaces. (Ab- 
stract 52-3-68.) | 

8. Herman Chernoff: Complex solutions of partial differential equa- 
tions. I. (Abstract 52-1-16. ) 

9. Harry Pollard: Integral transforms. (Abstract 52-3-72.) 

10. J. L. Kelley and Everett Pitcher: Applications of natural 
homomorphism sequences. II. (Abstract 52-5-209.) 
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‘11. Leonard Tornheim: A method for determining the number of 
compositions of certain types. (Abstract 52-3-61.) 

12. D. H. Lehmer: Some non-existence theorems on partitions. (Ab- 
stract 52-3-59.) 

13. Archie Blake: A Boolean derivation of the Moore-Osgood Theo- 
rem. (Abstract 52-3-94.) 

14. G. W. Brown and J. W. Tukey: Some distributions of sample 
means. (Abstract 52-3-96.) 

15. Herbert Jehle: Transformation of hydrodynamical equations of 
stellar dynamics. (Abstract 52-3-80.) 

16. R. J. Duffin: Nonlinear networks. II. (Abstract 52-3-79.) 

17. R. S. Phillips: rms error criterion in servo system design. (Ab- 
stract 52-3-81.) 

18. Harry Polachek: Solution of the differential equations of motion 
of a projectile in a medium of quasi-Newtonian resistance. (Abstract 
52-3-82.) 

19. Einar Hille: Analysis in a noncommutative Banach algebra with- 
out unit element. (Abstract 52-5-153.) 

20. A. A. Albert: On Jordan algebras of linear transformations. (Ab- 
stract 52-3-53-t.) | 

21. Reinhold Baer: Polarities in finite projective planes. (Abstract 
52-3-89-1.) 

22. R. H. Bing: Generalization of a theorem of Janiszewski. (Ab- 
stract 52-3-97-1.) 

23. R. H. Bing: Sets cutting ihe plane. (Abstract 52-3-98-1.) 

24. G. D. Birkhoff and Garrett Birkhoff: Distributive postulates for 
systems like Boolean algebras. (Abstract 52-3-03-1.) 

25. Gertrude Blanch: On the computation of Mathieu functions. 
(Abstract 52-3-62-1.) 

26. R. C. Buck: On a class of entire functions. I. (Abstract 52-3- 
63-1.) 

27. R. C. Buck: On a class of entire functions. II. (Abstract 52-3- 
64-1.) 

28. Herman Chernoff: Complex solutions of partial differential equa- 
tions. II. (Abstract 52-3-65-1.) 

29. Paul Civin: Polynomial dominants. (Abstract 52-3-66-1.) 

30. Nelson Dunford: Resolutions of ihe identity. (Abstract 52-5- 
143-1.) 

31. Leonard Greenstone: Mapping by analytic functions of multiply 
connected domains. (Abstract 52-3-69-t.) 

32. Edwin Hewitt: A characterization of rings of continuous func- 
tions. (Abstract 52-5-204-1.) 
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33. Edwin Hewitt: A generalization of ihe concept of complete regu- 
larity. Preliminary report. (Abstract 52-5-205-2.) 

34. Edwin Hewitt: An effective construction of the Stone- Cech beta 
for a countable discrete space. (Abstract 52-5-206-2.) 

35. J. D. Hill: Summability of the sequence of Rademacher uncis. 
(Abstract 52-3-70-#.) 

36. L. K. Hua: Orthogonal classification of Hermitian matrices. (Ab- 
stract 52-3-56-1.) 

37. Edward Kasner and John DeCicco: Problems on perspective 
maps. (Abstract 52-1-35-t.) 

38. G. K. Kalisch: Completion of topological rings and fields. (Ab- 
stract 5273-58-1.) 

39. Walter Kohn: Distortion by simple functions. (Abstract 52-3- 
71-t.) 

40. DP Ling: Geodesics on surfaces of revolution. (Abstract 52-3- 
92-1.) 

41. Harry Pollard: Necessary and sufficient conditions for the repre- 
sentation of an analytic function as a Laguerre series. Preliminary re- 
port. (Abstract 52-3-73-t.) 

42. Eric Reisner: Stresses and small displacements in shallow spheri- 
cal shells. (Abstract 52-3-83-t.) 

43. L. B. Robinson: Solution of an integral equation by alternating 
successive approximations. I. (Abstract 52-1-20-2.) 

44, L. B. Robinson: Solution of an integral equation by alternating 
successive approximations. II. (Abstract 52-1-21-t.) 

45. H. E. Salzer: Coefficients for repeated integration with central dif- 
ferences. (Abstract 52-1-28-1.) 

46. H. E. Salzer: Table of coefficients for obtaining the first derivative 
without differences. (Abstract 52-1-29-1.) 

47. Menahem Schiffer: On the kernel function of an orthonormal sys- ' 
tem. (Abstract 52-3-74-1.) 

48. J. M. Thomas: Division sequences. (Abstract 52-3-60-f.) 

49. Alexander Weinstein: On Stokes’ stream function and Weber's 
discontinuous integral. (Abstract 52-3-88-2.) 

50. H. J. Zimmerberg: On a self-adjoint differential system of even 
order. (Abstract 52-3-77-t.) 

T. R. HOLLCROFT, 
Associate Secretary 


BOOK REVIEW 


Vectors and matrices. By C. C. MacDuffee. (Carus Mathematical 
Monographs, no. 7.) Ithaca, N. Y., Mathematical Association of 
America, 1943. 11+192 pp. $2.00. 


Professor MacDuffee’s book is a clear and careful introduction to 
the theory of vector spaces and matrices. It should prove extremely 
useful not only to the student of mathematics, but also to the ever 
increasing circle of other scientists who show an interest in these 
fields. The more advanced undergraduate student will have no diffi- 
culty reading the book. The material is given in easy, almost leisurely 
steps. The book sets out from familiar facts, formulating the well 
known aspects in a new manner, gradually approaching new ideas, 
and almost inadvertently the reader will have become familiarized 
with the more abstract ways of mathematical thinking. There is, of 
course, another way of reaching the same aim: to push the reader into 
the cold waters of mathematical abstraction right away and let him 
swim around as well as he can. The student who follows Professor 
MacDuffee’s book will not experience a sudden shock of this kind. 
Unless he ventures out into the last chapter prematurely (and in a 
footnote he is given permission to do so if he desires), he will learn 
about the more abstract concepts such as groups with operators, 
endomorphisms, and rings of endomorphisms only after be has di- 
gested the more “concrete” theories of vectors and matrices. 

The book starts with a treatment of linear equations. Determinants 
are avoided at this stage. The author feels that determinants have 
been vastly overrated and that most parts of the theory of linear 
equations can be developed much better without determinants. This 
is a view with which at least most algebraists will concur. Fifty years 
ago it was a sign of a progressive attitude in a book to use determi- 
nants; to-day it is a sign of progressive thinking to avoid determinants 
as far as possible. 

In the second chapter, vector spaces are defined and matrices are 
introduced, first in a rather formal manner. The reader is made fa- 
miliar with the concept of rank which is at once made useful for the 
theory of linear equations. Determinants can now be approached in 
the next chapter. The author emphasizes the fact that the idea of 
matrix precedes that of determinant and suggests that to discuss de- 
terminants without matrices is like having the feline grin without the 
Cheshire cat. Determinants are studied as polynomials d(X) in the 
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coefficients of a square matrix X, which satisfy the equation d(X)d(Y) 
—d(X Y) and which are of minimal positive degree. No completeness 
is attempted, but the most important properties of determinants are 
treated briefly. | 

Chapter 4 deals with matrix polynomials. The characteristic and 
the minimum equation of a matrix are studied. In the following chap- 
ter the union and the intersection of vector spaces are introduced. 
Application to the spaces spanned by the rows of matrices leads to a 
theory of greatest common divisors and least common multiples of 
matrices. 

Chapter 6 forms, in a sense, the center piece of the whole book. 
It brings a complete and detailed account of the rational canonical 
form for a matrix. The normal form used is somewhat simpler than 
that usually given; for the proofs, ideas of M. H. Ingraham have been 
used. Readers who study matrices out of necessity because of their 
usefulness in physics, statistics, or economics will perhaps not learn 
much of “practical” value in this chapter. Still, let us hope that at 
least some of them have become sufficiently interested in the subject 
so that they read these pages for their own sake. The treatment of 
the normal form is completed in the following chapter by a discussion 
of elementary divisors and their significance for the question of equiv- 
alence of matrices. A short chapter deals with orthogonal and sym- 
metric matrices. The book concludes with a brief introduction to the 
concept of endomorphisms of abelian groups. 

This discussion of the contents will show that the author did not 
attempt to give a complete treatment of the subject. This would, in- 
deed, have been an impossible task for a-book of this size. The selec- 
tion of the material in a case like this will, of course, depend on the 
personal taste of the author. 

Our remarks will indicate that the book can be used very well as a 
textbook for certain classes, specially for students at the difficult 
stage of transition from undergraduate to graduate work. Some in- 
structors may object to the lack of exercises but.this would be an 
unjust criticism in the eyes of the reviewer. At this level of mathe- 
matical education ‘there is no need to suggest exercises which consist 
essentially in substituting numerical values for the indeterminates 
appearing in the considerations. As regards exercises and problems of 
a more valuable type, the instructor will have no difficulty in suggest- 
ing them himself according to his personal tastes. Alternate proofs for 
statements in the text can often be found. Material omitted in the 
book may be given. Geometrical and other applications can be dis- 
cussed. 
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There are a few minor misprints, but it does not seem necessary to 
mention them here. The proof on page 52 for the equation dW(I) =} 
holds only in the case that the underlying field F is algebraically 
closed. This assumption is not made in the book and it is superfluous. 
The expression dW(!) represents a polynomial f(/) of a certain de- 
gree 4, and it is known that f(/)f (m) —f(Im) for all Z, min F. Comparing 
the terms of degree 4 in m in this equation, the equation f(/) =! is 
obtained at once, provided that F contains infinitely many elements. 
The case of a finite field F (if it is to be included) can be treated di- 
rectly. 

Many students of mathematics will be extremely grateful to Pro- 
fessor MacDuffee for his well planned and lucid exposition. 


RICHARD BRAUER 


NOTES 


Princeton University plans to hold its Bicentennial Celebration 
starting September, 1946, and continuing through the academic year 
1946-1947. In connection with this Celebration there will be a series 
of Bicentennial Conferences. The subject of one of these is The role 
of mathematics. 


A conference on algebra will be held at the University of Chicago 
during the week of July 15-19, 1946. Some of the sessions will empha- 
size the recent contacts of algebra with other branches of mathe- 
matics such as topology, function theory, and geometry. It is hoped 
that the meetings will be held in Eckhart Hall. Reservations should 
be made directly with Chicago hotels. Hotels in the vicinity of the 
University of Chicago are the Broadview, 5540 South Hyde Park 
Boulevard; Del Prado, 5307 South Hyde Park Boulevard; Shore- 
land, 5454 South Shore Drive; Windermere, 1642 East 56th Street; 
Mira-Mar, 6218 South Woodlawn. Because of the acute shortage of 
hotel space, reservations should be made as soon as possible. 


The Royal Society is planning a celebration, to be held July 15, 
1946, in commemoration of the three-hundredth anniversary of the 
birth of Isaac Newton. 


The Mathematical Society of Sáo Paulo was founded in 1945 in 
São Paulo, Brazil. Professor Omar Catunda of the University of Sao 
Paulo was elected president of the society. 


The French Academy of Sciences has announced the award of the 
following prizes in mathematics and statistics for 1945: Carriére 
Prize, to André Lichnerowicz of the University of Strasbourg, for 
his mathematical works; Montyon Prize, to Robert Fortet of the 
University of Caen, for his work in the calculus of probabilities; 
D’Ormoy Prize, to Szolem Mandelbrojt of the College of France, 
for his mathematical works; Saintour Prize, to Marcel Brelot of the 
University of Grenoble, for his mathematical works and particularly 
for his papers on subharmonic functions; Charles Dupin Prize, to 
Paul Vincensini of the University of Besancon, for his work in higher 
geometry. 


Dr. M. J. Herzberger of the Eastman Kodak Company has been 
awarded the Cressy-Morrison Prize by the New York Academy of 
Sciences for a paper on Limitations of optical image formation. 


408 


NOTES 409 


Professor Elie Cartan of the Sorbonne has been elected president 
of the French Academy of Sciences. 


Captain H. T. Engstrom, U.S.N.R., has been awarded the rank of 
Officer in the Military Division of the Order of the British Empire. 


Dr. H. W. Alexander has been appointed to a professorship at 
Adrian College, Adrian, Michigan. 


Assistant Professor W. J. Dixon of the University of Oklahoma has 
been promoted to an associate professorship. 


Associate Professor Samuel Eilenberg of the University of Michigan 
has been appointed to a professorship at Indiana University. 


Dr. R. W. Erickson has been appointed to an associate professor- 
ship at Carleton College, Northfield, Minnesota. 


Dr. G. E. Forsythe has accepted a position as research engineer 
with the Boeing Aircraft Company, Seattle, Washington. 


Mother Ethelyn Fox of Barat College of the Sacred Heart has been 
appointed Director of Humanities at Duchesne College, Omaha, Ne- 
braska. 


Mr. S. G. Hacker has been appointed to an associate professorship 
at Washington State College. 


Dr. Theodore Hailperin has been appointed to an assistant profes- 
sorship at Lehigh University. 


Professor H. K. Justice of the University of Cincinnati has been 
appointed assistant dean and director of admissions. 


Dr. E. S. Kennedy of the University of Alabama has been ap- 
pointed to an adjunct professorship at the American University of 
Beirut, Beirut, Lebanon. 


Dr. P. A. Lagerstrom of Bell Aircraft Corporation has accepted a 
position as research aerodynamicist with Douglas Aircraft Company ` 
of Santa Monica, California. 


Professor Rafael Laguardia has returned to the University of 
Uruguay after having spent two years in the United States as a 
Rockefeller and Guggenheim Fellow. 


Mr. W. I. Layton of Amarillo College has been appointed to a 
professorship at Austin Peay State College, Clarksville, Tennessee. 


Dr. Walter Leighton of the Rice Institute has been appointed to a 
professorship at Washington University. 


410 NOTES [May 


Assistant Professor A. P. Morse of the University of California has 
been promoted to an associate professorship. 


Dr. M. J. Norris has been appointed to an assistant professorship 
at the College of St. Thomas, Saint Paul, Minnesota. 


Mr. G. P. Oakland of the University of Saskatchewan has been 
appointed to an assistant professorship of actuarial science at the 
University of Manitoba. 


Dr. P. V. Reichelderfer has been appointed to an assistant profes- 
sorship at the University of Wisconsin. 


Assistant Professor Henry Scheffé of Syracuse University has been 
appointed to an associate professorship of engineering at the Uni- 
versity of California at Los Angeles. 


Assistant Professor I. J. Schoenberg of the University of Pennsyl- 
vania has been promoted to an associate professorship. 


Dr. R. W. Shephard of the University of California has been ap- 
pointed to an assistant professorship at Purdue University. 


Assistant Professor M. F. Smiley of Lehigh University has been 
promoted to an associate professorship. 


Mr. W. F. Smith has been appointed to an assistant professorship 
at the University of Detroit. 


Dr. C. F. Stephens has been appointed to a professorship at Prairie 
View University, Prairie View, Texas. 


Assistant Professor F. J. Taylor of the College of St. Thomas, 
Saint Paul, Minnesota, has been promoted to an associate professor- 
ship. 


Mr. M. A. Treuhaft has accepted a position as engineer with the 
National Union Radio Corporation of Newark, New Jersey. 


„Associate Professor R. M. Trimble of the University of North 
Carolina has been promoted to a professorship. 


Assistant Professor George Whaples of the University of Penn- 
sylvania has been appointed to an assistant professorship at the Uni- 
versity of Wisconsin. 


Dr. P. M. Whitman has been appointed to an assistant professor- 
ship at Tufts College. 
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In the March issue of the Bulletin it was announced that Pro- 
fessor Oscar Zariski had been appointed to a professorship at the 
University of Illinois. This announcement should have read *research 
professorship.” 


The following appointments to instructorships are announced: 
Georgia School of Technology: Mr. W. A. Martin; University of 
Houston: Dr. Albert Newhouse; Lehigh University: Mr. S. D. 
Bernardi, Dr. H. K. Brown; University of Michigan: Dr. L. V. 
Toralballa; Michigan State College: Mr. Stanley Johnson, Mrs. 
Madelyn Kintner, Miss J. E. Master, Mr. Nicholas Musselman, Mr. 
Frank Saidel; University of Missouri: Mr. L. M. Kelly; Missouri 
School of Mines: Mr. Neil Lockwood; Oregon State College: Dr. 
J. C. R. Li; University of Pennsylvania: Dr. Y. C. Wong; Purdue 
University: Dr. Bernard Dimsdale; Randolph Macon Woman's Col- 
lege: Mr. M. E. Terry; University of Rochester: Mr. G. M. Wing; 
Rutgers University: Dr. Lee Byrne; College of St. Thomas, St. Paul, 
Minnesota: Mr. Eric Clamons, Mr. D. J. Lewis, Dr. Takashi Terami; 
Swarthmore College: Dr. A. W. Burks; Temple University: Miss 
Marie A. Wurster; Agricultural and Mechanical College of Texas: 
Dr. R. E. Basye; University of Wisconsin: Mr. S. C. Snowdon. 


Mr. Joseph Allen, former associate professor of the College of the 
City of New York, died March 3, 1946, at the age of ninety-five years. 
He had been a member of the Society for thirty-five years. 


Mr. A. A. Blumberg of the Agricultural and Mechanical College of 
Texas died October 21, 1945. 


Professor Emeritus F. H. Clutz of Gettysburg College died De- 
cember 30, 1945, at the age of seventy-two years. He had been a mem- 
ber of the Society for fourteen years. 


Dr. Fletcher Durell died March 25, 1946, at the age of eighty-six 
years. He had been a member of the Society for forty years. 


Professor C. W. Emmons of Simpson College, Indianola, Iowa, died 
December 29, 1945, at the age of sixty-four years. He had been a 
member of the Society for twenty-three years. 


Professor C. F. Gummer of Queen's University, Kingston, Ontario, 
Canada, died January 21, 1946, at the age of sixty-three years. He 
had been a member of the Society for twenty-three years. 


Professor Laurence Hadley of Purdue University died March 21, 
1946, at the age of seventy years. He had been a member of the Soci- 
ety since 1941. 
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Professor Althéod Tremblay of Laval University died in February, 
1946, at the age of sixty-nine years. He had been a member of the 
Society since 1932. 


Professor Emeritus E. E. Whitford of the College of the City of 
New York died in February, 1946, at the age of eighty-six years. He 
had been a member of the Society for twenty-six years. 


Professor Emeritus H. R. Willard of the University of Maine died 
March 26, 1946, at the age of seventy-one years. 


The following twenty-six doctorates, with mathematics or mathe- 
matical physics as a major subject, were conferred during 1945 in 
universities in the United States and Canada; the major subject 1s 
mathematics unless otherwise specified. The university, month in 
which degree was conferred, minor subject (other than mathemat- 
ics) and the title of the dissertation are given in each case if avail- 
able. i 


N. R. Amundson, Minnesota, Decembe-, minor in chemical engi- 
neering, Solution of a non-linear partial diferential equation of the 
parabolic type. 


T. W. Anderson, Jr., Princeton, June, The non-central Wishart dis- 
tribution and its application to problems in multivariate statistics. 


R. F. Arens, Harvard, June, Topologies for spaces of transformations, 


Winifred A. Asprey, Iowa, August, Some families of total oscillators 
and their derived functions. 


Miriam C. Ayer, Ohio State, August, Oz convergence in length. 


Joshua Barlaz, Cincinnati, June, On some triangular summability 
"methods. 


R. H. Bing, Texas, June, minor in education, Concerning simple 
plane webs. 


Frances Campbell, Michigan, June, A study of truncated bivariate 
normal distributions. 


Jeremiah Certaine, Harvard, March, Lattsce-ordered groupoids and 
some related problems. | 


W. M. Chen, California, June, Power function of the analysis of 
variance and covariance of a normal bivariate population. 
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J. B. Dfaz, Brown, June, A class of partial differential equations of 
even order. 


Evelyn Frank, Northwestern, June, minors in education and phys- 
ics, C-fractions. 


R. E. Fullerton, Yale, June, Representations of linear operators. 
R. A. Good, Wisconsin, May, On the theory of clusters. 


Corinne R. Hattan, Illinois, June, minor in zoology, Lebesgue- 
Stieltjes integral equations of the first kind. 


J. W. Lawson, Chicago, September, Minima of integrals over hyper- 
surfaces in the calculus of variations. 


J. J. Livers, Michigan, February, Use of partitions in multivariate 
moment sampling theory. 


R. J. Marcou, Massachusetts Institute of Technology, June, minor 
in physics, Rectilinear congruences in Euclidean four space. 


M. E. Munroe, Brown, June, Certain generalizations of the funda- 
mental theorem of integral calculus. 


L. F. S. Ritcey, Chicago, September, Index theorems for discontinu- 
ous problems in the calculus of variations. 


J. C. Smith, Cornell, June, Asymptotic distributions of sums of 
Rademacher functions and of cosines with big gaps. 


H. K. Sohl, Johns Hopkins, June, Theory of visco-plastic flow. 


W. B. Stiles, lowa State, December, Solution of clamped plate prob- 
lems by means of functions derived from membrane characteristic func- 
lions. 


J. S. Stubbe, Cincinnati, June, Ceséro and logarithmic summability 
of double Fourier series and their derived series. 


C. T. Taam, Harvard, June, Or the zeros of the solutions of homo- 
geneous ordinary linear differential equations of the second. order 4n the 
complex domain. 


H. J. Zimmerberg, Chicago, June, A class of definite boundary value 
problems. 


ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of the 
Society. They are numbered serially throughout this volume. Cross 
references to them in the reports of the meetings will give the num- 
ber of this volume, the number of this :ssue, and the serial number 
of the abstract. i 


ALGEBRA AND THEORY OF NUMBERS 


103. A. A. Albert: The Wedderburn principal theorem for Jordan 
algebras. 


The author has recently given a general theory of Jordan algebras, that is, linear 
spaces A of linear transformations a, b, and so on, such that A is closed with respect 
to the operation a'b = (ab-1-ba)/2. In the present article the author proves that the 
Wedderburn theorem holds for such algebras. This is the theorem stating that if N 
is the radical of a Jordan algebra A then A =S+N, where SS is an algebra, and so S 
is isomorphic to the semisimple Jordan algebra À — N. (Received February 11, 1946.) 


104. Reinhold Baer: Absolute retracts 1n group theory. 


The subgroup R of the group G has been termed a retract of the group G whenever 
there exists an idempotent endomorphism of G which maps G upon R. As this defini- 
tion is in strict analogy to the topological concept of retract, one may be tempted to 
define absolute retracts in like similarity to topological usage. But it shall be shown in 
the present note that the identity is the only group which is a retract of every con- 
taining group. Consequently only modifications of the topological concept will be 
useful, and it will be shown in this note that each af the following classes of groups 
may in some sense be termed absolute retract: the complete groups, the abelian groups 
the orders of whose elements are finite and square free, and the free groups. (Re- 
ceived February 25, 1946.) 


105. Grace E. Bates: Free loops and nets and their generalizations. 


In generalizing to loops the group concept of “freeness,” the following definition 
is used: A loop L is free over its sub-half-loop K (a set of elements in L having the same 
composition as L, but which is not necessarily closed under this composition), if 
every homomorphism of K into a loop may be extended to a homomorphism of L 
into the same loop. The main theorem is the fallcwing: If a loop L is free over and 
generated by its sub-half-loop K, and if S is a sub-loop of L, then S is the free sum 
of a free loop F and the loop generated by ST VK. Applications of this theorem yield 
loop analogues to such theorems as Schreier's theorem on subgroups of a free group 
and the refinement theorem for free products. In the proofs the author uses nets and 
net constructions, taking advantage of the well known equivalence of net and loop 
theory. A direct application of one net construction proves the imbeddability of any’ 
half-loop into a loop which is free over and generated by the half-loop. (Received 
March 11, 1946.) 
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106. H. W. Becker: Combinatory interpretations of Bell’s numbers. 


These are evolved by iterated matrix multiplication of the table of Stirling’s num- 
bers, second kind (E. T. Bell, Amer. J. Math. vol. 61 (1939) p. 89; Ann. of Math. 
vol. 39 (1938) p. 539). They enumerate: (1) the number of distributions of # individ- 
uals into crews (or circuits), with a levels of hierarchy (or insulation, or jumpers) in 
the organization chart; (2) the number of rhyme schemes, or logical relatives (C. S. 
Pierce, Amer. J. Math. vol. 3 (1880) p. 48) with m plexes of nuance possible to each 
letter. (Specialized, these yield compositions and partitions of numbers under # modes 
of addition, as normal, weak, strong, and so on.) The readily formulated breakdowns 
are formulated according to (1) number of crews, or, equivalently, (2) number of dif- 
ferent letters, and to (1) size of first crew, or, equivalently, (2) number of a's. The 
above may further be interpreted as a generalization of the substitution cycles and 
inscribed polygons of Touchard (Acta Math. vol. 70 (1939) p. 249): in which the cycles 
are separated by up to m types of parenthesis; or the polygons are bounded by lines 
of up to m different colors simultaneously. (Received March 21, 1946.) 


107. H. W. Becker: The general theory of rhyme. 


Prosodic rhyme schemes are called sequations, abstractly, of umbra @. They clas- 
sify according to range (number of different letters), terminal (last letter), singletons 
(unrhymed letters, more generally any partition of letters), and quantum (number of 
a’s, more generally any composition of letters). Generalizations are the multipolar, 
multinomial, multinary, multiplex, and multilinear sequations, having respectively 
m types of accent, alphabet, partial identity, nuance of nuance, and parallelism. 
Specialized patrices (expansions of a matrix, with given path restrictions) are those 
in which: each letter rhymes s times or more, or less; some letter, or none, occurs s-ply; 
no rhyme repeats within s adjacencies; the differences of successive letters are re- 
stricted; given letters are forbidden, or fixed, in certain positions; all numbers in the 
partition, or range, are odd, or even; there are no nonconsecutive rhymes (these are 
isomorphic with compositions); the previous is further specialized, to be isomorphic 
with partitions. In permuted sequations, the debuts of the different letters are in non- 
alphabetic order: enumerated by differences of zero, integer powers, and the poly- 
nomials ((9.M Lin These polynomials kernel the lexicon theorems, by which the 
patrices are well-ordered. All are generated by variations of exp ((8) — exp (e'—1). (Re- 
ceived March 21, 1946.) 


108. A. T. Brauer: Oz a theorem of M. Bauer. 


In generalization of a theorem of M. Bauer (J. Reine Angew. Math. vol. 131 
(1906) pp. 265-267) the following theorem is proved. Let f(x) be a polynomial with 
integral rational coefficients which has at least one real root. Let G(k) be the group 
of the residue classes relatively prime to k, and H a subgroup which does not contain 
the class of numbers congruent to —1 (mod k). Then f(x) contains infinitely many 
prime divisors which do not belong to the classes of H. It follows for instance that each 
such polynomial contains an infinite number of prime divisors which are quadratic 
non-residues for a given prime of form 4s 4-3. (Received March 20, 1946.) 


109. A. T. Brauer and Gertrude Ehrlich: On the irreducibility of 
certain polynomials. 


Pólya has proved the following theorem (Jber. Deutschen Math. Verein. vol. 28 
' (1919) pp. 31-40): If for z integral values of x, the integral polynomial P (x) of degree 
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n has values which are different from zero and, without regard to sign, less than a 
certain constant G;(n), then P(x) is irreducible in the field of rational numbers. 
Tatuzawa (Proc. Imp. Acad. Tokyo vol. 15 (1939) pp. 253-254) proved that this 
theorem holds for a larger bound G:(#). Moreover, he proved that P (x) is also irreduci- 
ble if | P(x,)| is different from zero and less than a certain constant Hi(m) for m 
integral values x, with »>m>n/2. In this paper these results are improved further. 
Instead of Gin) and Hi(m) larger bounds G(») and E (m) are obtained. These results 
contain theorems of Schur (Archiv fur Mathematik und Physik (3) vol. 13 (1908) 
p. 367) and of Dorwart and Ore (Ann. of Math. vol. 34 (1933) pp. 81-94). Moreover, 
an irreducibility criterion of a new type is obtained. If 0< | P(x,)| «S with S>G(n) 
for 2 integers x,, but less than another smaller constant T for of these x,, then P(x) 
is irreducible. (Received March 20, 1946.) 


110. I. S. Cohen: Groups and rings of finite rank. Preliminary re- 
port. 


An integral domain R is said to be of finite rank if there exists a number k such that 
every ideal of R has a basis of k elements. It is shown that a necessary condition that R 
be of finite rank is that every proper residue class ring satisfy the descending chain 
condition. This condition is also sufficient if R is a local ring, and more generally, if 
the quotient rings Rp are integrally closed for all buta finite number of prime ideals P; 
this latter condition is satisfied if the integral closure of R is a finite R-module. These 
results permit an extension of a theorem of I. Kaplansky concerning R-modules of 
finite rank. (Received March 23, 1946.) 


111. M. A. Coler: Observations on primes. 


A type of function designated as a cushion function 1s defined. It is shown that 
certain conjectures, such as Goldbach’s Theorem and those concerned with the dis- 
tribution of twin primes, can be restated conveniently as conjectures regarding the 
distribution of roots of the same Simple cushion function, (3. (Received February 
15, 1946.) 


112. H. S. M. Coxeter: A new extreme form in seven variables. 


Let M be the smallest value taken by a given positive definite quadratic form 
F(x, © + +, %n) for integers x;, not all zero, and let D be the determinant of the coeff- 
cients. The form is said to be extreme if the ratio M*/D decreases for every small 
change in the coefficients. Extreme forms for n € 6 kave been completely enumerated. 
(See Hofreiter, Monatshefte für Mathematik und Physik vol. 40 (1933) pp. 129—152.) 
Three septenary extreme forms were discovered by Korkine and Zolotareff in 1873. 
They may be expressed as KR X132 — 3253 —43334—34X5 —X5Xs—3X,x7, where j=6, 5, 
or 4, and M?/D = 25, 25, or 28, Geometrical considerations now suggest'a fourth extreme 
form $ ix; + (2/3)? iix; — (4/3) (xs+-%e)%7, for which M’/D=3?7/2%. In the corre- 
sponding packing of equal spheres, each sphere touches 56 others, as in the case / — 6; 
and yet this packing is denser than in the j=5, where each sphere touches 84 others. 
(The densest possible lattice packing occurs in the case 7-4, where each sphere 
touches 126 others.) (Received March 6, 1946.) 


113. Samuel Eilenberg and Saunders MacLane: Cohomology theory 
in abstract groups. Ila. Kernels and three-dimensional cohomology. 


In a factor group E/K =Q the elements of Q operate as automorphisms on E, 
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but these automorphisms are defined and multiply only modulo inner automorphisms. 
A group K together with such operators is called a kernel over Q. For a given abelian 
group Z with Q as (ordinary) operators, kernels K are considered’ with center Z. Such 
a kernel is called extendible if there exists a group E with E/K =Q. With the multi- 
plication of kernels suitably defined it is proved that the kernels taken modulo ex- 
tendible kernels form a group isomorphic with the three-dimensional cohomology 
group H°(O, Z) (Ann. of Math. vol. 46 (1945) pp. 480—509). In particular, the extend- 
ible kernels are characterized by the fact that a certain 3-cocycle is a coboundary. 
(Received March 8, 1946.) 


114. Samuel Eilenberg and Saunders MacLane: Cohomology theory 
in abstract groups. IIb. Group extensions with a non-abelian kernel. 


Let the non-abelian group K with center Z be an extendible kernel over Q, in 
the sense of the preceding abstract. The totality of all extensions E such that E/K =Q 
will be enumerated. According to Baer (Math. Zeit. vol. 38 (1934) pp. 375-416) the 
kernel K determines uniquely a group R with R/S=Q where S=K/Z, and every ex- 
tension E may be regarded as an extension E'/Z =R. It is shown that the extensions 
E' of R by Z so obtained form a coset in the group Z?(R, Z) modulo a well-determined 
subgroup. Furthermore, different extensions E may lead to identical E'. Each equiva- 
lence class of E's obtained in this manner has the structure of a specific group con- 
structed from the one-dimensional cohomology group H’(Q, Z). (Received March 8, 
1946.) 


115. Samuel Eilenberg and Saunders MacLane: Cohomology theory 
in abstract groups. III. Non-associative systems and cohomology. 


It is known that the two-dimensional cohomology group H2(Q, G) (Ann. of Math. 
vol. 46 (1945) pp. 480-509) can be interpreted as the group of group extensions of the 
group Q by the abelian group G, realizing the prescribed operators of Q on G. A similar 
interpretation of the higher dimensional cohomology groups is obtained by the use 
of loops (for definition, see A. A. Albert, Trans. Amer. Math. Soc. vol. 54 (1943) 
pp. 507-519). The associator A =A (a, b, c) of three elements in a loop L is defined by 
a(bc) = A | (ab)c], and the higher associators A(a * * * , aas, 5)=Ala, * * * , Gena, 
A (ani, Gen, b)) are obtained by iteration. A prolongation of Q by G is a loop L 
with a homomorphism ¢ of L onto Q such that (i) the kernel K of ¢ contains the given 
group G; (ii) A(R, b, c) — A (a, k, c) =1; (iii) each A (a, b, c) lies in the center of the group 
K; (iv) ag= [ (a) . gla. Under a suitable -aultiplication, the product of two prolonga- 
tions is again a prolongation. If A(aı, +--+, Gan, b) is in G for all b, and is zero for 
bEK, this associator is essentially a (2:+1)-dimensional cocycle f of Q in G. The 
correspondence fe L establishes an isomorphism of H?**1(Q, G) toa suitably defined 
group of classes of prolongations. A similar correspondence is established for even 
dimensions. (Received March 8, 1946.) 


116. R. A. Good: On the construction of clusters. 


In this paper the author continues the study of clusters and discusses their con- 
struction by the method of introducing 2 multiplication operation into an additive 
group. A suitable multiplicative rule is described if the group is homomorphic toa 
cyclic subgroup of itself. Clusters whose order is a prime or the product of two primes 
are characterized. (Received March 20, 1946.) 


418 ABSTRACTS OF PAPERS [May 


11 7. R. A. Good: On the theory of clusters. 


A cluster is defined as a certain generalization of a (non-associative) ring. A cluster 
contains its derived ring; the homomorphism concept is applied; ideals are studied, 
especially the commutator and annihilator ideals. One method of construction is ex- 
tension of an arbitrary ring by an arbitrary group to form a cluster £ whose elements 
are couples. Rules.of operation in X are described in terms of mappings which are de- 
fined in the given systems and subjected to certain interrelating postulates. After 
the properties and structure of the resulting clusters have been examined, two special 
cases are treated in detail. Numerous examples illustrate the diversity of properties 
in various clusters. (Received March 21, 1946.) 


118. Lois W. Griffiths: Linear homogeneous diophantine equations. 


In the system anst * * - --as x0 G=1, » - - r) the coefficients are constant 
rational integers and the rank of the matr:x of the coefficients is r. It is proved that a 
complete solution of the system in integersis xj(—lytE;e(f—1,--*,2),in which ¢ 
is an arbitrary integer and Ey, - - - , En, e are writteri down directly from the equa- 
tions in the system in the following way. The equations £uxid- +--+ +Einta=0 
(t=1, + + - n—r—1), in which the £;; are arbitrary integers, ere adjoined to the origi- 
nal system. Then E, is the determinant obtained by deleting the jth column of the 
matrix of the resulting x» —1 equations, and e is the greatest common divisor of 
Er, ° + +, En. This result is more simple and usable than those in the literature (Th. 
Skolem, Diophantische Gleichungen, Erge>nisse der Mathematik und ihrer Grenzge- 
biete, vol. 5, no. 4, 1938; D. N. Lehmer, Proc. Nat. Acad. Sci., U.S.A. vol. 4 (1919) 
pp. 111-114). (Received March 12, 1946.) 


119. L. K. Hua: Geometries of matrices. III. Fundamental theorems 
an the geometries of symmetric matrices. 


The paper contains a proof of the theorem that a continuous mapping carrying 
symmetric matrices into symmetric matrices and leaving arithmetic distance invariant 
is either a symplectic transformation or an anti-symplectic transformation. Other re- 
sults on continuous mappings in the geometry of symmetric matrices are also’ ob- 
tained. The latter half of the paper is concerned with analytic mappings. (Received 
March 1, 1946.) 


120. A. W. Jones: Semimodular finite groups and the Burnside basis 
theorem. 


Group theoretic characterizations are given for the following finite groups: those 
for which the lattice of all subgroups (1) of the entire group is lower semimodular, 
(2) of the $ quotient group is complemented and modular and simple, (3) of the 
& quotient group is complemented and modular, (4) of the entire group is upper semi- 
modular. As a corollary to one characterization of the groups of (1), it is shown that 
the direct product of lower 'semimodular groups, and hence also of modular groups, is 
always lower semimodular. The groups of classes (2) and (3) are shown to be a proper 
subclass of those in (1). The groups in (3) are shown to be direct products of groups in 
(2) having relatively prime orders. By a -esult of Dilworth it is shown that the groups 
in (3) constitute the largest class of groups G having G/$ lower semimodular to which 
the Burnside basis theorem applies. A dual Burnside basis theorem is shown to apply 
to all the groups in (4). (Received March 21, 1946.) 
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121. G. K. Kalisch: Uniform spaces and topological groups as gen- 
eralized metric spaces. 


A general metric space has a distance function satisfying the usual conditions, 
but where the distance is an element of a partially ordered group. It is proved that 
uniform spaces (cf. A. Weil, Sur les espaces à structure uniforme) are general metric 
spaces whose value group isa certain direct sum of the real numbers indexed according 
to a directed set. Next it is proved using a theorem of Kakutani (Ueber de Metrisation 
der topoligischen Gruppen, Proc. Imp. Acad. Tokyo vol. 12 (1936) p. 82) that topologi- 
cal groups have a left invariant general metric. This, in turn, implies that topological 
rings and fields and vector spaces have norms. It is shown by an example that in gen- 
eral the norm of a product need not be less than or equal to the product of the norms 
(in case the value group is the group of real numbers). It is noted, as a consequence of 
the first mentioned theorem, that uniform spaces are also sequence spaces where every 
sequence is indexed according to a fixed directed set (cf. Bourbaki, Topologie générale: 
Alters, J. Tukey, Convergence and uniformity). (Received March 25, 1946.) 


122. Irving Kaplansky: On a problem of Kurosh and Jacobson. 


In analogy with Burnside's problem, Kurosh (Bull. Acad. Sci. URSS. Sér. Math: 
vol. 5 (1941) pp. 233-240) has raised the question whether a finitely generated alge- 
braic algebra necessarily has a finite basis, In conjunction with results of Jacobson 
(Ann. of Math. vol. 46 (1945) pp. 695-707), it is shown that the answer is affirmative 
if the degrees of the elements are bounded say by #, and if the coefficient field has at 
least 2 elements. (Received March 21, 1946.) 


123. Fred Kiokemeister: A noie on ihe Schmidt-Remak theorem. 


A group G with operator domain Q is said to satisfy the modified maximal condi- 
tion if every proper Q-subgroup of G satisfies the maximal condition. A proof of 
the Schmidt-Remak theorem such as that given by Jacobson (The theory of rings, 
Mathematical Surveys, vol. 2, New York, 1943) yields with few changes the following 
theorem: Let G be a group with operator domain 9, and let Q contain the inner 
automorphisms of G. Let G=A1XA2X +++ XA, where the Q-subgroups À; are di- 
rectly indecomposable and satisfy the minimal condition and the modified maximal 
condition. If G=B1XB2X «++ XB„isa second decomposition into the direct product 
of indecomposable factors, then m=r. Further the B; may be so rearranged that 
AB, and, for £k En, G=BiX +++ XBiXAksaX*** XAn. (Received March 21, 
1946.) 


124. Fred Kiokemeister: A theory of normality for quasigroups. 


A normal relation on a quasigroup G is defined to be an equivalence relation p 
such that (i) ab p ac implies b pc, (ii) ba p ca implies b pc, (iii) ap band c pd imply ab ped. 
The set of elements of G equivalent to an element a under p is Ra(p). If Ralp) isa quasi- 
group, it is a normal divisor of G, and p is called a-normal. For fixed a, the set of a-nor- 
mal relations is a modular lattice and is isomorphic with the lattice of normal divisors 
of G containing a. 'The Ore theorem on partially ordered sets (Bull. Amer. Math. Soc. 
vol. 49 (1943) p. 563) is shown to imply the Jordan-Holder theorem for composition 
series in G. If e is an idempotent element of G, every normal relation is e-normal. If 
Ay 4s +, An are normal divisors of G such that Asf\A,=e(isj) and if 
G=AXA2X +++ XAn, then G is said to be the direct product over e of the sub- 
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quasigroups An, As, * * * , An. The modularity of the lattice cf normal relations of G 
implies the Schmidt-Remak theorem for direct decompositions of G over e through 
reference to the corresponding structure theoretic theorem by Ore (Ann. of Math. 
vol. 37 (1936) p. 272). (Received March 21, 1946.) 


125. Fred Kiokemeister: Reducibility im a class of homogeneous 
polynomials. 


The following theorem is established: Let DG, zs: -*, x,) be a polynomial, 
homogeneous of degree # in the variables xi, %2, * * * , Zen with coefficients in the per- 
fect field P. If H factors into a product of linearly independent linear factors over 
some extension field A of P, then Æ is reducible over an algebraic extension field F 
of P if and only if there exists in F a nontrivial zero of H. The theorem is proved 
by exhibiting a commutative linear algebra of which aH is a parastrophic form for 
some „in P. The stated property of H follows from a relatior. between the zeros of H 
and the ideals of the linear algebra. (Receiyed March 21, 1946.) 


126. H. E. Salzer: Further empirical results on tetrahedral numbers. 


I. The list of integers not greater than # which are the sum of no less than 5 posi- 
tive tetrahedral numbers was extended from a — 1000 to »=2000. (30 more such in- 
tegers were found.) The "density" of such numbers decreases at first, but then in- 
creases again, showing no tendency to diminish to zero. To illustrate, the number of 
such integers among the first four groups of 500 are 30, 15, 12 and 18. Only one ends 
in 4, two in 1, two in 9 and the rest in 2, 3, 7 or 8. II. With the aid of that list, Pol- 
lock's conjecture that every integer is the sum of 5 positive zetrahedrals was verified 
for a 20000 and ending in 2, 3, 7 or 8. With Richmond's stazement that every multi- 
ple of 5 X 20000 requires only 4 positive tetrahedrals, this verifies Pollock's conjecture 
for every 2 € 20000. III. The verification of the author's coajecture that every n? is 
the sum of 4 positive tetrahedrals was extended from n=200 to 5 300. (Received 
March 13, 1946.) - 


127. R. D. Schafer: Equivalence in a class of division algebras of 
order 16. 


Let € be a Cayley-Dickson division algebra over $. Let {= €+-vE with multiplica- 
tion (a--vb) (x--vy) — (ax -g - ybS) --»(aS- y-I-xb) where S is the involution xxs 
=t(x)—x of © and g is some fixed element of G. The author has shown (Bull. Amer. 
Amer. Math. Soc. vol. 51 (1945) pp. 532-534) that X is a division algebra of order 
16 over $ for any choice of g in € such that nig) is not the square of an element in §. 
Let o= Coto with multiplication defined similarly in terms of a fixed element go 
of Co, The algebra Yo is equivalent to À if and only if (1) Co is equivalent to ©, the 
equivalence being given by x€3x4, x in Go, xA in G, and (2) go4 = ö2g for some 60 in 
$. The equivalence between X, and Lis x--vy x4 + ö0(yA). From this it follows that 
H is an automorphism of X if and only if H induces an automorphism A on 6, 
(x-I-vy) H —xA 4-5v(yA), and gA = 8*g. If £(g) #0, then gA =g, ô= +1; if f(g) =0, then 
6121. (Received February 16, 1946.) 


128. A. R. Schweitzer: Sums and products of ordered dyads in the 
foundations of algebra. I. 


This paper is an algebraic development of a theory of ordered dyads in chapter 2 
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of the author’s Theory of geometrical relations (Amer. J. Math. vol. 31). The concept, 
configuration set of ordered dyads (Bull. Amer. Math. Soc. Abstracts 44-11-474 and 
45-9-375) is formally expressed: (1) as an associative and commutative sum of dyads; 
(2) as an associative and commutative product of dyads. These expressions are re- 
spectively generalized to (1) a linear function A(a) of a complete set of ordered dyads 
(aia) on (n-++1) elements (n=1, 2, 3, - - - ) with coefficients in a suitable domain D 
(field F): ?^Ajo;o,; (2) a “quasi-determinant” AR; ole Ayo; | whose relation to 
A(a) is given by A(A; o) = { A(0) ] **1/(n-2-1) ! where in the product {A(q)}*+1 it is as- 
sumed that aja; X ayat—0 if and only if 2k or j=l. Forn=1, A(Aj a) = noi: cas 
Ang: aan. If the Xs are all equal to unity, then AO: o) reduces to the sym- 
metric group of configurational sets of dyads (substitutions) expressed as a formal 
sum. The linear function A(a) =? Xsara, is used to represent the matrix All; repre- 
sentation of the product of two matrices is obtained by multiplying the corresponding 
linear functions in the usual formal manner and assuming that aja, Noss or ayı 
according as jk or j — &. (Received March 20, 1946.) 


129. A. R. Schweitzer: Sums and products of ordered dyads in the 
foundations of algebra. II. 


The author discusses properties of quasi-determinants defined in the preceding 
paper and the relation of the latter to determinants. Quasi-determinants are expanded 
in two ways: (1) in analogy with the usual expansion of determinants in terms of mi- 
nors, (2) by multiplying the rows (columns) expressed as formal sums and assuming 
that aja; X oo 7-0 if and only if 7=k or j=l. The product of two configurational sets 
of ordered dyads expressed as quasi-determinants is defined to be the quasi-determi- 
nant of the product of the two sets expressed as sums corresponding to matrices. This 
product is generalized to the product of two quasi-determinants: A(^; a)  A(u; a) by 
multiplying the corresponding expansions in the usual formal manner and replacing 
formal products of configurational sets by their values. Necessary and sufficient con- 
ditions are investigated that the product of two quasi-determinants of given order be 
again a quasi-determinant of the same order. Elementary properties of quasi-determi- 
nants are pointed out, such as formal invariance under interchange of rows and 
columns, commutativity of any two rows (columns) and so on. (Received March 20, 
1946.) 


130. I. E. Segal: Representation of certain commutative Banach alge- 
bras. 


A theorem of Gelfand and Neumark (Rec. Math. (Mat. Sbornik) N.S. vol. 12 
(1943) pp. 197—213, Lemma 1) is given a full proof and extended to the case of an 
algebra which does not necessarily contain an identity, this case being of interest 
in the theory of group algebras. The extended theorem isas follows: Let A be a com- 
plex commutative Banach algebra on which there is defined a semi-linear operation 
a—a* which is involutory and bounded, and such that ||aa*|| =|ja|| - ||a*||. Then there 
is an algebraic isomorphism between A and the algebra of all continuous complex- 
valued functions on a locally compact Hausdorff space T, which are continuous 
and vanish at infinity (in the sense that the subset of T on which the absolute 
value of the function is not less than any preassigned positive number is compact); 
and if one denotes the function corresponding to a by a(y), a*(y) -a(y) and Ilall 
=supyer|a(y). The proof includes a simple derivation of the extension of the Weier- 
strass approximation theorem to functions on compact spaces (due to M. H. Stone), 
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this extension being based on the Riesz-Markoff representation theorem for linear 
functionals on a space of continuous functions. (Received March 22, 1946.) 


131. I. E. Segal: The spectrum of a commutative subalgebra of a group 
algebra. Preliminary report. 


The following theorem is proved and applied to the theory of group algebras: Let 
A bea commutative self-adjoint algebra of bounded operators on a Hilbert space, and 
suppose that A is also a Banach algebra with respect toa norm N. Assume further that 
lla|| € N(a) for every «€, where lal! designates the operatcr bound of a, and that 
aa*(i--aa*) 4€ A, where 7 is the identity operator. Then every maximal ideal in 4 
is the intersection of A with a maximal ideal in the uniform closure of A. Moreover, 
limas NÍ (aa*)r} ]u^- [[all. 'The proof is based partly on the characterization of the 
algebra of continuous functions stated in the above abstract, and partly on the fact 
that A is adjoint semi-simple (that is, the intersection of all ideals in A which are 
maximal with respect to being self-adjoint is the null ideal). As applications, several 
theorems about harmonic analysis on groups which are either locally compact abelian 
or compact are derived, notably a representation theorem of positive definite func- 
tions which in the locally compact abelian case is equivalent to the Herglotz-Bochner- 
Weil theorem. (Received March 22, 1946.) ' 


132. I. M. Sheffer: Note on mult ply-injinite series. 


It is natural to inquire what properties of simple series extend to multiply-infinite 
series. In each case the answer-depends on the definition of convergence adopted. The . 
present note considers Pringsheim convergence and o-convergence (cf. Amer. Math. 
Monthly vol. 52 (1945) pp. 365—376), relative to these two properties: (a) the Riemann 
rearrangement theorem; (b) the Cauchy product theorem. It is shown that for the 
former definition neither of these properties is true, whereas both are valid for 
o-convergence. (Received March 21, 1946.) 


133. J. D. Swift: Certain power series with coefficients in a finite 
field, Preliminary report. 


Series of the type >_a*@-1/2xt where c is a nonzero mark of a finite field are gen- 
erated from the usual series for e? by ordering, to the integer k, the mark a*t in a 
manner analogous to that used by Morgan Ward in A calculus of sequences (Amer. J. 
Math. vol. 18 (1936) pp. 255-266). These series display properties analogous to those 
of the exponential series and can also be related to the power series forms of the theta- 
functions. Since these series may be forma!ly expressed as the -atio of two polynomials, 
the analogous theta functions and their derivatives may also be expressed in this form. 
The polynomial appearing in the numerator,? 5 lgk(-D/2x*. where q is the number of 
nonzero marks of the field, has no zeros in the field if a is a primitive mark. Formulas 
are also obtained for the value of the polynomial when x is replaced by a mark of the 
field. Polynomials which factor completely in a field are obtained, exhibiting the zeros 
of the corresponding theta functions. (Received March 19, 1946.) 


134. Bernard Vinograde: Sfield (division ring) composites. 


A decomposition into a ring R and set N, invariant under automorphisms and non- 
intersecting, of a ring which is sfield modulo its radical (or!an ideal) corresponds to 
the notion of the ring as a configuratior in a space where a point or spectrum isa 
sheaf --- 4, B, C,--- of formally distinct isomorphic sfields subject to a,b; — Cit} 
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being nilpotent (or in the ideal), where the subscripts tag corresponding images a 
in A, and so on. Two spectra S and Z may be subjected to a generalized calculus 
guided by a distinct master sfield M. A cleft R is generated by one spectrum. If R 
properly contains a one-sfield spectrum it must be uncleft. The same holds if two 
spectra (relatively unordered) have overlapping images in M. The singular case of 
one element generation is easily handled in the case of algebras. The spectra fall 
into invariant subspaces, andan M without automorphisms is equivalent to one-spec- 
trum subspaces. A spectrum may sometimes be generated by a function k(x, t), where 
the parameters x generate a sfield and the ¢ generate the equivalence classes. (Received 
March 22, 1946.) 


135. Morgan Ward: Note on the order of the free distributive lattice. 


If 7, denotes the order of the free distributive lattice on r elements, and if we set 
loge r equal to 2^»$(z), then for large n, 1/5? « $(»n) «1/4 so that loge logs rn. 
Computational evidence and combinatorial arguments suggest that n1/29(#)— ©, but 
the exact order of $(r) is unknown. Incidentally the value of rs was computed. It is 
7,828352. The method of computation devised easily verified Randolph Church's 
value 7579 for rs (Duke Math. J. vol. 6 (1940) pp. 732-734) but is not powerful enough 
to evaluate 77 without prohibitive labor. (Received March 22, 1946.) 


ANALYSIS 


136. R. H. Bing: Converse linearity conditions. 


An example is given of a bounded function f(x) (a «x <b) having a derivative on its 
range and being nonlinear on every subinterval of its range which is such that each 
point of the graph of f(x) and each point between two points of the graph of f(x) is 
halfway between some two points of the graph of f(x). (Received March 16, 1946.) 


137. Garrett Birkhoff and L. J. Burton: A weakening of the Holder 
conditions for Newtonian force fields. 


Let p(x) be a continuous density function of position x 2 (xi, * * * , x.) near a point 
a=(d,,: ++, a.) in Euclidean »-space, It is shown that the improper integrals 
ff fo(x:—ai)dR/r" defining the force components for Newtonian attraction exist as 
improper Riemann multiple integrals (that is, are absolutely integrable) if and only 
if f/f foddr /r^71 « + o, where dw denotes infinitesimal spherical area. The sufficiency 
of the usual Holder conditions for convergence is a weak corollary of this. If 
pdrdw=dm, the corresponding result for Stieltjes integrals is obtained. (Received 
March 25, 1946.) 


138. D. G. Bourgin: Approximate tsometries. 


The Hilbert space results of Hyers and Ulam (Bull. Amer. Math. Soc. vol. 51 
(1945) pp. 288-292) are extended to the spaces L,(0, 1), 1 «9 « œ. (Received March 
22, 1946.) 


139. R. C. Buck: An extension of Carlson's theorem. 


Let K*(a, c) be the class of functions regular and of order 1 in R {z} 20, and of type 
a on the whole positive real axis and type c on the imaginary axis. If A is a subset of 
the set J of all integers, denote by y(4) the least number for which the following 
theorem is true: if f(z) K*(a, c), c « Y (A), and if f(z) vanishes in A then it vanishes 


- 
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identically. A theorem of Carlson asserts that (J) =z; more generally, if A possesses 
a density D(A), then y(A)=7D(A). In this paper these results are extended to the 
case where A has a mean density or a Poisson density. For general A it is shown that 
a inf Dp(A) &y(A) Sv sup Dp(A). Results are also obtained on the location of 
singularities of power series with missing coefhcients; in these gap theorems, ordi- 
nary density and Pólya minimum density are replaced by more general densities. 
(Received March 18, 1946.) 


140. R. H. Cameron and W. T. Martin: The behavior of measure 
and measurability under change of scale in Wiener space. 


In this paper it is shown that the measured (outer measure, inner measure, meas- 
urability) of a set in Wiener space is completely independent of its measure (outer 
measure, inner measure, measurability) after change of scale. In fact, given two func- 
tions f(A), g(A) defined on O<A< o ard completely arbitrary except that 0Sf(A) 
Sg(X) £1, there exists a set E in Wiener space such that inner meas.(AZ) =f(A) and 
outer meas. (AE) = g(A) for all positive À. If f(A) =g(A), the set E (which is now measur- 
able in every magnification) can be coastructed explicitly (without the use of Zer- 
melo's axiom). (Received March 19, 1946.) 


141. W. B. Caton: An inequality for analytic functions which are 
represented by their Fourier-Laguerre series. 


Let f(z) be analytic, and let the nth Fourier-Laguerre coefficient be defined as 
Gas fo In(z)f(z)dz, where ln(z) =e-*/2L,(z), with La(s) the normalized polynomial of 
Laguerre of degree x. Now suppose that —lim sup 2? log | an| =x >0,andassumethat 
f(z) is holomorphic in 2R{(—2)¥2| =x, and that f(z) =) an(s) for any z =x-+1y in 
this parabola. It is shown that for any y, 0<7~<27«, and any A, OSA Sy, one has 
[f(2)| & KI 2| 8 exp [&@-|2|)/4- (2/2) (| z| +x)Y2} for all values of z for which 
z| — &y?—A. The inequality obtained here is the analogue of an inequality of Hille 
for analytic functions represented by their Hermitian series. See E. Hille, Contribu- 
tions to the theory of Hermitian series, Trans. Amer. Math. Soc. vol. 47 (1940) pp. 80- 
94. (Received March 18, 1946.) 


142. W. M. Chen: Distortion theorems in the theory of pseudo con- 
formal mappings. 


Let P denote a mapping by a pair of two complex variable, w;(zı, z), k=1, 2, 
which are regular in a domain M. M is assumed to be bounded by two analytic hyper- 
surfaces: zy; — A(Z, exp 102), 2=exp 191; OS6,S2r, k=1, 2. Let B be a proper sub- 
domain of M. Using the integral formula proved by Bergman (Rec. Math. (Mat. 
Sbornik) N.S. vol. 1 (1936) p. 851) and some of his results on complex orthogonal 
functions (Math. Zeit. vol. 36 (1933) p. 171), the author gives an upper (lower) bound 
for the variation of Euclidean volume of P(B). These bounds depend upon B and the 
minimum (maximum) in P(B) of the Kernelfunction of P(AM). Similar results are 
obtained for B-area (Bergman, Rendiconti della Reale Accademia Nazionale dei 
Lincei (6) vol. 19 (1934) p. 474) of a hypersurface PLS), S'C. M, from which bounds 
for the variation of ordinary area of P(S) follow readily if an additional point func- 
tion over P (S) is introduced. (Received March 21, 1946.) 


143. Nelson Dunford: Resolutions of the identity. 
A formula of the type f/v(s)dxEx* =x*y(T)x ts derived for an arbitrary linear 
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operator on an arbitrary Banach space. The formula reduces to the customary one 
in the case of a self-adjoint operator in Hilbert space. It also throws some light on 
questions of strong and weak convergence of sequences of functions of certain opera- 
tors on other Banach spaces. (Received February 23, 1946.) 


144. Bernard Epstein: Integral representation of solutions of the 
harmonic and wave equations. 


Using the method of integral operators (see Bergman, Math. Zeit. vol. 24 (1926) 
p. 641; Math. Ann. vol. 99 (1928) p. 629; Bull. Amer. Math. Soc. vol. 49 (1943) 
p. 163), the author investigates the singularities of some harmonic functions in three 
variables and “harmonic” vectors © (that is, vectors for which V-6=VX©6=0). 
Algebraic functions with singularities along circles and other algebraic curves are ob- 
tained and investigated. A similar operator is introduced for the wave equation and 
the functions corresponding to the same “associates” as those previously studied in 
the harmonic case are investigated. Finally, a pair of operators is introduced which 
generates vector fields, € and $, which constitute solutions of Maxwell’s equations 
for the electric and magnetic fields in free space. (Received March 20, 1946.) 


145. Herbert Federer: The (¢, k) rectifiable subsets of n-space. 


Suppose H* „(A) is the k-dimensional Hausdorff measure of the subset A of Euclid- 
ean #-space, and F * (4) =6(n, k) tfa, Je, N (Pr, A, y)dLxydosR is the k-dimensional 
integralgeometric F Sand measure of A. Here L, is Lebesgue measure over k-space, 
Ex, and $4 is the Haar measure over the group Gr of all orthogonal transforma- 
tions of #-space such that ó4(G4) —1. N (P5, A, y) is the number (possibly «) of 
points x in A for which P (x) =y. P is the projecting function on En to Er such 
that ec (zi Za *-*, zy) whenever R(x) 22- (2j 2z,***, Zn), REGn. Further 
Pin, k) = T((-F1)/2)7((n —k+1)/2)/T (41/27 (G41)/2). The following theorem is 
proved: If A is an H° measurable set for which H* (A) € œ, then F „(A) <H° .(4). A 
necessary and sufficient condition for equality is that A be contained! ina countable 
number of rectifiable (Lipschitzian) k-dimensional surfaces, except for a subset of H° 
measure zero. Another result is as follows: The Lebesgue area of every continuous 
nonparametric two-dimensional surface in three space is equal to the Hausdorff meas- 
ure H}, and also to the Favard measure F,, of the associated point set. (Received 
February 13, 1946.) 


146. K. O. Friedrichs: An inequality for potential functions. 


Let ¢ denote potential functions of the N variables #1, * - - , xw in a domain R of 
a rather general type. To every such domain R there is a constant I' such that the in- 
equality fg(86/8x1)*dx ST Gel (86/ d22)?+ eee + (36/dxy)? ]dx holds provided that ¢ 
satisfies the side condition /r(9#/8x1)dx=0. The existence of the right-hand member 
implies in particular the existence of the left-hand member. For N=2, the in- 
equality reduces to one between real and imaginary parts of an analyt func- 
tion. The main tool of the proof is the identity f. SNC Or dëch (06/0x1)*dx 
=f DD _Au(06/8%,) (09/0x1) HN Bu,(99/9x,) (06/9x,) ]dx, where 4, and By, 
are linear combinations of the first derivatives of the functions Qj, k= 1, , N. 
These functions Or are to vanish at the boundary, to possess bounded P 
and to satisfy (9@/9%1) + + - + +(dQn/dxy) 21 in the neighborhood of the boundary. 
Such functions Or are constructed for domains whose boundary possesses a continuous 
normal except for a finite number of corners or edges. (Received March 29, 1946.) 


LL 
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147. K. O. Friedrichs: On a theorem of Lichtenstein. 


Let $ denote quadratically integrable functions of the N variables x1, * * * , Xx 
which possess quadratically integrable Laplacian derivatives Ag defined in an ap- 
propriate generalized sense. Then ¢ possesses all first and second derivatives in the 
same generalized sense. To every sphere S» and subsphere S there is a constant T such 
that the inequality /sA$?dx € fs,A¢*dx+I'fs,2_1_,(0¢/dxx)*de holds. This theorem 
is used to generalize to N dimensions the theorem of Lichtenstein that the function 
px, y) = (2m) "!/rllog r)o(x', y')dx'dy', with r?= (x—x’)3-++ (y — y')?, possesses almost 
everywhere quadratically integrable derivatives if p is quadratically integrable. (Re- 
ceived March 29, 1946.) 


148. K. O. Friedrichs: On the boundary-value problems of the theory 
of elasticity and Korn's inequality. 


Let [au s., un] denote functions of the N vartables Lo, ett, xx ] in a domain R 
of a rather general type. To any such domain R there is a constant « such that the in- 
equality fa Ina tx) de= f ur (una tt x) "dx, tts Lëns dën, holds pro- 
vided that the functions # either vanish at the boundary of R or satisfy the side 
conditions fa(us,:—15,:)dx —0, k, 1—1, - - +, N. This inequality was formulated by 
A. Korn in 1907 for IN —3. A new more direct proof is given in the present paper. 
Korn's inequality is a decisive tool in the treatment of boundary value and charac- 
teristic value problems of elasticity by minimum problems. These problems can then 
be completely treated without using the characteristic singularity of the differential 
equation. (Received March 29, 1946.) 


149. K. O. Friedrichs and W. R. Wasow: On singular perturbations 
of nonlinear oscillations. 


Many questions in the theory of elastic and electric vibrations lead to systems of 
differential equations of the form dX,/dt= FA(X1, * * - , Xn) (251, 2, - * * , 2 —1), 
ed.X , /di — FX * * + , Xn). Of particular interest in this connection is the determina- 
tion of periodic solutions for small values of the parameter e. The authors prove that 
if for e=0 a periodic solution of such a system is given, then there exists for every small 
ea unique periodic solution in its neighborhood, provided 8F,/9X, #0, and a certain 
nondegeneracy condition is satisfied. The latter states in essence that the given pe- 
riodic solution for e=0 is an isolated periodic solution. This result justifies the use of 
the perturbation method for the calculation of periodic solutions of such differential 
systems. These systems are of a singular type in as much as the order is reduced 
for e=0. Although an approach related to that of Poincaré's classical investigations 
has been used, this singular character of the system necessitates considerable additions 
and modifications. (Received March 21, 1946.) 


150. W. S. Gustin: Convex boundary sets. 


Two topics are discussed in this paper. 1. A set Z in a euclidean »-space is a convex 
boundary set if E is a subset of the boundary of a convex set in space. Some character- 
izations of convex boundary sets are obtained. 2. A set E in a euclidean v-space is of 
order (exact order r) if every euclidean subspace of dimension »—1 intersects E in at 
most 7 (exactly 7) points. It is shown that: the closure of a connected set of finite 
order is of finite order; the closure of a connected set of order » is of order »; a con- 
nected set of exact order » is totally disconnected. These two topics are linked by 
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the theorem that a connected set of order v in a euclidean v-space is a convex boundary 
set. (Received March 21, 1946.) 


151. P. R. Halmos. Invariant measures. 


Necessary and sufficient conditions are found for the existence of an invariant 
o-finite measure m* stronger than m, for one-to-one measurable transformations T 
of a measure space X with o-finite measure m. Hopf's theorem on the existence of a 
finite m* is freed from its unnecessary nonsingularity condition; an example is con- 
structed of an incompressible transformation which preserves no finite measure. The 
extent of uniqueness of the invariant measure (in case it exists) is determined. A struc- 
ture theorem for nonpathological transformations is derived: it asserts that the gen- 
eral measurable transformation is the product of a measure preserving transformation 
and a purely dissipative transformation. (Received March 18, 1946.) 


152. M. R. Hestenes: Theorem of Lindeberg in the calculus of varia- 
Hons. 


The present paper is concerned with an analogue of the theorem of Lindeberg for 
the parametric problem of Bolza. It is shown that if Co isa nonsingular arc along which 
the strengthened condition of Weierstrass holds relative to an integral /(C) and if 
near Co the E-function of Z(C) dominates the E-function of a second integral J(C), 
then there is a constant 6>0 such that given a constant e>0 one can select a neigh- 
borhood F of Co, such that I (C) —I(Co) = b| J(C) —J(C) | — efor every admissible arc 
Cin 7. A number of consequences of this and similar results are given. It is shown 
in particular that the problems of Bolza and Mayer are equivalent, that parametric 
and nonparametric problems are equivalent, and that properimetric and non-iso- 
perimetric problems are equivalent. (Received March 22, 1946.) 


153. Einar Hille: Analysis in a noncommutative Banach algebra 
without unit element. 


In the analytical theory of a complex (B)-algebra X with unit element, the re- 
solvent R(X; x) is basic. If no unit element exists, one may introduce instead the 
function A (A; x) with x+AA (A; x) 2xA(A; x) =A (à; x)x. Thus A(A; x) is the adverse 
(quasi-inverse) of x/A when it exists. This leads to a definition of resolvent sets and 
spectra which is consistent with usual conventions when À has a unit element. 
A (^; x) is a holomorphic function of A in each of the components of the resolvent set 
for fixed x and an F-differentiable function of x for fixed X. If f(A) is holomorphic in a 
simply connected domain of the A-plane containing the spectrum of x and if f(0) =0, 
then we may define f(x) = —(1/27i) F f(A) A(A; +)dX/X and this definition is con- 
sistent with the definition in terms of RI: x) when X has a unit element. Here f(x) 
is F-differentiable and the mapping f(4) —f(x) is a continuous isomorphism taking A 
into x and is uniquely determined by these properties. (Received February 13, 1946.) 


154. Alfred Horn: The asymptotic behavior of solutions of integral 
equations. Preliminary report. 


In the case of the Volterra integral equation u(x) =) SK (x, y)u(y)dy-+f(x), where 
K(x, x)= —A(x) <0 for ax S, the author proves that if K and f are of class C*+}, 
then 2(x)=exp (—A/ZA (0409 7; 4 Fi(x) /5 HD" Aa 00 /N E v(x, X) /^^, where v(x, X) 
= —Gp(a) exp (A/A (dt) R(x, AA, and R(x,X) is uniformly bounded for 
asx, larg A €7/2—6. For F; and G are independent of n and ^, and are ob- 
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tained by solving recurrent differential equations and Volterra equations of the first 
kind respectively (each G dependent on the previous Frand Gi). G1 (x) is identically zero 
if and only if f(x) is a multiple of K(x, o). Hence the resolvent kernel R(x, y, X) has a 
similar representation with Gi(x, y) =0. Also G2(z, y) =0 if and only if K(x, y) is of the 
form —B(x)C(y), in which case R= B(x) C(y) exp (—* [iB (HC) dt). Using this rep- 
resentation, it is shown that if K and f are of class C?, K(x, x) «0, f(a) =0, then the 
solution of u(x)/A — f TK (x, y)u(y)dy--f (x) approaches the solution of f/7K (x, y)u(y)dy 
f(x) =0 uniformly in «+n €x €8, [arg A| <m/2— 5. (Received March 13, 1946.) 


155. R. D. James and W. H. Gage: A generalized integral. Prelimi- 
nary report. 


f 


Let D? g and Dir denote the upper and lower limits, respectively, as 5—0 of 
{ g(x+h)—2g(x)+g(x—h) ]/h*. In this paper a three-point integral, Ltd, is 
defined in terms of major and minor functions M (x) and m(x), which are continuous 
and satisfy the conditions: (1) M(a¢)=M(c)=m(a)=m(c)=0; (2) D' M z f(x), 
D’M>-», D'A f(x), Dim<+ e for all x in (a, c). Certain properties of the in- 
tegral are studied, and, in particular, it is shown that the function defined by 
F(x) = — fa,.,./(x)dx has, almost everywhere in (a, c), a generalized second derivative 
equal to f(x). (Received March 12, 1946.) 


156. S. Minakshisundaram and Otto Szász: On absolute convergence 
of multiple Fourier series. 


The authors consider integrable functions of & variables, periodic of period 27 in 
each variable, and establish a close relationship between the mean modulus of con- 
tinuity of a function and the absolute convergence of its Fourier series, thus general- 
izing certain results for simple Fourier series (cf. Szász, Trans. Amer. Math. Soc. vol. 
42 (1936) pp. 366—396). In particular if the function satisfies a Lipschitz condition 
of degree æ, and ifsan,...n, are its Fourier coefficients, then Ya. |< for 
B>2k/(k+2a), while the series may become divergent for B=2k/(k+-2a). (Received 
March 5, 1946.) 


157: M. E. Munroe: A second note on weak differentiability of Pettis 
integrals. | 


In a recent paper (Bull. Amer. Math. Soc. vol. 52 (1946) pp. 167-174) the author 
proved that if Q is any compact metric space containing nondenumerably many 
points and C(Q) is the Banach space of all continuous functionals over Q, then there 
is a Pettis integrable function from the unit interval to C(Q) whose integral fails to 
be weakly differentiable on a set of positive measure. Using a different construction, 
the same result is obtained, assuming only that Q contains infinitely many points. It 
then follows that if M is an abstract (M)-space with unity, a necessary and sufficient 
condition that every Pettis integral defined to M be almost everywhere weakly differ- 
entiable is that M be finite dimensional. (Received March 13, 1946.) 


158. Leopoldo Nachbin: On linear expansions. I. i 


Trigonometric series 3 Ge cos ny+bn sin mx possess a number of properties embod- 
ied in the very well known theorems of Cantor-Lebesgue, Denjoy-Lusin, and so on. 
Mutual relations of these properties are investigated for general orthogonal systems. 
(Received February 25, 1946.) 
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159. George Piranian: A summation matrix with a governor. 


For every formal series (1) 3 a, the relation 5, {a} => 9| ds | defines a Norlund se- 
quence n provided (2) lims.«fs[a] /277 pra} — 0. The series (1) is defined to be 
summable (G) to S if condition (2) is satisfied and the series is summable (N; p.{a}) 
to S. The method (G) is regular; it is included in the Abel method; and if f(z) isa poly- 
nomial with real coefficients, the series ? (—1)"f(#) is summable (G). (Received 
March 13, 1946.) 


160. Maxwell Reade: On averages of Newtonian potentials. 


The problem considered in this paper is that of determining relations that exist 
between the mass distribution associated with a Newtonian potential and the mass 
distribution associated with a particular average (mean-value) of the potential; this 
problem had been considered by Thompson (Bull. Amer. Math. Soc. vol: 41 (1935)) 
only for circular (spherical) mean-values. Although more general averages are consid- 
ered in the paper, the following illustrates the results of the paper. Let p(e) be a dis- 
tribution of positive mass, defined for all Borel sets e contained in a fixed, bounded 
closed plane set F, such that (F) < ». Define u(E) =u(E: F), for all Borel sets E in 
the plane W. Let U(x, y) be the Newtonian potential due to &(E) at (x, y), and de- 
fine V(x, y) z (1/45?) m U(x+£ y+n)dtdy. Then it is proved that V(x, y) isa 
Newtonian potential withassociated mass distribution o (E) = (1/443) f^, f^, u(E, „)dxdy, 
where Ez, is the image of E when the origin is translated to (x, y). Moreover, if 
Ga, y) is the density of ef) at (x, y), it is proved that 5(x, y) =u(Q...)/(4h?) holds 
almost everywhere; here O;,, is the square with vertices (x+h, y+h). It should be 
noted that the method used here is different from that used by Thompson; the method 
used here depends upon the approximation methods developed by Riesz (Acta Math. 
vol. 54 (1930)). (Received March 21, 1946.) 


161. L. A. Ringenberg: On ihe extension of interval functions. 


In this paper a necessary and sufficient condition is obtained for a function of 
intervals to have a completely additive extension. This result was proved in a previous 
paper (The extension of rectangle functions by Reichelderfer and Ringenberg, Duke 
Math. J. vol. 8 (1941) pp. 231—242) using the results of Radon. The present proof is 
based on the theory of outer measure in the sense of Carathéodory; it permits a simple 
characterization of the extension. The second part of the paper is concerned with 
B-extensions. The properties of the B-extension were suggested by a result of Burkill 
on the extension of the indefinite integral of a function of intervals. Burkill obtained 
his extension using absolute continuity and integrability as sufficient conditions, while 
the present paper gives conditions which are both necessary and sufficient. (Received 
March 16, 1946.) 


162. E. H. Rothe: Gradieni eg an Hilbert space. 


Mappings of the form y=x+-F(z) of the real Hilbert space into itself are consid- 
ered under the assumption that F is the gradient of a scalar I(x). Necessary conditions 
and sufficient conditions for J are given in order that F be completely continuous. If 
these conditions are satisfied an approximation theorem for such mappings is proved 
which does not hold if F is not a gradient. The second part of the paper contains 
applications to nonlinear integral equations, especially to the eigenvalue problem. 
Since in case of the classical linear integral equation the symmetry of the kernel is 
the necessary and sufficient condition for the corresponding integral operator to be a 
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gradient, the equation x-+F(x)=0, where F is a gradient, appears as a natural non- 
linear generalization of the linear symmetric kernel case. (Received March 21, 1946.) 


163. A. C. Schaeffer and D. C. Spencer: The coefficients of schlicht 
functions. III. Preliminary report. 


For functions f(z) =2+a2s?+ - - - +anz”+ - - - which are regular and schlicht 
in the unit circle the coefficients as, as, * + * , a„ define a point in 22 —2 dimensional 
real euclidean space. The properties of f(z) restrict the point (a5, @3, * : * , Gel toa well 
defined region of this space which is called the zth region of variability Vn. A method 
has been found which gives V, implicitly for general n and explicitly in terms of ele- 
mentary functions in the case »=3. Let Fa, à» * - *, Gn, dz) be a real function 
whose gradient is not zero in a domain containing Va. There exist functions F which 
have a maximum in V, at an everywhere dense set of boundary points. By using a 
variational method developed by the authors in previcus papers it may be shown 
that any function f(z) maximizing F satisfies a differential equation of a certain type. 
There is a one-to-one correspondence between solutions f(z) —z--asz?-- +++ «Fasz? 
+... of this differential equation which are regular in D <1 and boundary points 
(a2, ds, * - - , dn) of Vn. (Received March 23, 1946.) 


164. Robert Schatten (National Research Fellow): On projections 
with bound 1. 


The present notation is that of Bull. Amer. Math. Soc. Abstract 51-9-162. A 
Banach space ® is proved to be unitary if, and only if, M&,M_B8,M*, for every 
two-dimensional linear manifold MB. (Received February 13, 1946.) 


165. Y. C. Shen: Interpolation to certain analytic functions by ra- 
tional functions. 


Let f(z) be a function of class S;, that is, a function analytic in the interior K 
of the unit circle |z| =1, integrable together with its square on K, and (hence) ca- 
pable of the integral representation #(z)=a—/Jx({®/(1 —z2)2)4S, |z| «1. Let am, 
i=1,2,-+-,n;n=1,2,+++, bea set of preassigned points on K such that (i) ax 
have no limit point on K; (ii) an0; and (iii) Gud Säite if txj. Finally, let fa(z) be 
the rational function of the form 3 P. Axi/(1 —&xiz)?, found by interpolation to f(z) 
at the points ans:fn(an) —f(a4;), i=1, 2, - + - , n. The following results are obtained: 
(A) Jf lima. n IL lët) 2-0, then, for every function f(z) of class Sz, the se- 
quence falz) converges to f(z) on K, uniformly on any point set on K. (B) The condition 
in (A) can be replaced by the condition lim, s [Tz , | a«:| =0, if, for each n, the n points 
as all lie on a circle C, orthogonal to the unit circle and passing through a fixed point P 
on K. The restrictions (i), (ii), and (iii) on an; can be easily removed. (Received March 
27, 1946.) 


166. P. A. Smith: Foundations of Lie groups. 


Let G, be an r-parameter local group with coordinate system al, ++ - , ar, Assume 
that the composition function ab can be represented in the form (written vectorially): 
ab —a-4-b-- |a| F(a, b) where |a| = ($2 (25)2)!? and | Pl 0 when Tel —0, | 5|—0. Then 
G+, is a local Lie group—that is, Gr admits a coordinate system in which ab is analytic. 
(Received March 28, 1946.) 
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167. Fred Supnick: A class of functions with associated circle mani- 
folds. 


The author treats functions of the form (1) 3 (+1)/(rn?-++sn-+t) summed over a 
subset of the integers, where 7, s and / are functions of one or two variables. These 
functions include the first and second derivatives of the log of the gamma function, 
v?/sin? «x, (y (x) —$(9))/(x —y) and a number of definite integrals and double series, 
for example, Kë dësen) L Let C(x), C(y), C(z) be three mutually tan- 
gent circles not all tangent at one point. Let C(1) and C(—1) be the circles tangent to 
C(x), C(y), C(z) (C(1) being the smaller one if they are not both equal). LetC(z) and 
C(— n) be the circles tangent to C(z—1), C(y), C(z) and C(1—r), C(y), C(z) respec- 
tively, for n=1, 2, - * * ; C(x) = C(0). The circles C(x), C(y), C(z) are called the gen- 
erators. A non-null subset of the set (C(?) ] (£20, +1, +2, - - - ) is called a circle 
manifold. In this paper it is proved that each function f(x) of the class (1) has an 
associated circle manifold such that the value of f(x) is ? (+ radii) of the circle mani- 
fold. The radii of the generatorsare given as explicit functions of x. Also certain areal 
inequalities relating to circle manifolds are discussed. (Received March 16, 1946.) 


168. Fred Supnick: On certain limiting sequences of polygons. 


Let a polygonal line Po joining the noncollinear vertices u, v, win the stated order 
be given. Let a polygonal line P, be obtained from Pa; by “cutting off” the corners 
of P, according to a given rule R for n=1, 2, - - - . Let R be such that the sequence 
of polygonal lines P, (221,2, + - * ) hasa limit P. Suppose it is required that P should 
have a first derivative at each (non-end) point. The question arises—how must R 
be defined? In this paper it is shown how R can and in certain cases must be defined 
so that P should have a derivative at each point. Other properties are also considered. 
On the other hand, the elements of the sequence can be obtained by building triangles 
on each side of the successive polygonal lines. The sequence P, does not always have 
a limit in this case. If it does, it might be “pathological.” Certain properties of the 
latter are derived. (Received March 18, 1946.) 


169. Fred Supnick: On Vitali’s covering theorem. 


A synthetic proof (non-Vitalian methods) of the following special case of the Vitali 
covering theorem is given: Let some one maximal circle C; be packed into a Jordan 
domain J, C; into J — C; and C, into J—2 1C, for 2-1, 2,---. Then m(Q G) 
—m(J). Vitali's theorem and some generalizations thereof relating to sphere packing 
problems are also discussed. (Received March 16, 1946.) 


170. H. S. Wall: Bounded J-fractions. 


A J-fraction is bounded and has norm N if the associated J-form is bounded and 
has norm N. There is determined a convex set K contained in the circle |z| = N such 
that the J-fraction converges uniformly over every domain whose distance from K 
is positive. The J-matrix has a unique bounded reciprocal for any z not in K. If the 
coefficients in the J-fraction are real, the set K reduces to a real interval contained in 
the interval (— N, +N). (Received March 5, 1946.) 


171. Alexander Weinstein: Oz a generalization of an axially sym- 
metric potential. 


This paper deals with the differential equation (*) yA¢é-+¢,=0, previously con- 
sidered by H. Bateman (Partial differential equations, Cambridge University Press, 
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1932, pp. 408, 409) and L. Bers and A. Gelbart (Quarterly of Applied Mathematics 
vol. 1 (1943) pp. 168-188; Bull. Amer. Math. Soc. vol. 50 (1944) p. 56). For all real 
p=1, (x, y) is interpreted as the potential of a (#+2)-dimensional axially symmetric 
flow with a stream function v(x, y) given by V4 = —y?oy, Yy = "oz. It is shown that the 
fundamental solution ¢o(x, y) of (9), with a singularity at (xo, yo), can be expressed in ` 
terms of Bessel functions, and that the correspondirg #o(x, +) is many-valued, except 
for yo=0. An application of the divergence theorem yields the period of vs and leads 
to the determination of the various limits of the integral fjyexp(— | x| s) J gas) J q.3(ys)ds 
for x—0 and y—b, where g denotes a non-negative real number. Corresponding results 
can be formulated in terms of generalized Laplace integrals. (Received February 28, 
1946.) 


172. J. E. Wilkins: A note on the general summability of functions. 


There is a result of Titchmarsh (Introduction to the theory of Fourter integrals, Ox- 
ford, 1937) which givessufficient conditions fortherelation (E (x, y, 8)f(y)dy —f(x) +o(1) 
as 60. In case K(x, y, ô) has the form (T(A4-1)/2z 2T (4 4-1/2)] cos (1/2)(y—x), 
where A=1/5, then Natanson (On some estimations connected with singular integral of 
C. de la Vallée Poussin, C. R. (Doklady) Acad. Sci. URSS. vol. 45 (1944) pp. 274- 
277) has shown that the remainder term o(1) may be written as óf''(x) --o(6). The 
author proposes to provide an extensive generalization of Titchmarsh's theorem to 
give sufficient conditions for the existence of an asymptotic expansion for the integral 
of K(x, y, ö)f(y). The author will also apply the general theory thus developed to sev- 
eral interesting kernels X (x, y, 5), and in particular will obtain theasymptotic expansion 
of which Natanson gave the first two terms. (Received March 21, 1946.) | 


173. H. J. Zimmerberg: Two general classes of definite integral sys- 
tems. 


In this paper the notions of definite integral systems considered by Reid (Trans. 
Amer. Math. Soc. vol. 33 (1931) pp. 475-485), Wilkins (Duke Math. J. vol. 11 (1944) 
pp. 155-166) and the author (Bull. Amer. Math. Soc. Abstract 52-3-77) are ex- 
tended to integral systems written in matrix form y(x)=A{A(x)y(a)+B(x)y(b) 
+ {°K (x, t)y(t)dt}, where the 2 Xn matrix K(x, t) (x, £).S(f) and the n X2n matrix 
A (x) B(x)|I =|| H (x, a) H(x, Alt G, G denoting a 2nX2n constant matrix. These in- 
tegral systems include the system of integral equations to which a system of first- 
order linear definite differential equations containing the characteristic parameter 
linearly in the two-point boundary conditions is equivalent. It is also shown that an 
integral system of the above form is equivalent to a system of 3n homogeneous equa- 
tions of Fredholm type. (Received February 27, 1946.) i 


+ 


APPLIED MATHEMATICS 


174. Nathaniel Coburn: Pressure-volume relations and the geometry 
of the net of characteristics in two-dimensional supersonic flows. 


In a previous paper (Quarterly of Applied Mathematics vol. 3 (1945) pp. 106—116), 
` the author showed that for the Karman-Tsien pressure-volume relation in the two- 
dimensional supersonic flow of a perfect, irrotational, compressible fluid, the net of 
characteristics (Mach lines) consists of a’Tschebyscheff (fish) net. In the present paper, 
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it is shown that any pressure-volume relation of the type p=Av* (where A, «#1 are 
arbitrary constants) leads to one condition on the three metric coefficients of the net 
of characteristics. A second condition is furnished by the vanishing of the Riemann- 
Christoffel tensor for the plane. Various properties of the nets which satisfy these two 
conditions are studied. Thus, it is shown that the class of nets common to all pres- 
sure-volume relations of the above type consists of generalized Tschebyscheff nets. 
(Received February 2, 1946.) 


175. W. F. Eberlein: Wave equation in a stratified medium. 


The author considers the one-dimensional wave equation U'’(z)+[A+s4+/(2) ] 
- U'"'(z) =0 under the boundary conditions U(0) —0 and U(z) -exp (tut) an “outgoing 
wave” for large positive z. In the cases of interest Im, f(z) =0. A Laplace transform 
method of evaluating the characteristic values A is obtained that is applicable to the 
case f (z) =); _ 2,2) exp (— 42), where r;>0 and p;(z) isa polynomial in z. (Received 
March 22, 1946.) 


176. Wilfred Kaplan: Qualitaitve analysis of physical systems. 


The classical formulation of the problem of analysis of qualitative prop- 
erties of physical systems defined by differential equations dx;/dt=X.(m1, + * +, x5) 
(4—1,2,* * (0, n) is criticized for the reason that the results may be extremely sensi- 
tive to small changes in the X,, which can at best be approximately known from 
physical theory and observation. It is proposed that the inaccuracies of measurement 
be incorporated into the problem and that a mathematical description of a physical 
system be considered allowable for qualitative analysis only when the results are inde- 
pendent of the degree of inaccuracy (within prescribed limits). It is shown that this 
leads in a natural way to replacement of the above differential equations by a flow on 
the edges of an #-dimensional complex. Applications are made to relaxation oscilla- 
tions and other problems. (Received March 16, 1946.) 


177. Ida Roettinger: On certain finite integral transformations. 


Finite integral transformations of the type T { F(x) ] = [I F(«)¢(kx)dx=f(k), where 
the numbers k belong to a set K = fk} of real numbers, are considered. Several prop- 
erties of these transformations are obtained and specialized to the case where Alb), 
kc {K } ‚are the characteristic functions of the Sturm-Liouville problem y" (x) +k?y(x) 
=0, L(y) =auy(0) +ajoy’ (0) +assy (r) J-054y' (7) =0, += 1, 2, 0S% Sr, and particular 
cases thereof. The constants a; are assumed to be such as to guarantee real charac- 
teristic values. These special transformations are useful in obtaining quickly a formal 
solution of the following type of boundary value problems: 2 m uA nd F(x) /dx?" 
—G(x),0zxzm, where G(x), Am and the quantities L, { FGn7232) } ,5—1,2, ** *,5—1, 
i=1, 2, are assigned. The constants go are allowed to be different for each s. The 
transformations are also useful in boundary value problems in partial differential 
equations, where one or more variables behave like x in the above problem. (See also 
Bull. Amer. Math. Soc. Abstracts 50-5-155 and 51-1-32.) (Received March 22, 1946.) 


178. H. E. Salzer: Coefficients for facilitating the use of the Gaussian 
quadrature formula. 


The #-point Gaussian quadrature formula, which requires the value of the func- 
tion at x;, the ith zero of the Legendre polynomial P,(x), involves an integrand at 
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irregularly separated points. Thus the integrand is not amenable to an crdinary 
difference test for checking purposes. The rearest substitute is a divided difference test 
which is rather tedious when performed in the usual manner, Since the (x —1)th 
divided difference of f(x, $—1,***, rn, can be written as Kë aC f) where C? de- 
pend only upon xj Xo, * * * , Xii, X44, * * * , Xn, C; will be the same for each r (after 
the interval of integration is transformed -o the usval [—1, 1]), and independent of 
f(x). The coefficients C; are given to 8D fcr n=3, 4, 5; to 7D for 1 —6, 7, 8; to 6D for 
n=9, 10. Limitations on the effectiveness of this check are due to (A) its inconclusive 
character because it is based upon a single divided difference and (B) the impossibility 
of a complete difference check whenever the Gaussian formula is employed with effi- 
ciency that appreciably exceeds that of the usual Cotes formula. (Received March 13, 


1946.) 


179. Seymour Sherman: Stability calculations and time lag. 


- Methods of Cauchy aad Sturm have been applied to locate the zeros of transcen- 
dental expressions occurring in calculations for the stability of a one degree of ireedom 
mechanical system with a retarded damping term. This is an example of what H. Bate- 
man (The conirol of an elastic fluid, Bull. Amer. Math. Soc. vol. 51 (1945) especially 
pp. 618-626) called the transcendental problem. Previous analyses of this problem 
(F. Reinhardt, Parallelbeireib von Synchronengeneratoren mit Kraftsmaschinenregeln 
konstanter Verzogerungsze:t, Wissenschaftlich Veroffentlichingen aus dem Siemens 
Werke vol. 18 (1939) pp. 24-44 and N. Minorsky, Control problems, Journal of the 
Franklin Institute, vol. 232 (1941) especially pp. 524-529) have not been consistent. 
Results here agree with Reinhardt at the point of the inconsistency, the possibility 
of stable oscillations in a system with time lag. The results are also in quelitative 
agreement with N. Mino-sky (Self-excited oscillations in dynamical systems possessing 
retarded actions, Journal of Applied Mechanics vol. 64 (1942) pp. A65-71), as regards 
the fact that if the damping coefficient is larger than the absolute value of the retarded 
damping coefficient, then the oscillation is stable. (Received March 25, 1946.) 


180. Andrew Sobczyk: Stabilization of carrier-frequency servomecha- 
nisms. 5 


A servomechanism is any power amplifying device which employs a feedback 
arrangement, whereby the error, or difference of output and input quantities, controls 
a motor which drives the output in such a manner as to maintain the error as nearly 
zero as possible. The performance of such a device, as regards relative stability, 
power amplification, and fidelity of the output as a copy of the independent input, is 
greatly improved by add:ng to the contro: signal which is proportional to the error, a 
component proportional to the derivative of the error. In this paper, by means of a 
calculation of the steady-state effect of « linear transfer characteristic on the sup- 
pressed-carrier modulated error signal (compare Gardner-Barnes, Transients in linear 
systems, vol. 1, p. 248), the Nyquist-Bode stability criterion is extended to apply to 
carrier-frequency systems. A proportional-derivative effect on the modulation en- 
velope is accomplished approximately by a band-rejection type of electrical network, 
which is resonant at carrier frequency. The effects on stability and fidelity of band 
width, and of the networks being off-tune, are shown graphically by so-called gain- 
phase margin diagrams, which may easily be constructed for various situations. New 
design formulae for the stabilizing networks, and the tolerances required on their 
components, in terms of stability and fidelity, are derived. (Received March 21, 1946.) 
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GEOMETRY 


181. Reinhold Baer: Projectivities with fixed points on every line of 
the plane. 


The class of projectivities under consideration comprises perspectivities and in- 
volutions. 'These two types exhaust our class in case the Theorem of Pappus holds. 
But already in the projective plane with coordinates from the field of real quaternions 
there may be found projectivities which are neither perspectivities nor involutions, 
and which still belong to our class. The properties of this class are found to be particu- 
larly striking, in case the projective plane under consideration is finite. (Received 
March 25, 1946.) 


182. H. S. M. Coxeter: The content of the general regular polytope. 


The regular solid (5, q} has g p-gons at each vertex; that is, it has face {p} and 
vertex figure {a} . Analogously, the four-dimensional polytope {p, q, r} has cell 
{p, q} and vertex figure {ar}; and the n-dimensional polytope { D, ++ >, v, w} has 
cell { 2,9," °°) a and vertex figure {a 5,0, wt. It is found that such a polytope 
of edge 27 has content (g/n!)I»b; * Jbyb, ee bb”, wherein g is the order of the sym- 
metry group and br the denominator of the kth convergent of the continued fraction 
1/a —1/e —1/e&— + * * , Dëss sec? m/p, 03 — sec? T/g, * * * , Cnitn=sec? r/w. In the 
case of the #-dimensional hypercube {4, 3,°-°,3, 3], g-2?nl. Write a=1, a=6 
= +++ =2, whence every by — 1. (The kth convergent is simply &/1.) (Received March 
6, 1946.) 


183. John DeCicco: Geodesic perspectivities upon a sphere. 


The following fundamental theorem is proved. If, under a perspective map of a 
surface 2 upon a sphere S, more than 3%! geodesics of Z correspond to the great 
circles of S, then every geodesic of Z is mapped into a great circle of S, and Z isa 
sphere or a plane. If Z is a plane, the author obtains gnomic projection. Otherwise if Z 
is a sphere, then both S and Z are homothetic with respect to the point of perspectiv- 
ity O and the corresponding points on S and Z must be homothetic with respect to O. 
This may be contrasted with the corresponding result obtained by Kasner and the 
author, on conformal perspectivities of a sphere, where a point of S can correspond to 
either or both of the two perspective images on the sphere £. (Received March 7, 
1946.) | 


184. Arnold Emch: Dissection of two equivoluminal parallelotops 
into two finite series of equal numbers of congruent pieces in ordinary 
and higher Euclidean spaces. 


For the ordinary plane E; this problem has been known for a long time. Dehn has 
proved that in general it is not possible in Es. By a new method based upon a particu- 
lar affine relation between two equiareal rectangles it is shown how two equiareal 
polygons in E» can be dissected in the manner indicated above. In E; the designation 
*box? (Kiste by Schouten) is taken as a synonym for “rectangular parallelopipedon." 
The same term shall be used for rectangular parallelotop in E4, * + * , En, where the # 
edges on a vertex are mutually perpendicular. Based on an extension of the method 
for E:it is then successively shown how the problem can be solved for Es, Es, * * * , En. 
The preliminary dissection of a parallelotop into an equivoluminal box in any E; is 
not difficult. (Received February 19, 1946.) 


- 
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185. Arnold Emch: New properties of quadrics with umbilics based 
upon their stereographic projections. 


Nonsingular quadrics, with the exception of the hyperboloid of one sheet and the 
hyperbolic paraboloid, have real navel points or umbilics; that is, points such that the 
plane sections parallel to the tangent planes at these points are circles. Central quad- 
rics have in general 12 such points of which four are real. An elliptical paraboloid has 
two real umbilics. In the case of quadrics of revolution they coincide with the vertices; 
that is, with the intersections of the axis of revolution. On a paraboloid of revolution, 
the infinite point of the axis must also be considered as an umbilic. The following 
theorem is proved: Given a quadric Q with two or more untbilics (an infinite number in 
case of a sphere) U, U',- --,a real plane section S af Q and a plane of projection p, 
parallel to the tangent plane at one of the U's, intersecting Q in a circle E, the projection 
of S from U upon p is a circle C. If U’ is a diametral zmbılic of U, then from U’, S is 
projected into a circle C', which is inverse to C with respect to E as a circle of inversion. 
(Received February 20, 1946.) 


186. G. B. Huff: An arithmetic characterization of proper character- 
istics of linear systems. 


The characteristic «= (xo; x, xs, * * - , Xp} of a nondegenerate linear system of 
plane curves consists of the order zo and the multiplicities x1, Xa, * ++ Za ata set of-p 
base points. If 5, d are the genus and dimension of the system, x satisfies: (1) x—35, 
a ++: —x=d+p—1, and áxy—x1—31— + - - —x,=d—p+1; and a set of in- 
equalities (2) yoxo— yix: — yaxa— + * * —*52, 20, where y runs over the characteristics 
of all Bertini L-curves of order yo « xo and defined at that base. A proper solution x 
of the Cremona equations (1) is one which is the characteristic of a nondegenerate 
linear system. It is shown for all p and certain values of 4, d that a solution of (1) which 
also satisfies (2) 1s proper. (Received March 21, 1946.) 


187. Edward Kasner and John DeCicco: Comparison of union-pre- 
serving and contact transformations in space. 3 


In Bull. Amer. Math. Soc. vol. 50 (1944) pp. 98-107, the authors gave a general 
theory of union-preserving transformations in space from curve-elements of order 
n into lineal-elements. In the general case, these are defined by a directrix equation 
of the form: Q(X, Y, Z, x, y, 2, y’, Z’, «+ +, y(»79, 2-5) =0, involving derivatives of 
order (n—2). If n=2, the directrix equation Q(X, Y, Z, x, y, z) =0 involves no deriva- 
tives. Thus a single directrix equation in which a point in space corresponds to a sur- 
face gives rise to a union-preserving transformation, end also to a Lie contact trans- 
formation. In general, these transformations are distinct. A comparison of these two 
types of transformations is given. As an application the authors develop a new theory 
of parallel curves in space. In this theory, the parallel of a helix is a helix. Another 
example is that the parallel of a plane curve lies on the cylinder with elements orthogo- 
nal to £he plane of the original curve and whose directorial curve is the evolute. The 
new curve Is gauche in general. (Received March 7, 1946.) 


188. Edward Kasner and John DeCicco: Conformal perspectiviites 
upon a sphere. 


Recently the authors proved that the only perspective conformalities upon a plane 
are Ptolemy’s stereographic projection of a sphere and the obvious limiting case of a 
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parallel plane. In the present work, all the prespective conformalities upon a sphere 
are obtained. If a surface £ is conformally mapped upon a sphere S by a perspectivity 
with center at O, then Z is a sphere inscribed in the cone (real or imaginary) whose 
vertex is at O and which is tangent to S. Thus a sphere S can be projected by a con- 
formal perspectivity with center at O only into another sphere Z; furthermore the 
centers of Sand £ are collinear with O and the distances of their centers from O are 
proportional to their radii. Two special cases are noteworthy. I. If a surface Z admits 
a conformal perspectivity upon a sphere S from the center of S, then Z isa sphere 
concentric with S. II. If a surface = admits a conformal perspectivity upon a sphere 5 
from a point O on S, then Z isa sphere tangent to S at O. Only in this last special case 
can Z be a plane, in which event it is perpendicular to the diameter of S through O. 
(Received March 8, 1946.) 


189. Edward Kasner and John DeCicco: The distortion of angles in 
general cariography. ` 


Let a surface Z be mapped in a point-to-point fashion (not conformal) upon a 
plane r. The azimuth ratio a —dO/d6 is defined as the rate of change of the inclination 
ata fixed point P on the surface Z with respect to the inclination at the corresponding 
point p on the plane r. This is a function of (x, y, y"). An azimuth curve is the locus of 
a point along which the azimuth ratio does not vary. There are ©? azimuth curves. 
These have many properties in common with the scale curves, which are defined as 
those along which the scale c =ds/dS is constant. Various geometrical properties of 
these azimuths are obtained. The case where the azimuths are all straight is studied 
in detail. (Received March 7, 1946.) 


190. Harry Levy: The projective geometry of Riemannian spaces of 
two dimensions. 


Cartan showed in 1937 that if K, the Gaussian curvature of a two-dimensional ds’ 
is not constant, the orthogonal trajectories of the curves K =const. are invariant un- 
der geodesic preserving transformations. The author shows the existence of a second 
invariant family of curves, the integral curves of dx!/L!=dx?/L?, where L'= K,; K1 
— (4/3) Ki,; K*. The coincidence of these two families (or the vanishing of Li) is itself 
an invariant property; the families, when distinct, determine a projective connection 
which is the basis for the development of an invariant projective theory. In terms of 
projective invariants of the K and L net of curves, necessary and sufficient conditions 
are established for the existence of transitive groups of geodesic transformations; such 
groups contain but two parameters; the equivalence problem is reduced to the prob- 
lem of the existence of functional relations among a set of at most 12 invariants. 
Geodesics possess an "arc" determined to within an affine transformation; there exists 
an absolute "parallelism" of geodesics which is invariant, and on parallel geodesics 
the ratio of “arc” is preserved. (Received March 21, 1946.) 


191. Abraham Schwartz: Higher normal spaces for spaces of class 
greater than one. 


Consider a V4C.R, with a first normal space of m, dimensions at a particular 
point P. Call a direction at P *omniconjugate" if it is conjugate to all directions. By 
elementary algebraic methods one can show from the Gauss-Codazzi-Ricci equations 
that the second normal space at P vanishes unless (1) there are m—m, linearly inde- 
pendent omniconjugate directions at P, or (2) the Vm is contained within some Vayr, 
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1sr<m,, in such a way that there are z—r linearly independent omniconjugate 
directions at P with respect to the Haus, (The local Ra+r of the Ving, at P is contained 
within the local Rnin,.) If there is a second normal space of ms dimensions, then 
mis S s(s4-1) (s--2)/643-£(£4-1) /2, where s and ¢ are integers determined by s(s+1)/2 
Sm, S (s-4-1)(s--2)/2, t=m,—s(s+1)/2. Similar statements can be made about the 
vanishing of the third and other higher normal spaces. (Received March 19, 1946.) 


192. Y. C. Wong: Contributions io the theory of surfaces in a 4-space 
of constant curvature. 


A Riemannian 4-space of constant curvature and a surface in it are denoted by S4 
and V2, respectively. The method of studying V2 in 54in this paper is invariant and is 
similar to those of G. Ricci (Leztont sulla teoria della superficie, Verona-Padova, 1898) 
and W. Graustein (Bull. Amer. Math. Soc. vol. 36 (1930)) for their studies of surfaces 
in a Euclidean 3-space. In essence, the method consists of setting up a suitable system 
of invariant fundamental equations for a V2 in S4, and expressing the required im- 
bedding conditions of V; in S, in terms of the intrinsic properties of Ra, Curvature 
properties, especially those about the curvature conic, of a general Va in S4 are first 
discussed. Then the Hds whose curvature conic ts of certain particular nature are 
studied. These include the minimal V2, with the R-surface of K. Kommerell (Math. 
Ann. vol. 60 (1905)) asa special case, ruled V», and Fa with an orthogonal net of Voss. 
The paper concludes with a complete determination of those Rem S, whose first 
fundamental form and one of whose second fundamental forms are respectively 
identical with the first and second fundamental forms of a surface in a 3-space of con- 
stant curvature. (Received March 11, 1946.) 


193. Y. C. Wong: Scale hypersurfaces for conformal-Euclidean space. 


This paper contains generalizations to #-space of some of the results obtained 
recently by E. Kasner and J. DeCicco (Amer. J. Math. vol. 67 (1945)) for the scale 
curves in conformal maps of a surface on a plane. The fundamental form 
ds?-eV(dxi4- + - - --dx2), with o=o(x, * - - , x5), represents a conformal-Euclidean 
n-space Cr, conformally mappable on the Euclidean s-space Rn with rectangular 
Cartesian coordinates xj, * * * , Xn. The hypersurfaces e =constant in R, are the scale 
hypersurfaces in the mapping of C, on R,, and any simple family of hypersurfaces in 
Rn is called quasi-isothermal if it represents the scale hypersurfaces of a conformal 
mapping of some C, on Rn such that the scalar curvature of C; is constant over each 
of the scale hypersurfaces. A. few theorems are proved concerning the cases when a 
family of quasi-isothermal hypersurfaces is a family of (a) «! hyperplanes, (b) o! 
generalized cylinders of rotation. This subject is closely connected with the subject 
of the isoparametric hypersurfaces of T. Levi-Civita and B. Segre (Rendiconti della 
Reale Accademia Nazionale dei Lincei (6) vol. 26 (1937), vol. 27 (1938)) and in- 
cidentally connected with that of the subprojective Riemannian space of B. Kagan 
and H. Schapiro (Abhandlung des Seminars für Vektor- und Tensoranalysis, vol. 1, 
1933). (Received March 11, 1946.) 


Locic AND FOUNDATIONS 


194. Ira Rosenbaum: Hegel, mathematical logic, and ihe foundations 
of mathematics. 


Hegel, like Boole, DeMorgan, Pierce, Frege, Peano, Russell, Whitehead and 
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others, sought a new logic more adequate than the traditional one to modern science 
and practice. Prior to Frege or Russell, Hegel possessed logistic intent which was de- 
termining factor in development of his logic. He was familiar with historic roots of 
modern symbolic logic—with work of Lully, Bruno, Leibniz, Ploucquet, Euler, and 
Bardili—rejecting their primitive efforts as inadequate. He knew the Sancho Panza 
dilemma, recognized by Church as closely related to Russell's paradox, and even 
proposes solution resembling theory of types. His denial of so-called “laws of thought” 
antedates denial of law 4-A — A? in Boole's logical algebra, of parallel-axiom in non- 
Euclidean geometry, of commutative law in quaternion theory. When mathematicians 
and mathematical philosophers were seeking to avoid the infinite, Hegel restored it, 
with new interpretation, to a place of central importance in foundations of analysis. 
He speaks of infinite as involving equality of whole and part, distinguishes "bad" 
infinite (Cantor's variable finite) from “good” infinite (recognized as reflexive) and 
objects to the phrase “and so on to infinity," shown eliminable by Frege. Once influ- 
ential, he was known to Boole, DeMorgan, Bolzano, Pierce, G. Cantor, and Russell, 
while Frege refers to Fischer's Hegelian logic. (Received March 23, 1946.) 


STATISTICS AND PROBABILITY 


195. Will Feller: A limit theorem for random variables with infinite 
moments. 


Let [X;] be an arbitrary sequence of mutually independent random variables 
with the same distribution function V(x). It is assumed that some moment of order 
less than two is infinite; the first moment may be infinite, but if it is finite it should 
be normed to zero. Let S,=X1+ +++ +X, and let {an} be a monotonic positive nu- 
merical sequence. It is shown that the probability that the inequality | Sa | > an takes 
place for infinitely many # is the same as the probability that | x. > dn for infinitely 
many n; it is one or zero according as the series I, { V(—a4) --1— V(as) | diverges or 
converges. (Received March 21, 1946.) 


196. Will Feller: The law of the iterated logarithm for identically dis- 
tributed random variables. 


Let {X,} bea sequence of mutually independent random variables with the same 
distribution function V(x) with vanishing first moment and unit variance. Suppose 
that (*) fi tief, d V(t) -O((log log x)7?), and let {bn} be an arbitrary monotonic se- 
quence, $40. The probability that the inequality Xit : - J-X,5n*$, will be 
satisfied for infinitely many z is shown to be zero or one according as the series 
S pnn! exp (—¢,/2) converges or diverges. The condition (*) is in a certain sense the 
best possible. If it is not satisfied, the above exact analogue to the strict law of the 
iterated logarithm does not hold, but slightly more complicated necessary and suffi- 
cient conditions are given in the paper. (Received March 21, 1946.) 


197. Casper Goffman: Measures of fluctuation of a variable mean. 
Preliminary report. 


Suppose a finite order of random variables x1, * + +, x, is given, all normally dis- 
tributed, with the same known standard deviation, but with unknown means 
01, * * * , An, not necessarily alike. A measure of fluctuation of the means is defined 
as a function f(ay, - - * , Gel such that (1) for every real h, faıth, * - >, Gab 
—f(a * * * , a4), and (2) for every real c, f(cai,+++, can) = f(a, * * * , Gn). It is 
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shown that, in an important sense, the only admissible measure of fluctuation, except 
for a constant factor, is the variance flan’ Ge i) = ora (0c n712 Egal The 
method of maximum likelihood is applied to special functions to obtain tests for sig- 
nificant differences. These tests have applications to industrial problems. (Received 
March 22, 1946.) 


198. Isaac Opatowski: Average duration of transition in M arkoff 
chains. | 


Consider a chain of transitions (i—i+1), (¢+1-37), where i=0, 1, - -- ‚n-1. 
Let the usual conditional probabilities of these transitions within any time Af be re- 
spectively ki41Af+0(Af) and g;At+-o(At), where the b;'s and g;’s are constant. Let the 
probability of any other transition during At be o(Af). The probability P (£) of a transi- 
tion (0%) within a time / is an increasing function of {and P( œ) sde déi where 
s= — K; are the roots of the secular equation (EI /s=0 defined by a, r=s+kez 
ës A Ge r1 = Èr, Orr} = £r, 05, =0 for Ir—c| >1;7,c=0,1,+-+-, n; g 1—0 (Bulletin 
of Mathematical Biophysics vol. 7 (1945) pp. 170-177). If gn_1=0 then P( %)=1, if 
£n-1740 then P( ©) «1. Consequently, the average duration of the transition (0—»#) is 
E=f WÉI ©). Its explicit expression is a simple symmetric function of the Eis 
and K;'s. If all the g,’s are zero, E =) ah. By using the results of a previous paper 
(Proc. Nat. Acad. Sci. U.S.A. vol. 31 (1945) pp. 411-414) simple expressions of E 
are obtained also in the cases in which the k;’s and g,’s are independent of i. The paper 
is a part of an article to appear in the Bulletin of Mathematical Biophysics vol. 8 
(1946). (Received March 19, 1946.) 


199. Isaac Opatowski: Markoff chains with variable intensities: 
average duration of transition. 


Consider a simple Markoff chain. Let k:,1A1+o0(At) be the conditional probability 
of a transition (72 £--1) within any time At, whereöi=0, 1, : - -‚n—landk;=F (2) f(t). 
It is known that by changing ? into a new time variable T= JI, the present chain 
may be treated as if its intensities k; were constant and equal to F(z). Let =) ne T 
be a polynomial in T. Let P(t) be the probability of a transition (0—2) within /. 
It is shown that f;dP, the average duration of a transition (0—2), equals 3 mM c, hs, 
where Am is the complete homogeneous symmetric function of degree m of 1 / F(1), 
1/F(2), * - - , 1/F(n). This formula is obtained by using a previous result on the mo- 
ments of Markoff chains (Proc. Nat. Acad. Sci. U.S.A. vol. 28 (1942) pp. 83-88). 
The paper isa part of an article to appear in the Bullatin of Mathematical Biophysics 
vol. 8 (1946). (Received March 20, 1946.) 


TOPOLOGY 


200. E. E. Floyd: On the extensions of homeomorphisms on the in- 
terior of a two cell. 


" Let f(D=Rbea hameomorphism of the interior I of a two cell with boundary C 
onto a bounded plane region R. It is shown that if f is extensible to 7, then the exten- 
sion is non-alternating on the boundary C. A condition is also derived which is equiva- 
lent to the existence of an extension g of f, where g(J) = R, g=f on I, and g is light and 
non-alternating on C. This is applied to conformal maps, yielding the following theo- 
rem: let f(Z)=R be a 1-1, conformal map of the interior I of the unit circle onto a 
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plane bounded region R. A necessary and sufficient condition that f be extensible to / 
is that the boundary of R be locally connected. If the extension exists, it is light and 
non-alternating on the unit circle. (Received March 5, 1946.) 


201. W.H. Gottschalk: Almost periodicity, equi-continuity and total 
boundedness. 


Let f: X X TX be a transformation group, where X is a uniform space and T a 
topological group. A set E in T is called relatively dense if there is a compact set Á 
in T such that each left translate of A meets E. A point x of X is called almost periodic 
if to each neighborhood U of x corresponds a relatively dense set E in T' such that 
f(x, ECU. The transformation group f is called almost periodic if to each index a 
corresponds a relatively dense set E in T' such that x€X implies f(x, EC U4 (x). 
Let G denote [f d t€ T], provided with the strong uniformity. The following theorems 
are proved: (1) If the family G is equi-continuous at x, if fz is continuous on T, and 
if x is almost periodic, then the orbit of x is totally bounded. Conversely, if the family 
G is equi-uniformly continuous and if the orbit of xis totally bounded, then x is almost 
periodic. (2) If X is compact and if f is continuous on X'X T, then the following state- 
ments are pairwise equivalent: (i) the transformation 'group G is almost periodic; 
(ii) the family G is equi-uniformly continuous; (iii) the space G is totally bounded. 
Bochner's characterization of almost periodic functions and a sharpened form of the 
Dirichlet-Kronecker theorem are corollaries of (1) and (2), respectively. (Received 
March 11, 1946.) 


202. D. W. Hall and J. W. T. Youngs: Comments on the cores of 
certain classes of spaces. 


This paper considers a class of spaces X, a class of spaces Ÿ containing X, and a 
class of transformations r each of which maps certain elements of X onto certain 
elements of 7). For any subclass X of € the closure X of X (with respect to 7) is defined 
as the subclass of 9) consisting of all possible images of spaces taken from À under 
transformations taken from v. Under a mild restriction on r this closure satisfies the 
Kuratowski axioms for a topological space. Indeed, the stronger result holds that the 
closure of the union of any collection of subclasses of X is the union of their closures. 
For a given subclass À of X the set C(A), called the core of A, denotes the largest closed 
subclass of A with respect to r. This paper studies the problem of characterizing the 
cores of certain classes of spaces under particular families of mappings. Examples are 
given showing that this approach provides a new setting for certain results of T. Radó, 
G. T. Whyburn, and R. H. Bing. (Received March 22, 1946.) 


203. R. G. Helsel: A theorem on surface area. 


J. W. T. Youngs (Ann. of Math. vol. 45 (1944) pp. 753-785) has proved that the 
Lebesgue area is Kerékjártó invariant in the 2-sphere case, that is, two Kerékjártó 
equivalent continuous mappings from a 2-sphere into 3-space determine Fréchet 
surfaces with equal Lebesgue area. The present paper proves the Kerékjártó invari- 
ance of both the Lebesgue area and the lower area in the 2-cell case (see Radó, Proc. 
Nat. Acad. Sci. U. S. A. vol. 31 (1945) pp. 102-106, for the definition of the lower 
area). The argument is based on recent topological results of Radó (Trans. Amer. 
Math. Soc. vol. 58 (1945) pp. 420-454). (Received March 13, 1946.) 
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204, Edwin Hewitt: A characterization of rings of continuous func- 
tions. 


It is well known that the ring of all continuous real-valued and bounded functions 
on an arbitrary topological space X can be considered as a normed ring with real 
scalars, if |[f||=sup |f(2?|, where p runs through all 2oints of X. The following alge- 
braic characterization of rings of continuous functions, with this norm and the usual 
definitions of addition and multiplication, is sstablished. A commutative normed ring 
À with unit and with real scalars can be mapped onto the ring of all continuous real- 
valued functions defined on an appropriate bicompact Hausdorff space by a mapping 
which is both an isometry and an algebraic isomorphism if and only if (x?+e)-1 
exists for all xE9 and (||x||e—X)— exists for no «GR. The proof is carried out by 
topologizing the set of all maximal ideals in the ring P and is similar to corresponding 
proofs for rings with complex scalars given by Gelfand (Rec. Math. (Mat. Sbornik) 
N.S. vol. 9 (1941) pp. 3-23). (Received February 19, 1946.) 


205. Edwin Hewitt: A generalization af the concept of complete 
regularity. Preliminary report. 


A generalization of complete regularity for topological spaces is introduced by the 
following definition. A topological space X is said to be completely regular with re- 
spect to the topological space T if: (1) for every pair of distinct points p and qin X, 
there is a continuous mapping f of X into T such that f(p) #f(Q); (2) for every b X 
and every neighborhood U;, there exist a paint sc T, a neighborhood Vs, and a con- 
tinuous mapping g of X into T such that g(d)=s, and g(g) c Vi for all qc UZ. If T 
is the closed interval [0, 1], then complete regularitv with respect to 7' is ordinary 
complete regularity. It is proved that X is homeomorphic to a subset of a certain 
Cartesian product of spaces Tif X is completely regular with respect to T. It has been 
proved by M. H. Stone that every To-space is completely regular with respect to the 
To-space containing two points and having exactly one nonvoid proper subset which 
is open. It is shown that this result cannot be extended to Ti-spaces: there is no Tu 
space such that all Ti-spaces are completely regular with respect to it. (Received Feb- 
ruary 19, 1946.) 


206. Edwin Hewitt: An effective construction of the Stone- Cech beta 
for a countable discrete space. 


Stone (Trans. Amer. Math. Soc. vol. 41 (1937) pp. 461-465) and Cech (Ann. of 
Math. vol. 38 (1957) pp. 831-837) have proved that for every completely regular 
space X there exists a unique bicompact Hausdorff space 8X such that X is homeo- 
morphic to a dense subset X* of 8X and such that every bounded continuous real- 
valued function defined on X* can be extended over BX so as to remain continuous. 
Both proofs are nonconstructive, and very few spaces BX, for non-bicompact X, have 
been exhibited. By standard topological methods, an effective construction is given 
which exhibits 8 for a countable discrete space as a sukset of the space of all charac- 
teristic functions on the closed unit interval. (Received February 19, 1946.) 


207. Edwin Hewitt: On rings of continuous functions. Preliminary 
report. 


It has been proved by Stone (Trans. Amer. Math. Soc. vol. 42 (1937) p. 475) and 
Gelfand and Kolmogoroff (C.R. (Doklady) Acad. Sci. URSS. vol. 22 (1939) pp. 11-15) 
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that two bicompact Hausdorff spaces are homeomorphic if and only if the rings of 
real-valued continuous functions defined on the:two spaces are algebraically isomor- 
phic. Also, two completely regular spaces satisfying the first axiom of countability 
are homeomorphic if and only if the rings of bounded real-valued and continuous 
functions on the two spaces are algebraically isomorphic. It is to be expected that 
many topological properties of a space can be described in terms of the algebraic 
structure of the function ring. Algebraic characterizations are given of the dimension 
of an arbitrary normal space and of the Cech homology groups for an arbitrary com- 
pletely regular space. The former depends upon an algebraic characterization of the 
ring of real continuous functions on the #-sphere, while the latter has a simple 
characterization in terms of elements in the function ring which can be represented as 
squares. (Received March 19, 1946.) 


208. G. B. Huff: Rational-distance sets in the plane. 


Erdés and Anning recently exhibited (Bull. Amer. Math. Soc. vol. 51 (1945) 
p. 598) examples of planar configurations with the property that the distance be- 
tween any two was rational. In this note such a configuration is called a rational- 
distance set. It is shown that if S is a rational-distance set, and J; is an inversion in a 
circle such that the square of the radius is rational, with center c at a point of S, then 
the transform of S by J, is a rational-distance set. Examples of rational-distance sets 
are given, including one consisting of an infinite number of points on a line and two 
points off the line. (Received March 21, 1946.) 


209. J. L. Kelley and Everett Pitcher: Applications of natural 
homomorphism sequences. II. 


This is a continuation of the work reported in I of the same title (Bull. Amer. 
Math. Soc. Abstract 52-1-49). A principal theorem relates the homology groups of a 
complex to the homology groups of a finite set of subcomplexes which form a cover- 
ing, the homology groups of intersections, and the homology groups of the nerve. This 
extends the Mayer-Vietoris formulas on coverings by two subcomplexes and the theo- 
rem of Helly on coverings by acyclic subcomplexes. (Received February 21, 1946.) 


210. J. H. Roberts: Open transformations and dimension. 


Suppose A and B are separable metric spaces and f(A)=B, where f is open; 
that is, if U is open in A then f(U) is open in B. It is not assumed that f is continuous. 
If for every yEB the set f(y) is countable, then dim B <dim A, a result obtained by 
P. Alexandroff in case f is continuous. For any A, if dim A =n and —1 «m «n then 
there exists a B and an open f such that f(4) =B, dim B —m, and for every y€ B, 
f(y) is a single point. Thus open transformations cannot raise dimension if f 1(y) 
is countable, but open transformations exist which lower dimension at will, even with 
f(y) a single point. (Received March 30, 1946.) 


211. G. E. Schweigert and G. S. Young: Remarks concerning invari- 
anis for certain finite transformations. 


The transformations considered are either exactly k to 1, 71(A4) =B, or finite to 
one and interior, denoted by T2(A)=B. The space A is compact and metric. It is 
assumed that A contains sets M(z) converging to a set M and that each of these con- 
tains more than one point and is perfect. It is also assumed that these sets are pair- 

- wise disjoint. One theorem states that in the image of M +) M (i) a similar situation 
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of convergence of perfect sets prevails, the images being taken under T; or Tz. In 
the case in which the sets M and M(?) are connected, the above shows that continua 
which are not hereditarily locally connected cannot b» mapped onto continua which 
are; in other words, hereditarily locally connected coatinua are invariant under the in- 
verses of 7i and Tz. Other instances of invariance are also considered. (Received 
March 21, 1946.) 


212. N. E. Steenrod: Extensions of maps and producis of cocycles. 


The Pontrjagin algebraic enumeration of the hcmotopy classes of maps of a 
3-complex K’ in a 2-sphere S? is generalized to a classification of maps of K**! in S», 
This is achieved using new products of cocycles. A product of order 20 of a #-cochain 
and a q-cochain is defined which has dimension p+g—ż and is the ordinary product 
if 2 is zero. The square of order 3 1 of a p-cocycle is a cocycle (cocycle mod 2) if p—z 
is odd (even). This leads to invariant squaring operations on cohomology classes. A 
square is always of order 2. Let f map the z-section K” of a complex Æ in S” and let z 
be the image in K of the basic #-cocycle of Sa under the =ochain mapping induced by f. 
Then f can be extended to K**? if and only if z is a cocyzle in K and its square of order 
n—2 is zero. The homotopy classification. is obtained from this extension theorem. 
(Received March 21, 1946.) 


213. Fred Supnick: Rectilinear deformatior. 


A linear graph in which each edge is a lime segment is called a rectilinear graph. A 
finite planar nonsingular rectilinear graph C is called a simple graph. Two simple 
graphs G, and G; in the same plane, equivalent as linear graphs, are said to be strongly 
equivalent if the cyclic order of the edges in the stars of any two corresponding ver- 
tices, and of any two corresponding cycles of Gand Gz, is the same, and if correspond- 
ing vertices dre inside corresponding cycles. A rectilmear deformation of a simple 
graph G is a "continuous deformation of G such that at each instant (during which 
it is being deformed) the graph is strongly equivalent to G." The theorem is proved: 
If Gi is strongly equivalent to G2, then G can be deformed rectilinearly into Gz. This 
is done by giving a method for carrying out the deformation. The above theorem is 
based on the theorem: Let [v;, gel be an edge of a simple G which has no chain of less 
than three edges joining ge to v; besides [vi, v;], then G can be deformed rectilinearly 
so that the vertices v; and v; coincide. Thus, suspended chains can be “straightened.” 
Constructive methods are given throughout. (Received April 1, 1946.) 


214. Fred Supnick: Equivalent reciilinear graphs. 


Let G, be a rectilinear graph which is nct disconmected by the removal of any 
one vertex. That simple closed cycle such thet each vertex of the graph is either in- 
side or on it is called the maximal cycle. The following theorem is established: There 
exists a graph G: strongly equivalent to G, with its maximal cycle convex. It is shown 
how to construct Ge. As a consequence of the deformation theorem Gi can be rectilin- 
early deformed into Gz. Also it is shown that if two vertices # and v of a simple graph 
G; can be joined by a Jordan arc which does not otherwise intersect G, then a graph 
G2 strongly equivalent to G; can be constructed such that the correspondents of # 
and v in G can be joined by a line segment which dces not otherwise intersect G2. 
Again. applying the deformation theorem G, can be r=ctilinearly deformed into Gz. 
Thus, the corollary at the end of the previous abstrect has been established by a 
different method. Also, an example is given to show that the latter reasoning can not 
be directly extended to infinite graphs. (Received March 16, 1946.) 
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215. G. W. Whitehead: A generalization of the Hopf invariant. 


A theorem of J. H. C. Whitehead (Ann. of Math. vol. 42 (1941) pp. 409-428) is 
generalized as follows: if S? and S? are spheres with one point in common, then 
aa ( SPA Se) & ms (S») ra (S9) 4-4 (S7*«7*) for n<p+q-+min (b, g) ^3. This theorem 
is used to construct a homomorphism H of ma(S") into «4(S?r 1) for n «3r —3. If 
a Cra; a (57), then H(a) has degree equal to the invariant of æ defined by H. Hopf 
(Math. Ann. vol. 104 (1931) pp. 637—665). If «&z«(S7) and BEr,(X), an element 
B: a€rn(X) is determined by superposition of representatives of a and B; it is shown 
that (812-82)  « — 81: e -f3- a+ [8:, 8] - H (e), where [B1, 82] is the product defined by 
J. H. C. Whitehead (ibid.). It is further shown that the homotopy groups Ten (S47) 
and m16n42(.58") are different from zero; in fact, they contain elements o with H(a) 0. 

_ (Received March 8, 1946.) 


216. R. L. Wilder: A DEE of local co-connectedness and tis 
applications. 


Let U be an open subset of a space S. Let r, k be non-negative integers such that 
if € is a fcos of S, then there exists a refinement D of € such that if an open set D 
meets U and lies in an element of D, then there exists EC containing D such that 
exactly k r-cocycles in Uf MD are linearly independent rel. cohomology in UNE. 
One then says that ?,(U, x) is uniformly equal to k over U. In order that U be r-coulc, 
it is nas that SCH, x) be uniformly equal to 0 over U. For open subsets of an n-gcm, 
the properties of being 0-ulc and of pa(U, x) being uniformly equal to 1 over U are 
dual; for 0 <r <n, the r-ulc and (7-—r)-coulc properties are dual. This renders much 
simpler the treatment of ulc properties in an orientable z-gcm. For example, a funda- 
mental technique for dealing with an open ulc* U is that of displacing a cycle Z* on U 
into a “nearby” homologous cycle in U. This is easily accomplished by a co-realization 
Zn, in U, of a coordinate of Z* based on the “co-properties” of U, the intersection 
of Za- with the fundamental #-cycle of S being the desired cycle. Details are given 
in chapter 10 of the author's forthcoming book. (Received March 21, 1946.) 


217. R. L. Wilder: Certain topological properties in the large and 
their applications. S 


A subset M of a space SS is said to have Property (P, O),[(P, O)r] if for every 
pair of open sets P, Q such that Q is compact and P^ 2Q, at most a finite nuniber of 
r-cocycles [compact r-cycles] of M in Q are linearly independent rel. cohomologies on 
M in P. The corresponding property when only cocycles that cobound in SS are consid- 
ered is denoted by (P, Q, —),. For subsets of compact spaces, Property (P, Q). 
= Property S, (Amer. J. Math. vol. 61 (1939) pp. 823-832). If a locally compact 5 
has Property (P, Q) and p-(x) Sw for all «ES, then S has Property (P, Q). An 
application of this shows that if S is n-dimensional, then a nasc that S be lc" is that 
d.(x) Sw for all x&S and r £n. (This shows, incidentally, condition (b) in the z-gm 
definition of Begle, Amer. J. Math. vol. 67 (1945) p. 63, to be unnecessary.) Properties 
(P, Q, ~) and (P, Q, ele are dual; and if S has Properties (P, ©, ~), and 
(P, Q, ~)r41 and M is a closed subset of S, then Property (P, Q, —), of M is dual to 
Property (P, Q, ~)r31 of S— M. When S isa spherelike #-gcm, Properties (P, Q, ~)r 
and (P, Q, e)", r 1 —2, are dual for open sets, and if M is a closed subset of 5, 
Property (P, Q). of M is dual to Property (P, Q)": of S—M, 1 Sr Sn—1. These 
properties and their applications are given in detail in chapter 11 of the author's 
forthcoming book Topology of manifolds. (Received March 21, 1946.) 
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218. R. L. Wilder: Concerning generalized n-cells. 


Basic among the open #-gms and #-gms with boundary are the generalized cells: 
A generalized n-cell is a non-compact #-gm whose compact homology groups of dimen- 
sion less than # reduce to the identity. A generalized closed n-cell is a compact space 
consisting of a spherelike (2 —1)-gcm K and a generalized n-cell A such that (1) 
K( A —0, (2) if Z^ is the fundamental cycle of K, then Zt ~0 on KUA, and 
KUA is an irreducible membrane rel. to this homology; and (3) P,(K UA, x) 20 
for r Sn and all xCK. (In the separable metric case, the generalized 2-cell is an ordi- 
nary 2-cell and the generalized closed 2-cell 1s an ordinary closed 2-cell.) For a sphere- 
like z-gcm S, the Jordan-Brouwer separation theorem may be stated thus: If M isa 
spherelike (n —1)-gcm in S, then S — M is the union of two disjoint generalized #-cells 
A, t=1,2; moreover, A;=4; M is a generalized closed n-cell. However, of greater 
interest is the fact that if two generalized closed cells are joined along their boundaries, 
the result is a manifold; specifically, if a space S is the union of two generalized closed 
n-cells C; KU A;, i=1, 2, where K and A; satisfy che conditions relative to K and 
A of the above definition, and 41// 143-0, then S is a spherelike #-gcm. It follows 
that if KUJA is a generalized closed -cell as in the definition above, then the gen- 
eralized #-cell A is a ulc* subset of KUA. Details will be given in chapters 9 and 
10 of the author's forthcoming book. (Received March 21, 1945.) 


^ 


219. R. L. Wilder: Homology groups of perfectly normal spaces. 


Let F be an arbitrary algebraic field. If S is a locally compact, lc” space and M 
a compact Gs subset of S, then the group H’(M, F) is a complete metric space with 
countable base {Z;r } such that lim Z,"=0 and every coset is uniquely expressible in 
the form 3. ien, a3 T; the vector subspace generated by the elements Zo is dense 
in H*(M, 7) and uniquely determines the latter. (Compare L. Vietoris, Math. Ann. 
vol. 97 (1927) pp. 454-472, where an analogous result is given for the case where M 
is compact metric and hence may be considered a subset of the Hilbert fundamental 
parallelopiped.) When M has infinite Betti number p"(M, J) and is a subset of arr 
orientable #-gcm S, the Alexander type of duality may be obtained via collections 
{Z}, {Zu}, where the Z, are cocycles mod S—Af such that Z;"-Z7=6,i, the 
(t. —r —1) cycles obtained from the intersections of 6Z,* with the fundamental #-cycle 
of S forming a system whose elements are geometrically linked with the corresponding 
Z;' (cf. E. Deele, Amer. J. Math. vol. 67 (1945) pp. 59-70). For an open orientable 
#-gm which is the union of a countable collection of compact sets, a similar countable 
base of infinite cycles is obtainable and the Poincaré duality may be expressed as a 
homeomorphism between the Betti groups of infinite r-cycles and compact (n —r)- 
cycles. (Received March 21, 1946.) 


220. G. S. Young: Interior and border transformations on surfaces. 


Let M be a compact 2-manifold, with or without boundary. Let f(.M) = N be either 
an interior or border (G. E. Schweigert, Bull. Amer. Math. Soc. Abstract 47-1-104) 
transformation. Then either N is a 2-manifold and f is light, or N is a set obtained 
from a dendrite by a finite number of finite identifications, and f is not light. If for each 
point x in N, each component of the inverse of x is locally connected, and f is not 
light, then N is either an arc or a simple closed curve. This last result generalizes re- 
sults of Whyburn and of Puckett. Extensions of these theorems are made to noncom- 
pact manifolds and to pseudo-manifolds. It is shown that each of these possible 
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images of M can be realized by an interior monotone transformation. (Received 
March 21, 1946.) 


221. J. W.T. Youngs: The topological theory of Fréchet surfaces (2-cell 
case). | 


The principal result of this paper is a solution of the representation, problem: 
given one representation of a surface, obtain the totality of its representations. The 
solution is a consequence of a characterization of positive Fréchet equivalence in 
terms of a suitably modified Kerékjá-tó equivalence. If, for 2—1, 2, X; is an oriented 
2-sphere containing a 2-cell H;, then two mappings fi(Hı) = Y= GOUT) are positively 
Kerékjártó equivalent if there exist: (1) a cactoid X containing a hemicactoid $; 
(2) a pair of monotone mappings m(X1) =X =m:(X2) such that an LÉI) = $ = mo(Hi2), 
m; is one-to-one on X;—H,, and each true cyclic element © of X can be oriented so 
that, simultaneously, Der m:(@; X.) =1, for i=1, 2 (the mapping ms (€; X,) is m; 
followed by the retraction of X onto ©); and (3) a light map /($) — Y, such that 
fees) 2 Imi), EH, for 2—1, 2. The mappings are positively Fréchet equivalent if 
for every €» 0 there is a homeomorphism h.(Hı) = H» such that p Ln), foie Coi) } « e. 
It is shown that positive Fréchet equivalence is the same as positive Kerékjártó 
equivalence. (Received March 21, 1946.) 
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PREFACE 


When the last catalogue of the library of the American Mathematical Society was pub- 
lished in 1932, the Society had nearly 1,800 members, the number of books in the library 
was approximately 7,500. At the present time the library contains about 11,600 volumes 
and the members of the Society number 3,000. Many members who have joined the Society 
since 1932 may never have seen its catalogue; some may not be aware of the existence of 
the Society’s library; of members of some years standing but very few have any means of 
knowing about the additions to the library’s holdings. It is after these considerations that 
the Council of the Society recommended and the Board of Trustees authorized the publica- 
tion of a new edition of the catalogue. 

The Society’s library is housed in the Low Motions! Library Building of Columbia 
University. Books may be consulted there. Loans to members outside New York City 
should be arranged through the library regularly used by the member. This library may 
request an interlibrary loan by addressing a letter to the American Mathematical Society, 
531 West 116th Street, New York 27, New York. 

Mention should be made of the fact that in recent years the library has acquired an 
almost complete collection of American doctoral dissertations in mathematics. 

The abbreviations used in the present catalogue are explained on page v and should 
be consulted for its convenient use. À few general remarks follow. 

1. The catalogue is divided into two parts. Section I contains serial publications; Sec- 
tion II all others. In cases in which listing in either section could be justified, the choice 
was determined by judgment as to the greatest convenience to the user of the catalogue. 
The precedent set by the Union List of Serial Publications was followed in most, but not 
in all, cases. 

2. Bibliographical information is not generally included because of lack of space and 
lack of facilities for acquiring it in anything like completeness. 

3. The library has greatly extended its holdings of dissertations. These are listed under 
the name of the author, with indication of the name of the degree conferring institution, 
and the year of award of the degree. 

4. Wellknown series of books are listed in Section I under the general titleof the series. 
Individual volumes are listed under the author's name in Section II. 

5. Maiden names of women are used if their publications appeared under that name. 

6. References from Section I to Section II, or vice-versa, without further amplification 
refer to an entry under the same principal name. 

7. In many casesitis uncertain at the moment of going to press whether a journal whose 
publication was interrupted during the war years will be resumed. 

The great amount of detailed work necessary for the publication of this catalogue was 
done by Mrs. A. K. Farwell, who was employed by the Society for this purpose, and by the 
staff of the New York office of the Society. Grateful acknowledgment is made of the valu- 
able assistance received from members of the Columbia University Library Staff. 

ARNOLD DRESDEN 
Librarian 
May 1946 
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EXPLANATION AND ABBREVIATIONS 


The following general rules and abbreviations were used in preparation of Section I of 
this catalogue. 

The journals, transactions, proceedings, etc., of a society are entered under the first 
word, not an article, of the latest form of the name of the society. 

Learned societies and academies, other than English, with names beginning with an 
adjective denoting royal privilege are entered under the first word following the adjective. 
These adjectives, Kaiserlich, Kóniglich, Reale, Imperiale, etc., are abbreviated to K., R., 
I., etc., and are disregarded in the arrangement. 

A senal published by a society, but having a distinctive title, is entered under the title 
with reference from the name of the scciety. 

A serial not published by a society or public office is entered under the first word, not 
an article, of the latest form of the title. 

Colleges and universities having a zeographical designation are entered under the name 
of the city, state, or country contained in the title. 

Volume numbers and dates are inclusive in all cases and the dates are for the period 
covered by the serial. not those of publication. 

A dash between volume numbers or dates signifies “from and including the former to 
and including the latter.” 

A plus sign (see p. 1, line 10) indicates that the serial is currently received and that the 
set is complete from the last date or volume number given. 

Superscripts designate numbers or parts of volumes. 

Parallels indicate that publication ceased with the preceding date or volume (see p. 1, 
line 18). 

Brackets (see p. 4, line 6) indicate that the volumes or years so enclosed are not com- 
plete. 


volume v publication publ. 
number no translated trans. 
series S edited ed. 
new series ns January Ja 
edition ed. February F 
year yr March Mr 
second 2d April Ap 
revised rev. May My 
enlarged enl. June Je 
fascicule fasc July Jl 
section sec. August Ag 
film copy fc September S 
dissertation diss. October O 

no date n.d. November N 
no place n.p. December D 


SECTION I 
SERIAL PUBLICATIONS 


ABHANDLUNGEN über den mathematischen unterricht in Deutschland. See Sec. IT, under 
ÍNTERNATIONAL commission on the teaching of mathematics 
ABHANDLUNGEN zur geschichte der mathematischen wissenschaften mit einschluss ihrer 
anwendungen. Leipzig. 1-10 issued as suppl. to Zeitschrift fur mathematik und physik 
1, 3, 6-7, 9, 12-13, 161, 17, 19-20, 22, 24-25, 28, 1877-1910 
ACADEMIA colombiana de ciencias exactas, físicas y naturales, Bogota. Supersedes Sociedad 
colombiana de ciencias naturales 
Revista 
2+-, 1938+ 
ACADEMIA das ciencias de Lisboa. See JoRNAL de sciencias mathematicas, fysicas, e na- 
turaes 
R. coe de ciencias exactas, físicas, ffsico-quimicas et naturales, Madrid. Name varies 
slightly 
Discursos lefdos 


Memorias 
14, 20, 22-30, 32, 1890-1929; s2 v1-2, 4-9, 1921—29|| 
Serie de ciencias exactas 
1, 1930 
Revista. 16-29 also as s2 vi-14 
1-32, 1904-35 
ACADEMIA nacional de ciencias Antonio Alzate, Mexico. 1884-1929 as Sociedad científica 
“Antonio Alzate” 
Memorias. Individual issues 4+ as Memorias y revista 
2-54, 1888-1934 
Index: 1-27; 1-52 
ACADEMIA polytechnica do Porto. See OPORTO 
ACADEMIA scientiarum fennica. See SUOMALAINEN tiedeakatemia 
ACADEMIE des sciences, Cracow. See AKADEMIJA umiejetnoéci 
ACADEMIE des sciences, Paris S 
Comptes rendus hebdomadaires des séances 
1-65, 100+, 1835+ 
Index: 122-151 
ACADÉMIE des sciences d'Ukraine, Kief. See AKADEMIA nauk U.R.S.R., Kiev 
ACADÉMIE des sciences de l'empereur Francois Joseph I, Prague. See ČESKÁ akademie véd 
a uméní v Praze = 
ACADEMIE des sciences de l'Union des républiques soviétiques socialistes. See AKADEMIIA 
nauk S.S.S.R., Leningrad 
ACADEMIE des sciences et lettres de Montpellier 
Bulletin. 1909-17 as Bulletin mensuel. Numbering irregular 
1911-19, 1921, 1925-37 
Section des sciences 
Mémoires 
s2 v1-3, 1893-1907 
ACADÉMIE des sciences, inscriptions et belles-lettres de Toulouse 
Bulletin. Supersedes and is superseded by its M&moires 
3, 1899/1900] 
Mémoires 
s10 vi-11, 1901-11 
ACADÉMIE impériale des sciences, St. Petersburg. See AKADEMIIA nauk S.S.S.R., Leningrad 
ACADÉMIE royale des sciences de Serbie, Belgrade. See Genera kral'evska akademija 
ACADÉMIE royale des sciences, des lettres et des beaux-arts de Belgique, Brussels 
uaire 
1-2, 5, 7-11, 14-15, 18-31, 68-85, 87+, 1835+ 


1 


Bulletins 
s3 v17—21, 23-30, 34, 36, 1889-98]| 
Classe des sciences 
Bulletins. Suspended 1915-18 
1899-1900, 1902-14, 1919+ (incl. Annexe, 1915) 
Index: 1899-1910; 1911-14 
Mémoires. Collection in 4° 
ei vi+, 1907+ 
Mémoires. Collection in 8° 
s2 vi-F, 1904+ 
Mémoires couronnés et autres mémoires. Collection in 8° 
60-66, 1900—04|| 
Index: 1898-1914. This also indexes the other four Mémoires of this academy 
Mémoires couronnés et mémoires des savants étrangers. Collection in 4° 
58-62, 1899-1904] 
Mémoires de l'Académie. 1789-1845 as Nouveaux mémoires 
s2 v10, 17, 19, 50-54, 1837-1904|| 
See also Sec. II 
ACADÉMIE tchèque des sciences, Prague. See ČESKÁ akademie véd a umění v Praze 
ACADEMY of science of St. Louis 
er Charter, Members, etc. 
3 


Transactions 
5-29, 1886-1938 
Index: 1-10; 11-20 
ACCADEMIA d'Italia, Rome 
Annuario " 
_ 1-9, 1929-37 
Classe di scienze fisiche, matematiche e naturali 
Memorie 
1-5, 1930-34 
R. AccApEMIA dei Lincei, Rome. See R. ACCADEMIA nazionale dei Lincei 
R. ACCADEMIA delle scienze dell’ istituto di Balogna 
Classe di scienze fisiche 
Memorie. To 1907 see the academy’s Memorie 
Sp v5-10, 1908/09-12/13; s7 vi-10, 1913/14—22/23; s8 v1—10, 1923/24—32/33 
(incl. suppl. 1910) 
Rendiconto. To 1907 see the academy’s Rendiconto ns v12-37, 1907-33 
Memorie. Superseded by Classe di scienze fisiche. Memorie 
s5 v8-10, 1899-1904; s6 vi-4, 1904—07 || 
Rendiconto. Superseded by Classe di scienze fisiche. Rendiconto 
ns v4-11, 1899-1907 || 
R. AccADEMIA delle scienze di Torino 
uario 
1933/34|| 
Atti. Continued in sections 
30-48, 50-62, 1895-1926/27} 
Index: Each 10th v includes index to preceding 10v 
Classe di scienze fisiche, matematiche e naturali 


tti 
63-74, 1927/28-38/39 
Memorie 
s2 v48-65, 661, 67-69, 1889-1939 
Index: Each 10th v in s2 includes index to preceding 10v 
R. ACCADEMIA delle scienze fisiche e matematiche, Naples. (Societa reale di Napoli) 
Atti. Suspended 1917-26 
s2 v8-14, 16-20, 1897-1935 
Rendiconti 
S3 vi-18, 20-36, 1895-1930; s4 v1-8, 1931-38 
General index: 1737-1903 
R. di scienze, lettere e belle arti di Palermo 
tti 
s3 vi-9, 1891-1912 


R. AccADEMIA di scienze, lettere ed arti degli zelanti, Acireale 
Classe di lettere 
Memorie 
s3 v10, 1917/18; s4 v2, 1927/29 
Classe di scienze 
^Memorie 
S3 v1-3, 10, 1901/02-18/22; s4 v2, 1927/31 
R. ACCADEMIA di scienze, lettere ed arti in Modena 
Atti e memorie. To 1922 as its Memorie 
S3 v1-14, 1898-1922; s4 v1—4, 1926-33/34; s5 vi-2, 1935/36-36/37 
See also Sec. II 
R. ACCADEMIA nazionale dei Lincei, Rome. To Je1920 as R. Accademia dei Lincei 
Atti 
1, 1847/48 
Classe di scienze fisiche, matematiche e naturali 
Rendiconti 
s5 v1-33, 1892-1924; s6 v1-19, 23-25, 27-29, 1925-Te39]| 
Rendiconti. Continued as Rendiconti della Classe di scienze fisiche, and Rendiconti 
della Classe di scienze morali 
s4, v1-7, 1884-91 || 
Rendiconti delle sedute solenni 
1892-97, 1904-12, 1914, 1916-28 
General index: 1876-1910; 1911-24; 1925-34 
ACCADEMIA pontificia dei nuovi Lincei, Rome. See PowTIrıcıa accademia delle scienze 
AcTA mathematica. Stockholm 
1+, 18824- 
Index: 1-35 
For appendices, 1884, 1885, see BIBLIOTHECA mathematica 
ACTUARIAL society of America, New York 
Actuarial studies 
nol, 4—5, 1919-32 
List of members 
1911 
Transactions. 1-6 as Papers and transactions 
1-35, 361, 37+, 1889+ 
AIX-MARSEILLE, Université d’ 
Facult& des sciences 
Annales 
Ser. in 4° 
11-26, 1901-30|| (incl. suppl. to v16, 20) 
Ser. in 8° 
1-12, 1921-39 
AKADEMIE der wissenschaften, Berlin 
Abhandlungen [mathematical memoirs only] 
1892-94, 1897, 1901, 1903-04, 1906-07|| 
Monatsberichte. Supersedes its Bericht 
1857-81 
Index: 1836-58; 1859-73; 1874-81 
Physikalisch-mathematische klasse 
Abhandlungen 
1909-38 
Sitzungsberichte 
1922-37 
Sitzungsberichte. Supersedes its Monatsberichte. Continued in classes 
1882-1921 
AKADEMIE der wissenschaften, Leipzig. 1846-1918 as K. Saechsische gesellschaft der 
wissenschaften. 1919+ full name: Saechsische akademie der wissenschaften 
Mathematisch-physische klasse 
Abhandlungen 
12-42, 1883-1938 
Berichte 
26-89, 1874-1937 
AKADEMIE der wissenschaften, Munich 
Almanach 
1909|] 


Mathematisch-naturwissenschaftliche abteilung. 1871-1923 as its Mathematisch- 
physikalische classe 
Abhandlungen 
14-25, 27-32 1881-1928; ns vi-44, 1929-38 (incl. suppl. 1922-32) 
Sitzungsberi 
1881-1912, äus 1914-37 
Index: 1871-85; 1886-99 
K. AKADEMIE der wissenschaften, Vienna 
Mathematisch-naturwissenschaftliche klasse 
Sitzungsberichte 
108-148, 1899-1939 
K. AKADEMIE van wetenschappen, Amsterdam 
Afdeeling natuurkunde 
Proceedings of the section of sciences 
1-30, 1899-1927 
Verhandelingen. Eerste sectie 
134, 1928 
AKADEMIIÄ nauk S.S.S.R., Leningrad 
Bulletin. s4 v1—2 also as s3 33-34. 1928- in sections 
t oa 32, 1860-88; s4 v1-2, 1890-92; s5 v3-25, 1895-1906; s6 v1-7, 81, 10-21, 
Classe physico-mathématique 
Mémoires 
s8 v14", 15-17, 324, 338-9, 343, 1903-16 
Comptes rendus (Doklady) de l'Académie des sciences de l'URSS. Supersedes its 
Doklady sA. 1934+ in 4v each year. 1934 v1-1935 v3 lack numbering, later supplied 
as v2-7. Published in two editions 
International edition 
ns vi-9, 11-17, 19-29, 32, 34+, 1933+ ' 
Russian edition 
ns v22-29, 424-, 19394- 
Fiziko-matematicheskit institut imeni V. A. Steklova 
Izvestifä 
1-3, 1922-30|| 
Trudy, Tid Title also in French: Travaux de l’Institut physico-mathématique Stekloff 
Fizik atematichesti referativnyY zhurnal 
Gruzinskif filial 
Matematicheski! institut 


Trudy 
1+, 1937 4- 
Soobshchenifà 
1-2, 1940-41 
Izvestifß. For earlier years see Academy’ s Bulletin 
Otdelenie matematicheskikh i estestvennykh nauk. 1928-30 as its Fiziko-mate- 
maticheskoe otdelenie. 1936-+ in series 
s7 vi-7, 1928-34 
Serifa fizicheskafä 
1936-38, 1940 
Serifd matematicheskafa 
8+, 19444- 
AKADEMIÍA nauk U.R.S.R., Kiev. Name varies: Ukrain’ska akademifä nauk, Vseukrain’ska 
akademifa nauk 
Fizichno-matematichnit viddil 
Trudy 
1-11, 1923-29 
iski 


P 
1-5, 1923-31 || 
Institut budivel'nof mekhaniki 
Kafedra matematichnol fiziki 
[Publications] 
4-5, 8, 14, 1934-35 


Zapiski 
1-4, 1937-39 
Institut matematiki 
Zbirnik prats’ 
no1-6, 1938-41 
urnal 
1-4, 51, 1934-38 
Prirodnicho-tekhnichif viddil. French name: Classe des sciences naturelles et tech- 
niques 
Zhurnal Industrifal’no-tekhnichnogo tsiklu 
3?, 1933 
AKADEMIJA umiejetnoéci, Krakow 
Bulletin international. Comptes rendus des séances. Continued in classes 
1898-1900|| 
Komisya bibliograficzna 
Katalog literatury naukowej polskiej 
1-10, 16-18, 1901-30 
Wydzial matematyczno-przyrodniczy ... 
Bulletin international 
1901-009 | 
sA: Sciences mathématiques 
1910-12, 1914—38 
Comptes rendus mensuels des sciences mathématiques et naturelles 
1929-38 
AKTUARSKÉ vědy: pojistná matematika, matematik4, statistika. (Jednota £eskoslo- 
venskych matematikü a fysikü v Praze) Prague 
2-7, 1930-38 
ALLAHABAD, India 
University 
Mathematical association 
Bulletin 
1, 1927-28 
“ALZATE, Antonio,” Sociedad cientfäca, Mexico. See ACADEMIA nacional de ciencias 
Antonio Alzate 
AMERICAN academy of arts and sciences, Boston 
Memoirs 
ns v124-, 19024- 
Proceedings. 9-31 also as ns v1-23 
264-, 18904- 
See also Sec. II, under BownprrcH, N. 
AMERICAN institute of actuaries, Chicago 
Record. v7? never printed 
11-4 3-6, 71, 8+ 1900-4 
Index: 1-15; 16-25 
Yearbook 
1926-35, 1941 
AMERICAN institute of physics, New York. See PHYSICAL review; REVIEW of scientific in- 
struments 
AMERICAN journal of mathematics. Baltimore. 1-2 as American journal of mathematics 
pure and applied 
1+, 1878+ 
Index: 1-50 
AMERICAN mathematical monthly! Ithaca, N. Y. 
1+, 1894+ 
See also CaRus mathematical monographs; and Sec. IT, under MATHEMATICAL as- 
sociation of America 
AMERICAN mathematical society, New York 
Bulletin. si as Bulletin of the New York mathematical society 
1-3, 1891-94; s2 v1+, 1894+ 
Index: 1-s2 v10; 11-20; 21-30; 31-40; 41-50 


1 The AMERICAN mathematical monthly, founded by B. F. Finkel in 1894 and pub- 


lished by him until 1913, has been the official journal of the Mathematica! Association of 
America, since its organization in December, 1915. 
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Colloquium publications? 
` 1905-- 


List of members, etc. 
1891, 1892, 1894, 1896-1918 (annually), 1920+ (biennially) 
Transactions 
1+, 19004- - 
Index: 1—5; 1-10; 11-20; 21—30; 31-40; 41-50 
See also MATHEMATICAL reviews; MATHEMATICAL surveys; Sec. IT, under AMERICAN 
mathematical society; KLEIN, F. 
AMERICAN philosophical society, Philadelphia 
Annual report of the library 
1935-36 
List of members 
1892, 1933-34 (also in Proceedings 30-56) 
Memoirs 


29-87, 1891-1944 
Index: 51-75 
Transactions 
ns v20-33, 1902-44 
Yearbook : 
1937-42 
General index: 1769-1940 
AMERICAN physical society 
Bulletin. Ithaca, N. Y 
1-3, 1899-1902] 
See also PHYSICAL review 
AMERICAN society of civil engineers, New York 
Proceedings. Contain papers and discussions, separately paged, of all papers subse- 
quently appearing in Transactions in revised form . 
32-34, 1906-08 
Transactions 
55+, 1905+ 
Index: 1-83; 84-901 
See also Sec. II 
AMERICAN society of mechanical engineers 
Transactions 
46, 1924 
Year book 
1915-20, 1922, 1924-26 
ANALYST. A journal of pure and applied mathematics. Des Moines, Ya. Superseded by 
Annals of mathematics 
1-10, 1874-83} 
Index: 1-10 
ANNALES de mathématiques pures et appliquées. Paris. Superseded by Journal de mathé- 
matiques pures et appliquées 
1-22, 1810—31 || 
ANNALES roumaines de mathématiques. (Institut mathématique roumain) Bucharest. v2 
published in 1935 
1-2, 1935-37 
ANNALES scientifiques des institutions mathématiques savantes de l'Ukraine. See ZAPISKI 
Kharkivs'kogo matematichnogo tovaristva ta Ukrains'kogo institutu matematichnikh 


na 
ANNALI delle scienze del regno lombardo-veneto. Padua 
1-2, 1831-32 
ANNALI delle università toscane. Pisa. [35-48 also as ns v1-14. Merged into Pisa. Scuola 
superiore. Annali 
35-47, 482, 1916—29/30]| 


2 For the origin of the CoLLoqurum publications and for their history see R. C. ARcH- 
IBALD, A semicentennial history of the American Mathematical Society, 1888-1938, 
published by the Society in 1038. . 
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ANNALI di matematica pura ed applicata. Milan, Bologna. Supersedes Ánnali di scienze 
matematiche e fisiche 
s2 v3, 9, 1869-79; s3 v1-31, 1898-1922; s4 v1--, 1923+ 
Index: 1858-97; 1898-1922; 1923-37 
ANNALI di scienze matematiche e fisiche. Superseded by Annali di matematica. . . 
inox: 1850-57. Combined with index 1858-97 of Annali di matematica pura ed 
applicata 
ANNALS of mathematical statistics. Ann Arbor, Mich. 
1+, 1930+ 
Index: 1-10 
ANNALS of mathematics. Princeton. Supersedes Analyst 
1-12, 1884-99; 52 vi+, 1899-- 
Index: 1-12; s2 vi-12 
ANNALS of mathematics studies. Princeton 
1+, 19404- 
Axcniv der mathematik und physik. Leipzig, Berlin 
s2 vi-17, 1884-1900; s3 v1—24, 1901-16 
Index: s3 v1-10; 11-20 
See also BERLINER mathematische gesellschaft 
ARCHIV for mathematik og naturvidenskab. Oslo 
1+, 1876+ 
Index: 1-25 
ARCHIVES néerlandaises des sciences exactes et naturelles. (Société hollandaise des sciences 
à Harlem) The Hague 
1-30, 1866-97; s2 v1—15, 1897-1910] 
Index: 1-10 
Serie 3A. Sciences exactes 
1-14, 1911-33} 
See also Paysica; Sec. IT, under HoLLANDSCHE maatschappij der wetenschappen 
ARCHIVO de matemáticas puras y aplicadas. Valencia 
1, 2178, 1896-Ag1897]| 
BN E See astronomi och fvsik. (Svenska vetenskapsakademien) Stockholm 
+, 1903+ 
ASSOCIATION for symbolic logic. See JouRNAL of symbolic logic 
ASSOCIATION for the improvement of geometrical teaching. Reorganized 1892 as Mathe- 
matical association, London 
Report 
8, 13, 1882-87 
See also Sec. II 
ASSOCIATION of mathematical teachers in New England 
Joint bulletin. Boston 
nol-2, 1907-08|| 
ASSOCIATION of teachers of mathematics for the middle states and Maryland 
Bulletin. Continued in Association of mathematical teachers in New England. Joint 
bulletin 
n0o1-2, 1904-05 
See MATHEMATICS teacher 
ASSOCIAZIONE “Mathesis” fra gli insegnanti di matematica delle scuole medie. See 
“MATHESIS” società italiana di matematica 
ASTRONOMICAL society of the Pacific, San Francisco 
Publications 
1-36, 371, 1889-1925 
ASTRONOMIE. (Société astronomique de France) Paris 
46-47, 49, 1932-35 
ASTRONOMY and een Northfield, Minn. Superseded by Astrophysical journal 
1-13, 1892-94 
ASTROPHYSICAL journal; an international review of spectroscopy and astronomical physics. 
Chicago. Supersedes Astronomy and astrophysics 
1+, 1895+ 
AUSTRALIAN and New Zealand association for the advancement of science, Sydney. 
Through 1926 as Australasian association for the advancement of science 
Reports 
15-20, 1921-30 
Index: 16-20 


BELL system technical journal. New York 
1+, 1922+ (incl. RE J11936) 
Index: 1-10; 11-20 
BERLINER mathematische gesellschaft 
Sitzungsberichte. 1-18 as suppl. to Archiv der mathematik und physik 
1-14, 1901-15 
BIBLIOTHECA mathematica. Stockholm, Leipzi 
1-3, 1884-86; s2 v1-13, 1887-99; s3 eid 1900-15] 
Index: s2 v1-10 
K. BOEHMISCHE gesellschaft der wissenschaften, Prague. See CEsx£ společnost nauk 
BoLETÍN matemático. Buenos Aires 
1+, 19284- 
Suplemento informativo 
1, 2178, 1933-34|| 
BOLETÍN matemático elemental. Buenos Aires. Suppl. to Boletín mztemático 
1-4, 5174, 1930-34|| 
BOLLETTINO di bibliografia e di storia delle scienze rente e fsiche. Rome 
1-20, 1868-87]| 
Index: 1-20 
BozLETTINO di bibliografia e storia delle scienze matematiche. Turin. Merged into Bollet- 
tino di matematica 
1-21, 1898-1919] 
BOLLETTINO di matematica. Rome, Bologna 
1-17, 1902-21; ns v1-5, 6175, 7-8, 9374, 10-17, 1922-38; s3 v1, 1939 
Ben association for the advancement of Science, London 
Reports. No meetings held 1917-18 
29-31, 33, 35, 93-103, 1859-1935 
See also Sec. I 
BRNO 
Masarykova universita 
Přírodovědecká fakulta 
Spisy 
Se? 1921+ 
BRUSSELS 
Observatoire royal de Belgique 
Annales 
Annales astronomiques 
ns v6, 1887 
Annuaire astronomique 
1906-07 
Bryn Mawr college, Bryn Mawr, Pa. 
Monographs 
Reprint series 
8, 1909 

BUCHAREST. Ecole polytechnique. See BULLETIN de mathématiques et de physique, pures 
et appliquées 

BUENOS Aires 

Instituto nacional del profesorado secundario 
Revista del centro estudiantes 
31—32, 1922 
Universidad nacional 
Facultad de ciencias exactas, ffsicas y naturales 
Publicaciónes 
m Científicas y técnicas. nol-3 as the university’s Seminario matemático. 
oletín 
8-13, 15+, 19314- 
Instituto matemático hispano-americano 
Seminario matemático. 1928-32 as the university’s Instituto matemático hispano- 
americano. Seminario matemático argentino 
Boletín 
1-3, 1928-33 (incl. suppl., v1-2) 

BULLETIN de mathématiques élémentaires. Paris. 3-13 as Bulletin de sciences mathé- 
matiques et physiques élémentaires. Merged with Journal de mathématiques élé- 
mentaires (Vuibert) 

1-9, 122, 1895-1906 
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BULLETIN de mathématiques et de physique, pures et appliquées. (Bucharest. Ecole poly- 
technique) 
1+, 1929+ 
BULLETIN des sciences mathématiques. (Paris. Ecole pratique des hautes études. Biblio- 
thèque) 1870-76 as Bulletin des sciences mathématiques et astronomiques. 1884+ the 
astronomical section is continued in Bulletin astronomique 
1-11, 1870-76; s2 vi-2, 261, 27-63, 1877-1939 
Index: s2 v1-30 
BULLETIN des sciences mathématiques, astronomiques, physiques et chimiques. See BULLE- 
TIN universel des sciences et de l'industrie 
BULLETIN universel des sciences et de l'industrie. (Société pour la propagation des connais- 
sances scientifiques et industrielles) Paris 
Section 1. Bulletin des sciences mathématiques, astronomiques, physiques et chimiques 
1-16, 1824-31 || 
BULLETTINO. See as if BOLLETTINO 


CAGLIARI 
Università 
Facoltà di scienze matematiche, Asiche e naturali 
Seminario scientifico 
Rendiconti 
1-9, 1931-39 
CAHIERS scientifiques. Paris 
1-19, 1927-38 
CALCUTTA 
University 
Dept. of science 
Journal 
1-10, 1919-33 
University studies 
s2 v1, 1918|] 
CALCUTTA mathematical society 
Bulletin 
1+, 1909+ 
CALIFORNIA 
University 
Publications in mathematics 
vi-2, 1912-54; ns v1+, 19434- 
Scripps institution of oceanography, La Jolla 
Bulletin: Technical series 
21, 1929 
See also Lick observatory 
CALIFORNIA academy of sciences, San Francisco 
Proceedings 
Mathematics-physics 
s3 vlt, 1898 
CAMBRIDGE and Dublin mathematical journal. Cambridge, England. Superseded by Quar- 
terly journal of pure and applied mathematics 
ns v1—9, 1846-54 
Index: 1-9 
CAMBRIDGE philosophical society, Cambridge, England 
List of fellows 
1901 (see also v12, 14, 16, 20 of Proceedings) 
Proceedings 
10+, 18994- 
"Transactions 
17-23, 1899-1928|| 
ae tracts in mathematics and mathematical physics. (Cambridge, England. Uni- 
versity 
1-4, 6-7, 22-23, 25, 37+, 19054- 
CARNEGIE institution of Washington 
Publications 
9, 78, 86, 105, 120, 151, 161, 165, 245-256, 318, 1905-30 
Carus mathematical monographs. (Mathematical association of America) 


1+, 1925+ 
9 


e) 


Casorrs pro pěstování matematiky a fysiky. (Jednota československých matematiků a 
fysiků) Prague 
1-52, 5312, 55-67, 1872-1938 
Index: 1-30 
CERNXUTI, Roumania 
Universitatea 
Facultatea de stiinte 
Buletinul 
4—10, 1930-36 
CzsxÁ akademie císaře Františka Josefa pro védy, slovesnost a umění v Praze. See ČESKÁ 
akademieg véd a umëní v Praze 
ČESKÁ akademie véd a umění v Praze. 1890-1920 as Česká akademie cfsaře Františka 
Josefa pro védy, slovesnost a umění v Praze ` 
^ Bulletin international 
7-38, 1903-37 
Sborhik pfirodov&decky 
1-4, 6-7, 1925-30 
Třída II: Mathematicko-p£frodnická 
Rozpravy 
1—46, 1891-1936 
Věstník 
341-9, 1925 : 
ČESKÁ společnost nauk, Prague. German name: Boehmische gesellschaft der wissen- 
schaften; French name: Société des lettres et des sciences de Bohéme 
Jahresbericht 
1899-1902, 1910-12, 1915-17]! 
Třída mathematicko-pffrodovedecka 
Věstník. 1885 as its Zpravy . . . 1885-1917 have added title page Sitzungsberichte; 
1918+ Mémoires 
1899-1902, 1905-06, 1908-37 
Käre Ben: Through 1917 also issued in German as its Jahresbericht 
20-3 
General index: 1884-1904; 1905-35 
CHICAGO 
University 
Decennial publications 
sl v8177, 917$,7,9,11-12, 1902-04 
CHINESE mathematical society 


Journa 
1172, 2*3, 1936-40 
CHRISTIAAN Huygens; internationaal mathematisch tijdschrift. Groningen, Amsterdam 
\ 1+, 1921+ 
CrRCOLO matematico, Palermo 
uario 
1898, 1900, 1905-12, 1914, 1928 
List of members 
1924 


Rendiconti 
1-61, 1884-1937 
Index: 1-55 
Supplemento 
1-8, 14, 16, 1906-30]| - 
Index: 1-8 
Coast artillery journal. (United States coast artillery school, Fort Monroe, Va.) 1-56 as 
Journal of the United States artillery 
1—70, 1892-1929 
COLORADO mathematical society 
Biennial calendar 
n02, 1907-09 
COLUMBIA university, New York 
Ernest Kempton Adams fund for physical research 
Publications 
1, 3-8, 10, 1906-27 || 
COMMENTARII mathematici helvetici. (Schweizerische mathematische gesellschaft) Zurich 
1-13, 16+, 1929+ 
10 


CRELLE’s journal für mathematik. See TOURNAL für die reine und angewandte mathematik 
CuLvER-Stockton quarterly. Canton, Mo. 

21, 1926 
ÜZERNOWITZ. See CERNAUTI 


K. DANSKE videnskabernes selskab, Copenhagen. French name: Académie royale des 
sciences et des lettres de Danemark 
Mathematisk-fysiske meddelelser 
1-16, 1917-39 
Oversigt over . . . forhandlinger. Supersedes its Bekiendtgiörelse 
1900-31 
Selskabs skrifter 
1. Historisk og filosofisk afdeling 
s7 v3!, 1914 
2. Naturvidenskabelig og mathematisk afdeling 
s4 v[3, 5-9, 12], 1828-45; s5 v[1, 4, 6], 6146, 93.7, 104,6,8-9, 1849-75; s6 vis, 211, 
31, 52, 71, 83,8, 101, 1882-99; s7 v16, 2273.5, 51, 67-9, 89, 103, 112-4 1212, 1904-14; 
s8 vii 5, 235, 44 72, 103, 111.8, 12273, 1914-29 
Also reprints 1821-23 by C. F. Degen and H. C. Orsted 
K. DEUTSCHE akademie der naturforscher zu Halle. To 1922 as Leopoldinisch-Carolinische 
deutsche akademie der naturforscher 
Nova acta - 
90-93, 1909-10; ns v1, 1932/34 
DEUTSCHE mathematik. (Deutsche forschungs-gemeinschaft) Leipzig 
1-4, 1936-39 
Beihefte 
1-2, 1939-40 
DEUTSCHE mathematiker-vereinigung, Leipzig 
Jahresbericht 
1-49, 1890-1940 
Index: 1-10 
Ergànzungsbünde 
21, 3, 41, 6, 1900-30]|| 
See also ZENTRALBLATT für mathematik und ihre grenzgebiete; Sec. IT, under GUTZ- 
MER, À. 
DUKE mathematical journal. (Duke university) Durham, N. C. 
1+, 1935+ 


EDINBURGH 
` Royal observatory 
als 
1-2, 1902-06 
University 
Mathematical dept. 
Research papers 
191417, 19151711 
EDINBURGH mathematical society 
Proceedings 
1, 11-44, 1883-1925/26; s2 v1+, 1927+ 
Index: 1-20; 21-44 
See also MATHEMATICAL notes 
EDINBURGH royal society. See RovaL society of Edinburgh 
EDUCATION mathématique. Paris 
5-16, 1902-14 
EDUCATION outlook. London. 1847-1923 as Educational times 
50-68, 1897-1915 / 
EDUCATIONAL times. See EDUCATION outlook 
ErisuA Mitchell scientific society, Chapel Hill, N. C. 
Journal 
9-12, 1892-95 
ENCYCLOPEDIE des sciences mathématiques pures et appliquées. See Sec. II 
ENCYKLOPADIE der mathematischen wissenschaften. See Sec. II 
ENSEIGNEMENT mathématique. (Commission internationale de l'enseignement mathéma- 
tique) Paris, Geneva 
1-37, 1899-1938 
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FINNISCHE akademie der wissenschaften. See SUOMALAINEN tiedeakatemia 
Fizrko-matematicheskit institut imeni V. A. Steklova. See under AKADEMUA nauk S.S.S.R., 
' Leningrad 
Fızıko-matematicheskoe obshchestvo, Kazan. See under Kazan 
FORMULARIO matematico. Turin. 1-4 as Formulaire de mathématique. Suppl. to Rivista 
di matematica. There were two distinct forms of "Editio V, Tome V de editione com- 
pleto,” one published in 1905-06, as "proba de 100 exemplere, ? the other in 1908. The 
first of these contains: fasciculo 1 (304 pp., 1905), fasciculo 2 (pp. 305—391 4-8 plates, 
1906), and indice et vocabulario (xlvii pp., 1906). The second consists of: prefatione, 
tabula de symbolos, bibliographia (xxxv pp.), fasciculo 1 (272 pp.), fasciculo 2 (pp. 
273-463). Pages 1—272 in both forms seem to be en but otherwise the differences 
are considerable 
1-5, 1895-1908] . 
See also Sec. II, under PEANO, G. 
RUE der mathematik. ‚See JAHRBUCH über die fortschritte der mathematik 
RANCE 
Bureau des longitudes, Paris 
Annuaire 
1903-08, 1910-19, 1923 
FUKUOKA, Japan. Imperial university of Kyushu. See KxusHu imperial university 
FUNDAMENTA mathematicae. Warsaw 
1+, 1920+ x 
Index: 1-25 


GAZETA matematica. Bucharest 
1-18, 191711, 20-21, 25+, 1895-1- (also Jubilee v1895-1935) 
Index: 1-40 
GENTLEMAN'S diary; or, Mathematical repository. London. United with Ladies' diary in 
1841 to form Lady's and gentleman's diary 
75-78, 1815-1 8 
GENTLEMAN’S mathematical companion. London 
1-5, 1798-1827]| 
GESELLSCHAFT der wissenschaften zu nenn 
Mathematisch-physikalische klass 
Nachrichten 
1894-1933]| 
Nachrichten. Continued in three series: Nachrichten. Geschäftliche mitteilungen 
(later Jahresbericht); Mathematisch-physikalische Klasse. Nachrichten; Philologisch- 
historische klasse. Nachrichten 
1892-93 
Geschäftliche mitteilungen. See its Jahresbericht 
Jahresbericht 
1894-1936 
GIESSEN 
Universität 
Mathematisches seminar 
Mitteilungen 
1-2, 1921-31 
GIORNALE di matematica finanziaria. Turin. 13+ also as 52 v14- 
1-8, 1013.6, 11-12, 1919-30; s2 v1—6, 1931-36 
GIORNALE di matematiche. (Battaglini) Naples. 1~31 as Giornale di matematiche ad uso 
degli studenti delle universita italiane 
1-3, 1863-65 
GLASGOW philosophical society. See ROYAL philosophical society of Glasgow 
GOETTINGEN 
Universität (Georg-Augustus-universität) 
Mathematischer verein 


Berichte 
n065-79, 1901-08 
Mathematisch-naturwissenschaftliche fakultät 
e 1920-22 pti as a section of the university's Philosophische fakultät. 
Jahrbu 


ef 


I 
See also Sec. II, under GÖTTINGEN university 
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GorRKI universitet, Nizhnif-Novgorod 
Uchenye zapiski. English title: Scientific records of the Gorky state university 
1-2, 1935-36 
GRENOBLE 
Université 
Annales. Continued in 2 sections: Section lettres-droit and Section sciences- 
médicine , 
13-34, 1901-23 | 
Index: 1-20; 21-34 
Section sciences-médicine 
Annal 


CS 
ns vi-14, 1924-37 


HAMBURG 
Universitat. 1936+ as Hansische universität 
Mathematisches seminar 
Abhandlungen 
1-13, 1921-40 
See also HAMBURGER mathematische einzelschriften 
HAMBURGER mathematische einzelschriften. (Hamburg. Universitit. Mathematisches 
seminar) 
1~11, 13-20, 26, 1923-39 
HAMBURGISCHE gesellschaft zur verbreitung mathematischer kenntnisse 
Jahresbericht 
1859 
HANSISCHE universität. See HAMBURG 
HAVANA 
Observatorio nacional 
Boletin oficial 
Mensual 
s3 vi-2, 1936-37 
xu e mathematiké hetajreia, Athens. French title: Société mathématique de Grèce 
Deltion 
1-19, 1919-38 
HEELSINGFORS. Universitet. See Sec. II, under HELSINGFORS 
HIROSHIMA, Japan 
University 
Journal of science 
sA: Mathematics, physics, chemistry 
1-10, 1930-40 
See also Sec. II 
HocascauL-nachrichten. Munich 
13, 1902/03 
HOKKAIDO imperial university, Sapporo, Japan. See SAPPORO 


ILLINOIS 
University 
Dept. of mathematics 
Bulletins 
182, 20€, 22%, 2543, 1920-28 
IMPERIAL academy, Tokyo 
Proceedings 
21%, 13, 15-16, 1926-40 
INDIAN academy of sciences 
Proceedings. Each no in two parts: A and B 
1+, 1934+ (incl. suppl. 1934) 
INDIAN mathematical club. See INDIAN mathematical society 
INDIAN mathematical society, Madras. 1909-10 as Indian mathematical club 
Journal. In 1934 divided into two publications: Journal ns and Mathematics student 
1-20, 1909-33; ns vi+, 1934+ 
List of members i 
1919, 1922, 1924, 1926 (also 1909, 1911 in society’s publication for those years) 
Report of the... conference. 1-8 in Journal, 9+ in Mathematics student 
1-10, 1916-38 
See also MATHEMATICS student 
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INDIAN physico-mathematical journal. Dacca 
2-3, 1931-32 
INSTITUT catholique. See under name of city 
Institut de France. See ACADÉMIE des sciences, Paris 
INSTITUT grand-ducal de Luxembourg. 1853-68 as Société des sciences naturelles du grand- 
duché de Luxembourg; 1870-1904 Institut royal grand-ducal de Luxembourg 
Section des sciences naturelles, physiques et mathsmatiques 
Archives " 
; 8-9, 15, 17-21, 23-27, 1865-1904; ns v1-3, 1506-08 
Insrrror matematiki. See under AKADEMIIA nauk U. R:S.R., Kiev 
INSTITUT mathématique roumain. See ANNALES roumaines de mathématiques 
INSTITUT royal grand-ducal de Luxembourg. See INSTITUT grand-ducal de Luxembourg 
INSTITUTE of actuaries, London 
Journal 
35+, 1901+ 
Indez: 41-55; 56-65 
Yearbook 
. 19294- 
INSTITUTO matemático hispano-americano. See BUENOS Aires. Universidad nacional 
INTERMEDIAIRE des mathématiciens. Paris 
1-27, 1894-1920; s2 v1-4, 1922-25]| 
INTERNATIONAL association for promoting the study of quaternions and allied systems of 
mathematics 
mn T HERE Pa. Not published 1902, 1904, 1906-07, 1911 
1900-13 
INTERNATIONAL catalogue of scientific literature. London 
A. Mathematics 
1, 1902 
Isis. International review devoted to the history of science and civilization. Brussels, Bern. 
Suspended J11914-Ag1919 
6-11, 121, 1924—29 
I. R. Isrrruro del regno lombardo-veneto. Supersedes-Istituto nazionale italiano. Super- 
seded by R. Istituto lombardo di scienze e lettere 
Annali 
1-2, 1831-32 
Isrrruro fisico-matematico G. Ferraris. See RASSEGNA di matematica e fisica 
R. Istituto lombardo di scienze e lettere, Milan. Supe-sedes I. R. Istituto del regno lom- 
bardo-veneto 
Memorie. s3 in two classes 
Classe di scienze matematiche e naturali 
s3 v10-14, 1900—37 
Rendiconti. s3 i in three parts: Parte generale e atti-officiale; Classe di lettere e scienze 
. morali e storiche; Classe di scienze matematiche enaturali 
s2 v33-69, 1900-36; s3 v1-2, 1937-38 
R. Jsrrruro veneto di scienze, lettere ed arti, Venice 
Memorie 
5, 1855 


JAurBUcH über die fortschritte der mathematik. Berlin. 1932-34 united with Revue 
semestrielle des publications mathématiques 
1—56, 592, 601, 611, 1868-1935 
JAPANESE journal of astronomy and geophysics. (National research council of Japan) 


Tokyo 

3-8, 10-17, 1925-40 

-JAPANESE journal of engineering; abstracts. (Nationel -esearch council of Japan) Tokyo 
1-12, 1921-3 

JAPANESE journal of mathematics. (National research council of japan) Tokyo 
1-16, 1924-40 

JAPANESE journal of physics. (National research council of Japan) Tokyo 
1-13, 1922-40 
Index: 1-7 

Jassy, Roumania 
Universitatea 

Annales scientifiques. Continued in two parts 
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32-4, 41, 52-3, 64, 74, 812, 11-22, 1906-36 ]] 
1. Mathématiques, physique, chemie 
23+, 1937+ 

JEDNOTA československých matematiků a fysikü v Praze. 1862-1912? as Jednota českých 
matematikü a fysikü v Praze 

Bibliografické zpravy 
1-4, 5155, 6, 75, 1927-33 
Sbornik 
1-11, 13-16, 18, 1898-1926 
Výroční zpráva 
1870/71, 1905/06, 1925/26, 1928/29 
See also AKTUARSKE vědy; CasorIs pro péstováni matematiky a fysiky; ROZHLEDY 
matematicko pfirodovédecké; Sec. If, under KavAn, J. 

JEDNOTA českých matematiků a fysikü. See JEDNOTA československých matematiků a 
fysikü v Praze 

JERUSALEM 

Universitas 
Scripta universitatis atque bibliothecae hierosolymitanarum 
Mathematica et physica 
1, 1923|| 
Jouns Hopkins university, Baltimore, Md. 
Circulars [mathematical circulars only] 
3-5, 7-8, 10-11, 13, 15, 17, 20-22, 25, 27-30, 32, 35, 39, 45, 53, 57, 62, 66, 78, 85, 
95, 115, 118, 123, 134, 151, 160, 167, 174, 191, 208, 232, 242, 257, 277, 1880-1915 

JorNAL de sciencias mathematicas e astronomicas. (Academia polytechnica do Porto) 
Coimbra. Superseded by the academy’s Annaes scientificos, later Oporto. Universidade. 
Faculdade des sciencias. Anais 

9-15, 1889-1905|| 

oa de sciencias mathematicas, fysicas, e naturaes. (Academia das ciencias de Lisboa) 
isbon 
1-8, 1868-82 

JOURNAL de mathématiques élémentaires. (de Longchamps) Paris. 1877-79 as Mathé- 
matiques élémentaires; 1880-81 Journal de mathématiques élémentaires et spéciales. 
1882-1901 issued in 2 parts: Journal de mathématiques élémentaires and Journal de 
mathématiques spéciales. 1877-96 also numbered in four series of five v each 

1—23, 25, 1877-1900 
JouRNAL de mathématiques élémentaires. (Vuibert) Paris 
1-3, 8-21, 25-27, 37-40, 44—54, 1877-1930 

JOURNAL de mathématiques pures et appliquées. Paris. Supersedes Annales de mathé- 

matiques pures et appliquées 
si v2°, 1837; s3 v6, 1880; s5 v1-6, 7 [pp. 875-382 missing], 8-10, 1895-1904; só v1—10, 
1905-14; s7 v1—4, 1915-18; s9 v4+, 1925+ 

JOURNAL de mathématiques spéciales. Paris. See JOURNAL de mathématiques élémentaires 
(Longchamps) 

JOURNAL des géométres-experts et topographes français. (Société des géométres de France) 
Noyon, Paris. 1893-1927 as Journal des géométres-experts français; v28-+- also as 
nol+ 

1-2, 9-27, 2817$,7,9712, 291-2, 1893-1921 
JOURNAL für die reine und angewandte mathematik. Berlin 
1-13, 20-182, 1826-1940 
Index: Each tenth v with the exception of 141-160 
JOURNAL of mathematics and physics. (Massachusetts institute of technology) Cambridge, 


ass. 
1+, 1921+ 
JOURNAL of physical chemistry. Ithaca, N. Y. 
1-16, 1896-1912 
JOURNAL of symbolic logic. (Association for symbolic logic) 
1+, 1936+ 
JOURNAL of the United States artillery. See Coast artillery journal 
JUGOSLAVENSKA akademija znanosti i umjetnosti, Zagreb 
[Catalogue of publications] 
1867-1911 
Ljetopis 
11-23, 28-29, 34, 1896-1919 
Index: 1867-1903 
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Matematitko-prirodoslovni razred 
Bulletin international. 1-23 as its Izvješća o raspravama . .. 

^ 1-30, 1914-36 
Prirodoslovna istraživanja kraljevine Jugoslavije. 1-15 as its Prirodoslovna istraži- 
vanja hrvatske i slavonije. 1-14 issued by the academy’s Matematitko-prirodoslovni 
razred. Suspended 1925-29 g 

2-3, 6-7, 1914-15 
Rad 


49-54, 56, 58, 1911-15 
ee ampliación de estudios € investigaciónes científicas. Madrid 


es 
1745.58, 1918 
Laboratorio y seminario matemático 
, Publicaciones 
1—4, 1916-20/29; 1933, 1935, 1936, 1937, 1938 


KaNsas university quarterly. Lawrence. v6-10 in two series: A. Science and mathematics; 
B. Philology and history. Superseded by Kansas university science bulletin 
12, 42, sA v9-10, 1892—1901 || 
Index: 1-10 
KANSAS university science bulletin. Lawrence. Supersedes Kansas university quarterly. 
Also numbered in the university’s Bulletin (1+ also called v11 no1+) 
1-15, 1902-25 
KAZAN 
Universitet 
Fiziko-matematicheskoe obshchestvo 
Izvièstifà ; 
s2 v1-18, 1912, 23-25, 1891-1925; s3 vi-11, 1926-38 
See also Sec. II, under Kazan universitez 
OV 
Universitet 
Naukovo-doslidnif institut matematiki i mekhaniki. Sektor geometrit 
1-2, 1938-40 | 
Ucheni zapiski 
10, 1937 
See ZAPISKI... 
Krev 


Universitet. Through 1916 as Universitet Sv. Vladimira 
Naukovi zapiski 
Fizichno-matematichnil zbirnik 
1, 3, 1935-37 
Universitetskifa izvíésti(à 
43-53, 5415, 1903-14 
KOENIGSBERGER gelehrte gesellschaft 
Naturwissenschaftliche klasse 
Schriften [mathematical memoirs only] 
15-7, 23, 38, 4185-5 54 68 81,8, 1035, 1924-33 
KÖZÉPISKOLAI matematikai és fizikai lapok. Budapest 
13-8, 2-14, 1925-38 
KvusRU imperial university, Fukuoka, Japan 
Faculty of science 
Memoirs 
sA. Mathematics 
1, 1940-41 


Lanes’ diary. See Lapy’s and gentleman’s diary 
Lapy’s and gentleman’s diary. London. 1-137 as Ladies’ diary (title varies); in 1841 
united with Gentleman’s diary y 

112-132, 134-137, 144, 147-151, 168, 1815-71 || 
LA PLATA 

Universidad nacional 

Facultad de ciencias ffsico-matemäticas 
Anuario 
1935-37, 1938-39, 1941 
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ee y reglamento de la biblioteca 
22 


Contribución al estudio de las ciencias físicas y matemáticas 
Serie matemática. Continues in part its Serie matemätico-fisica. United with 
other series to form its Publicaciones. s2. Revista 
1*5, 1935-371] 
Serie matemätico-fisica. 117* as Serie física. Continued in 2 series: Serie 
matemática and Serie física 
1-5, 1914—311| 
Index: 1-5 
Serie técnica. United with other series to form its Publicaciones. s2. Revista 
1-5, 1915-38 
Publicaciones. All publications of the university listed in a single numerical series. 
Beginning no120, 1939+ they are also organized into three series 
s2. Revista. Formed by the union of the university's Facultad de ciencias 
ffsico-matemáticas. Contribución al estudio de las ciencias ffscias y matemáti- 
cas. Serie física, Serie matemática, Serie tecnica 
1-+, 1939+ 
Reunion anual de caminos 
1937-40 
LATVIJAS universitate. See RIGA 
LENINGRAD 
Leningradskif industrialnyl institut. Through 1934 as Leningradskit elektro-me- 
khanicheskit institut 
Sbornik 
3, 1934 
Universitet 
Uchenye zapiski 
Serifä fizicheskikh nauk 
1-3, 1935-37 
LENINGRADSKOE fiziko-matematicheskoe obshchestvo 
Zhurnal 
1-2, 1926/27-29 
LEOPOLDINISCH-Carolinische deutsche akademie der naturforscher. See K. DEUTSCHE 
akademie der naturforscher zu Halle 
Lick observatory, Mount Hamilton, Cal. 
Contributions 
2-5, 1891-95|| ` 
Publications 
1-8, 9173, 10-11, 1887-1913 
LIOUVILLE, Journal de. See JOURNAL de mathématiques pures et appliquées 
LONDON 
University 
University college 
Dept. of statistics. Continues in part the college’s Dept. of applied statistics 
Statistical research memoirs 
1-F, 1936+ 
LONDON mathematical society 
Journal 
1+, 19264- 
List of members 
1865-99; 1897, 1901, 1903, 1908, 1911, 1913-15, 1921, 1929, 1933, 1935, 1937 
Proceedings 
1-35, 1865-1903; s2 vlt, 1903+ 
Index: 1-30; 31—35; s2 v1-30 
Lomp, Sweden 
Universitet 
Acta universitatis lundensis. Lunds universitets arsskrift 
Afdelning 2. Medicin samt matematiska och naturvetenskapliga ämnen [mathe- 
matical memoirs only] i 
ns ví5, 138, 1415-20, 163.11, 172.7, 201, 222, 23274, 241,8 251,6, 1906-29 
Matematiska seminarium 
Meddelanden 
1+, 1933+ 
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Lyons 
Université 
Annales 
6-7, 20, 1892-96 ; 
ns 1. Sciences, médecine 
12, 15-16, 21, 25, 31, 1903-12 


MADRAS, University. See VIZIANAGARAM 
MaGyar tudományos akadémia, Budapest 
Almanach 
1903-06 
See also MATEMATIKAT és physikai lapok; MATHEMATISCHE und naturwissenschaftliche 
berichte aus Ungarn 
MANCHESTER literary and philosophical society, Manchester, England 
Memoirs and proceedings 
25-27, 37-56, 58+, 1876+ 
MARSEILLES. Université d’Aix-Marseille. See Arx-MARSEILLE 
MASARYKOVA universita v Brne. See BRNO 
MASSACHUSETTS institute of technology 
Abstracts of scientific and technical publications 
no4—9, 1929—32|| 
Dept. of mathematics 
Contributions 
s2 noi-50, 52-196, 1920-31 
See also JouRNAL of mathematics and physics; TECHNOLOGY quarterly 
MATEMATICA elementare. Rome 
1-3, 1922-24|| 
MATEMATICHE pure ed applicate. Città di Castello 
1-2, 1901-03|| 
MATEMATICHESXEII listok. Reval 
1-18, 1915-16 
MATEMATICHESK!É sbornik. (Moskovskoe "HQ obshchestvo) Moscow. ns 
vl+- also as 43+ 
1-42, 1866-1935; ns vlt, 1936+ 
Index: 1-15 
See also Sec. IT, under MoskovsKoE matematicheskoe obshchestvo 
MATEMATIKAI és physikai lapok. (Magyar tudományos akadémia, Budapest. Matematikai 
és természettudományi osztály) Budapest 
8-13, 14278, 15-45, 1899-1938 
MATEMATIKAL és természettudományi ertesitö. (Magyar tudományos akadémia, Budapest. 
Matematikai és természettudományi osztály) Budapest 
4, 9172,59, 6, 9279, 101-65,9, 11, 1215.112, 18, 1925, 213-5, 311-5, 32, 337, 342, 35125, 
364, 37-57, 1885-1938 
MATEMATIKAI és természettudományi kozleméryek, vonatkozólag a hazai viszonyokra. 
(Magyar tudományosakadémia, Budapest. Matematikai és természettudományibizottság) 
Budapest 
2-5, 61—4.6,7-13, 15-19, 28, 291,374, 30-36, 1863-1928 
MATEMATISK tidsskrift. (Matematisk forening i Kgbenhavn) Copenhagen. Supersedes 
ae tidsskrift for matematik 
A. (Elementary) 
1919-4 
B. (Advanced) 
1919+ 
MATHEMATICA. (Cluj. Universitatea. Seminarul de matematici) 
LE, 1929+ 
See also Sec. IT, under KLAUSENBURG university 
MATHEMATICAE notae. (Rosario. Universidad nacional del Litoral. Instituto de matemáticas) 
i+, 1941+ 
MATHEMATICAL association, London. See MATHEMATICAL gazette 
MATHEMATICAL association of America 
List of members 
1916, 1918 (further lists in American mathematical monthly) 
See also AMERICAN mathematical monthly; Carus mathematical monographs 
MATHEMATICAL expositions. Toronto 


1+, 1940+ 
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MATHEMATICAL gazette. (Mathematical association) London. Supersedes Association for 
the improvement of geometrical teaching. Report 
no1-6, 1894-95; (ns) v1+, 1896+ 
Index: 1-6; (ns) v1-15 
See also Sec. II, under MATHEMATICAL association, London 
, MATHEMATICAL magazine. (Martin) Washington 
15, 21712, 1883-1904 
re messenger. Ada, La.; Tyler, Tex. 
3, 1891 
MATHEMATICAL monthly. (Runkle) Cambridge, Mass. 
1-3, 1858-61 || 
MATHEMATICAL notes: a review of elementary mathematics and science. (Edinburgh 
mathematical society) Edinburgh. Suspended 1917-23, 1926-28 
1-28, 1909-33 
MATHEMATICAL repository. (Dodson, Leybourn) London 
1-3, 1748-55; (s3) v1-5, 1806-30 
MATHEMATICAL review. (Story) Worcester, Mass. 
1, 1896-99]| 
MATHEMATICAL reviews. (American mathematical society, etc.) New York 
LE, 1940+ 
MATHEMATICAL surveys. (American mathematical society) New York 
i+, 1943+ 
MATHEMATICAL visitor. (Martin) Erie, Pa. 
1, 22, 1878-83 
MATHEMATICS news letter. See NATIONAL mathematics magazine 
MATHEMATICS student; a quarterly dedicated to the service of students and teachers of 
mathematics in India. (Indian mathematical society) Madras. Issued in place of the 
society’s Journal pt2 
1+, 1933+ 
MATHEMATICS teacher. (Association of teachers of mathematics for the Middle States and 
Maryland; National council of teachers of mathematics) Syracuse, N. Y.; Lancaster, Pa.; 


etc. 
1+, 1908+ 
Index: 14-22 
MATHEMATISCH-naturwissenschaftliche mitteilungen. (Mathematisch-naturwissenschaft- 
licher verein in Wurttemburg) Stuttgart. Suspended 1893-Mr1899 
1-5, 1884-92; s2 v1—16, 20, 1899-1922] 
MATHEMATISCHE annalen. Leipzig, Berlin 
14-15, 31-39, 41-92, 95-103, 112-117, 1879-1941 
Index: 51-80; 81-100 
MATHEMATISCHE gesellschaft in Hamburg 
Mitteilungen 
2-7, 1890-1939 
MATHEMATISCHE und naturwissenschafiliche berichte aus Ungarn. (Magyar tudományos 
akadémia, Budapest) Berlin, Budapest, Leipzig 
1-31, 34-38, 1882-1931 || 
MATHEMATISCHE zeitschrift. Berlin 
1+, 1918+- 
Index: 1~25 
MaTHESIS polska; czasopismo poświęcone naukom ścisłym i ich metodologji 
3-8, 1928-33 
See also MINERWA; URANJA 
MATHESIS: recueil mathématique. Ghent, Paris. Also numbered in series of 10v each. 
Suspended 1916-20. Since 1921 this periodical has been the official organ of Société 
mathématique de Belgique 
1-34, 36-51, 1881-1937 (with suppl.) 
“MATHESIS” società italiana di matematica 
Bollettino. 1-12 as Bollettino dell! Associazione "Mathesis." Merged 1920 into 
Periodico di matematica per l’insegnamento secondario, later Periodico di mate- 
matiche: storia-didattica-filosofia 
11, 22, 33, 9179 Ion. 67-91 missing], 1896-1906 
MESSENGER of mathematics. Cambridge, London. 1-5 as Oxford, Cambridge, and Dublin 
messenger of mathematics. United 1930 with Quarterly journal of pure and applied 
mathematics to form Quarterly journal of mathematics, Oxford series 
1-5, 1861-71; ns v1-58, 1871-1929] 
Index: 26-58 
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MICHIGAN 
University s 

Publications in mathematics 
1, 1944 

Studies 
Humanistic series 

11, 1915 

Scientific series 


2, 1916 
MILAN 
Seminario matematico e fisico 
Rendiconti 
5-7, 12, 1931-38 
MINERWA; czasopismo poświęcone popularyzacji nauk przyrodniczych i techniki. War- 
saw, Suppl. to Mathesis polska 
1, 1933 
Minvovsuie gody. St. Petersburg 
1-12, Ja-D1908|| 
MONATSHEFTE für mathematik und physik. (Vienna. Universität. Mathematisches sem- 
inar) Vienna 
1-36, 38-48, 1890-1939 
Index: 1-10; 11-20 . 
Mouer, a quarterly magazine devoted to the philosophy of science. Chicago 
1-7, 9-27, 2813, 30-46, 1890-1936|| 
Index: 1-17 
MONOGRAFJE matematyczne. (Warsaw. Uniwersytet. Seminarjum matematyczne) War- 


saw 
1-10, 1932-38 
Moravska pffrodov&decka společnost, Brünn. Latin title: Societas scientiarum na- 
turalium Moravicae 
Prace 
1-9, 1924-35 
Vyroöni zpráva 
1+,1925+ 
Moscow 
Universitet 
Bulletin 
Serie internationale. Sec. A. Mathématiques et mécanique 
11-10, 1937-38 
Fiziko-mekhanicheskif matematicheskiY fakul'tet. Name varies: Otdfel fiziko- 
matematicheskit; Fiziko-matematicheskil fakul’tet 
Nauchno-issledovatel’ skit institut matematiki i mekhaniki 
1926-27 
Geometricheskii kruzhka 
Trudy 
1930 
Seminar po teorii veroiatnostei metamaticheskoi statistike 
Trudy 
1, 1930 
Seminar po vektornomu i tenzornomu analizu s ikh prilozhenifami k geometrii, 
mekhanike i fizike 
Trudy 
1, 1933 
Uchenyfä zapiski 
1-11, 13-27, 29, 1880-1916] : 
Uchenye zapiski 
2, 1934 
MOSKOVSKOE matematicheskoe obshchestvo. See MATEMATICHESKI! sbornik 
MUEGYETEMI lapok; havf folyóirat a mathematika . . . Budapest 
1-3, 1876-78]| 
MYSORE 
University 
Science association 
Journal 
2274, 1925-26 
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NATIONAL academy of sciences, Washington ' 


Memoirs 
142, 170), 1919-24 
Proceedings 
1-23, 25+, 1915-+ 
Index: 1-10 
NATIONAL council of teachers of mathematics. See MATHEMATICS teacher 
NATIONAL mathematics magazine. 1-8, 1926-S1934 as Mathematics news letter 
10+, 1935+ 
NATIONAL physical laboratory, Teddington, England. See TEDDINGTON, England 
NATIONAL research council of Japan, Tokyo 
Report. nol covers the period Ap1922-Mr1930 and contains a reissue of most of the 
material in its Proceedings 1922 
1-10, 1930-31 
See also titles beginning JAPANESE journal of ... 
NATIONAL Tsing Hua university. See PEIPING 
NATURE. London 
127+, 1931+ 
NATURFORSCHENDE gesellschaft, Zurich 
Vierteljahrsschrift 
34-L-, 1889+ 
Index: 31-40; 41-50; 51-60; 61-70; 71-80 
NAUCHNO-issledovatel’skie kafedry v Odesse. ‚See ODESSA 
NAUKOVE tovaristvo Imeni Schevchenka, Lemberg. German title: Ukrainische Ševčenko- 
gesellschaft der wissenschaften; Polish: Naukowe towarzystwo imenia Szevczenka 
Chronik. German edition 
17-44, 49-59, 1904-14]| 
Matematichno prirodopisno-likars'ka sektsifa 
Zbirnik 
9-29, 1903-30 
'NAUKOVI zapiski Naukovo-doslidchikh-matematichnikh katedr Ukraini. See ZAPISKI 
EE matematichnogo tovaristva ta Ukrains’kogo institutu matematichnikh 
nau 
NEW York mathematical society. See AMERICAN mathematical society 
Nieuw archief voor wiskunde. (Wiskundig genootschap te Amsterdam) Amsterdam. 
Supersedes Archief 
1-20, 1875-93; s2 vi+, 1894+ 
Nieuw tijdschrift voor wiskunde. Groningen 
1+, 1913/14++ 
Nippon sugako-buturigakkwai, Tokyo. 1884-1918 as Tokyo sugaku buturigakkwai 
Proceedings. 1-9 as the society’s Kiji; s2 v1-2 no6 Hokoku; s2 v2 no7-v3 Kiiji-gaiyo. 
English title: Tokyo mathematico-physical society, later Physico-mathematical 
society of Japan. s2 v1—3 carry no series number 
1-9, 1884-1901; s2 v1-9, 1901-18; s3 v1-22, 1919-40 
Nizanıf-Novgorod. See GORKI 
NORSK matematisk forening, Oslo 
Skrifter 
si no1-18, 1921-28 
See also NORSK matematisk tidsskrift 
Norsk matematisk tidsskrift. (Norsk matematisk forening) Oslo 
1-22, 1919-40 
Norske videnskaps-akademi, Oslo. 1857-1924 as Videnskabs-selskabet i Kristiania 
me Supersedes its Oversigt over videnskabs-selskabets mgder 
25+ 
Fordhandlinger. Superseded by Avhandlinger of two classes 
188515,18,21, 18861,1617, 18889, 18897, 189217, 1898-99, 1901-24|| 
Index: 1858-1924 
Matematisk-naturvidenskapelig klasse 
Avhandlinger 
1925+ 
Skrifter 
1898+- 
Oversigt over videnskabs-selskabets mgder. 1868-86 issued with and indexed in its 
Forhandlinger. Superseded by its Arbo 
1898-1924] 
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N us nn lectures. (University of Notre Dame) Notre Dame, Ind. 
3 
See also REPORTS of a mathematical colloquium 
NOUVELLE correspondance mathématique. Brussels 
1-6, 1874-8 ol 
NOUVELLES annales de mathématiques, journal des candidats aux écoles polytechniques et 
normales. Paris. 1855-61 includes Bulletin de bibliographie, d'histoire et de biographie 
mathématiques 
1-20, 1842-61; s2 v1—18, 1862-79; s4 v3-20, 1903-20 
is xm Regiae societatis scientiarum upsaliensis. See K. VETENSKAPS-societeten i 
psa 
Nova Scotian institute of science, Halifax 
Proceedings and transactions. 8-10 also as s2 v1-3 
8-9, 14-16, 181, 1890-1933 
N OVOROSSHISKOE obshchestvo estestvoispytatelel. Odessa. See ODESSKOE obshchestvo 
estestvoispytatelel 
NUMERUS; revista de matematici elementare pentru invatamantul secundar, - normal, 
profesional si militar. Bucharest 
| 2, 1936 
Nyr tidsskrift for matematik. Copenhagen. In two sections: A, Elementary; B, Advanced. 
Supersedes Tidsskrift for mathematik, and Maanedsskrift for den elementaere math- 
ematik. Superseded by Matematisk tidsskrift 
så, B, v11-29, 1900-19] 
Index: 1859-1908 


poe ears estestvoispytatelel, Warsaw. See Warsaw. Universtet 
DESSA 
Naukova-doslidchi katedry. Through 1924 as Nauchno-issledovatel’skie kafedry v 
Odesse 
Zhurnal 
114,82 25, 1923-26 
ÜDESSKOE obshchestvo estesvoispytateleï, Odessa. Through 1918 as re ob- 
shchestvo estesvoispytatelel , 
Zapiski 
50, 25-29, 34-36, 1902-11 
Index: 1-30 
OPEN court, a quarterly magazine. Chicago. 1887-1933 as Open court, a monthly maga- 
zine 
11-31, 32177, 34-50, 1897—1936]| 
Index: 1-20 
Oporto, Portugal IN 
Universidade 
Faculdade de sciencias 
Anais. Supersedes Jornal de sciencias mathematicas e astronomicas. 1-14- as 
ca polytechnica do Porto, Coimbra. Annaes scientificos. Suspended 
922-2 
1-24, 1905-39 
OPUSCOLI matematici e fisici di diversi autori. Milan 
1-2, 1832-34] 
OREGON 
University 
Publications 
22.8, 1923-25 
Mathematics series 
11, 1929 
OSAKA, Japan 
Imperial university 
Faculty of science 
Collected papers 
sA. Mathematics 
1-7, 1933-39 
OXFORD, Cambridge, and m messenger of mathematics. See MESSENGER of mathe- 
matics | 


m 
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PADUA 
Universita 
Seminario matematico 
Rendiconti 
1-10, 1930-39 
PALERMO rendiconti. See CIRCOLO matematico 
PARIS 
Ecole polytechnique 
Journal, 1 as Journal polytechnique, ou Bulletin du travail fait à l'École centrale 
des travaux publics 
1-64, 1795-1894; s2 v1—34, 1895-1935; s3 v1+, 1937+ 
Index: 1-64 
See also Sec. II, under Cavcuv, A. L. 
Institut catholique 
Bulletin. For 1896-1910 see its Revue 
s2 v1-10, 1910-19 
Revue. Supersedes and is superseded by its Bulletin 
65, 7-14, 151, 1901-10 
PEIPING 
National Tsing Hua university. To 1928 as Tsing Hua college. Chinese name: Kuo-li 
Tsing Hua ta-hsueh 
Science reports 
sA: Mathematical, physical and engineering sciences 
1-3, 1931/32-35/36 
National university of Peking 
Science quarterly. Superseded by its Science reports 
4,5174, 1934-35|| 
Science reports 
1, 1936 
PEEING. See PEIPING 
PENNSYLVANIA 
University 
Publications 
Series in mathematics 
noi-3, 1897-1905] 

PERIODICO di matematiche: storia-didattica-filosofia. (Associazione “Mathesis”) Rome, 
Leghorn, Bologna. Supersedes Periodico di scienze matematiche e naturali per l'insegna- 
mento secondario. Title varies: Periodico di matematica . . . ; etc. s1—3 also as yr1—33 

6-13, 1891-98; s2 vi-5, 1899-1903; s3 v1—14, 151, 1904-18; s4 vi, 22%, 3:75, 4-19, 
1921—39 
Index: s4 v1-10 
Supplement 
2-20, 1898-1917 || 

PHILOSOPHICAL society of Glasgow. See ROYAL philosophical society of Glasgow 

Puysica. (Hollandsche maatschappij der wetenschappen, Haarlem) The Hague. A continu- 
ation in part of Physica; Nederlandsch tijdschrift voor natuurkunde. Numbered as 
Archives néerlandaises des sciences exactes et naturelles. s4A 

1-6, 1933-39 
PHYSICAL review, a journal of experimental and theoretical physics. (American physical 
society; American institute of physics) New York 
16-35, 1903-12; s2 vi+-, 1913+ 
Pxysico-mathematical society of Japan. See Nrepon sugaku-buturigakkwai 
PHYSIKALISCH-medicinische societät, Erlangen 
Sitzungsberichte 
25-70, 1893-1938 
PHYSIKALISCHE zeitschrift der sowjetunion. Kharkov 
117, 1932 
PrNAR del Rio, Cuba 
Escuela normal 
Seminario de estudios superiores de matematicas 
Publicaciones 


1+, 1941+ 
PISA 


Scuola normale superiore 
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Annali 
Scienze fisiche e matematiche 
1-16, 1871-1930; s2 v1-9, 1932-40 
Index: 1-16 
PrITAGOBA; giornale di matematica . . . Palermo 
2-21, 1896-1915; s2 v1-2, 3}, 1917-13] 
POLSKA akademija umiejętności. See AKADEMIJA umiejętności, Krakow 
POLSKIE towarzystwo matematyczne, Krakow 
Roszpra 
1, 1921 
Rocznik. 1921 as Rozprawy 
1-16, 1922-37 
Dodatek 
[1], 2-4, 1922-29 
POLYTECHNIC engineer. (Engineering society af the college of arts and engineering of thé 
Polytechnic institute of Brooklyn 
1901-05 
Pontica accademia delle scienze, Rome. 1847-1901 as Accademia pontificia dei nuovi 
Lincei; 1902-22 Pontificia accademia romana dei nuovo Lincel; 1923-35 Pontificia 
accademia delle scienze, nuovi Lincei 
Annuario 
1929/30-30/31, 1933/34-34/35; ns vi, 1936/37 
Atti. Superseded by its Acta 
1, 48-88, 1847-1934 /35]| 
Memorie 
16-18, 1899-1901 
Indice generale: 1913-27 . 
See also SCIENTIARUM nuncius radiophonicus 
POPULAR astronomy. A review of astronomy and allied sciences. (Carleton college, North- 
field, Minn. Goodsell observatory; American association of variable star observers) 
N orthfield, Minn. 
1-5, LE 18094- 
PORTO. See OPORTO 
PRACE matematyczno-fizyczne. Warsaw 
1-44, 1888-1937 
Index: 1-10 
ee akademie der wissenschaften, Berlin. See AKADEMIE der wissenschaften, 
erlin 
K. PREUSSISCHE geodátische institut 
Veróffentlichungen 
8, 1886; ns v10-11, 52, 108, 1902-38 
PRIRODOSLOVNA istraživanja hrvatske i slavonije. See JUGOSLAVENSKA akademija zna- 
nosti i umjetnosti, Zagreb. Prirodoslovna istraživanja kraljevine Jugoslavije 
PRÖGRESO matemático. Saragossa ' 
1-5, 1891-95; s2 v1-2, 1899—1900]| 
PROVINCIAAL Utrechtsch genootschap van kunsten en wetenschappen 
Verslag van het verhandelde in de algemeene vergadering 
1938-39/40 


— 


QUARTERLY journal of pure and applied mathematics. London. Supersedes Cambridge and 
Dublin mathematical journal. United 1930 with Messenger of mathematics to form 
Quarterly journal of mathematics, Oxford series 
1-50, 1857-1927] 
Index: 16-30; 31-45 

UARTERLY of applied mathematics. (Brown university) Providence 
1+, 1943+ 


Rino revien; a monthly record of scientific progress in radiotelegraphy and telephony. 
ndon 

1-2, 3175, 1919-22|| 
RASSEGNA di matematica e fisica. (Istituto fisico-matematico G. Ferraris) Rome 

2-6, 7179.97, 1921—27 || 
RENNES 

. Université x 
Travaux scientifiques 
1-17, 1901 (SO (incl. 2 suppi. to v4) 
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REPERTORIUM der literarischen arbeiten aus dem gebiete der reinen und angewandten 
mathematik. Leipzi 
1-2, 1877~79|| 
REPORTS of a mathematical colloquium. Notre Dame, Ind. si as Ergebnisse eines mathe- 
matischen kolloquiums 
s2 vi4-, 1939+ 
REVIEW of scientific instruments with physicsnews and views. (American institute of physics) 
4+, 19334- 
Revista de ciencias. (Lima. Escuela de ingenieros; Lima. Universidad mayor de San 
Marcos. Facultad de ciencias) Lima 
1-16, 34+, 1897+ 
Revista de matematica. Turin. See Rrvista di matematica 
RevıstA de matemáticas y físicas elementales. Buenos Aires 
1-5, 1919--24|| 
REVISTA matematica din Timisoara 
1-2, 31.u1-12, 1921-24 
RevıstA matemática hispano-americana. (Sociedad matemática española) Madrid. Super- 
sedes Revista de matemáticas, Buenos Aires, and Revista socieded matemática española 
1-2, 31766710, 4-7, 1919-25; s2 v1-11, 1926-36; s4 v2+, 1942+ 
REVISTA trimestral de matemáticas. Saragossa. Suspended Ja-Ag1906 
1-6, 1901-06|| 
REVUE de mathématiques. See Rrvista di matematica 
REVUE de mathématiques spéciales. Paris. 25-29 never published 
1-20, 22-24, 30-40, 1890-1930 
REVUE des questions scientifiques. (Société scientifique de Bruxelles) Louvain. s4 v1-30 
also as 81-110; s5 v14- as 111+ 
s4 v31, 7-30, 1923-36; s5 vi+, 1937+ 
REVUE des revues littéraires et scientifiques hongroises. (Association nationale des so- 
ciétés et des institutions scientifiques de Hongrie; Centre d'études hongroises en F rance) 
Paris. 1935-37 in 2pts: 1....2. Sciences, sciences appliquées. Suppl. to Revue des 
études hongroises, later Études hongroises 
1936-37 = 
REVUE générale des sciences pures et appliquées. Paris 
134-, 1902-1- 
Index: 1-25 
REVUE scientifique. (Revue rose) Paris 
77, 1939 
REVUE semestrielle des publications mathématiques. (Wiskundig genootschap te Amster- 
dam). In 1932 merged with and since 1934 absorbed by Jahrbuch uber die fortschritte 
der mathematik 
1-38, 391%, 1893-1934|| 
Index: 1-5; 6-10; 11-15; 16-20; 21-25; 26-30; 31-36 
Ric ; institute of liberal and technical learning, Houston, Tex. 
Rice institute pamphlets 
172, 414, 54, 72,4, 81,3, 93, 144, 164, 214, 2312, 254 1915-38 
See also Sec. 1I 
RIGA 
Latvijas universitate 
Matématikas un dabas zinätnu fakultäte 
Raksti 
1-2, 1929/31-32/36 (incl. 2 suppl. to v1) 
Rio de Janeiro ' 
Observatorio 
Annuario 
54-56, 1938—40 
Taboas das marés 
1938 
Rivista di fisica, matematica e scienze naturali. (Società cattolica italiana per gli studi 
scientifici) Florence, Naples, Pisa, Pavia. Publication suspended 1913-01926 
1-26, 1900-12; s2 v2-3, 1927-29 
RivisTA di matematica. Turin. v6-7 as Revue de mathématiques 
1-8, 1891-1906|| 
Index: 1-5 
Supplement. See FoRMULARIO matematico 
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ROME 
Universita 
Seminario matematico 
Rendiconti. 3 never published 
1-2, 4-6, 1913/14—19/20; s2 v1—6, 1922/23-28/29; s4 v1, 1936/37 
Rosario, Argentina 
Universidad nacional del Litoral 
Facultad de ciencias matemáticas, fisico-quimicas y naturales aplicadas à la indus- 
tria 
Instituto de matemáticas 
Publicaciones 
1+, 1939+ 
See also MATHEMATICAE notae 
Royar Dublin society 
Scientific proceedings 
ns v1+, 1877+ 
Index: 1-8; 9-11 
Scientific transactions 
s2 vi-9, 1877-19091] 
Index: 1-6; 7-9 
See also Sec. IT 
RovAr Irish academy, Dublin 
Proceedings 
SA v24-30, 32+, 1902+ 
General index; 1786-1906; 1907-32 
Royat philosophical society of Glasgow. Also Philosophical society of Glasgow 
Proceedings 
30, 1898/99 
ROYAL society of Edinburgh 
Proceedings 
3-4, 10-12, 15+, 1850+ 
Transactions 
37+, 1891 + 
Royat society of London \ 
Philosophical transactions 
sA vi92+, 1899+ 
Index: 230-239 
Proceedings. 76+ in two series: A, containing papers of a mathematical or physical 
character; B, containing papers of a biological character 
62-75, 1897-1905; sA v76+, 1905+ 
Index: 130-177 , . 
Yearbook 
1-2, 1896/97—97 /98 
See also INTERNATIONAL catalogue of scientific literature; Sec. IL 
ROYAL society of Queensland 
Proceedings 
15-19, 21-22, 1900-10 
ROYAL statistical society, London 
Journal. 734- also as ns vi4- 
103+, 1940+ 
RozurEpy matematicko přírodovědecké. (Jednota československých matematiků a fysiki) 
Prague. Appeared as pt of Časopis pro pěstování matematiky a fysiky v22—50; v30, 
nsvi-+ as suppl. (přílohy) 
ns vi2-4, 2, 32-4, 4-10, 12-15, 1922-36 
RUNELE's magazine. See MATHEMATICAL monthly 


K. SAECHSISCHE akademie der wissenschaften, Leipzig. See AKADEMIE der wissenschaften, 
Leipzig 
Sr. GALLISCHE naturwissenschaftliche gesellschaft 
Jahrbuch. 1858/60-1900/01 as its Bericht über die thätigkeit 
1900/01-01/02 
SAPPORO, Japan 
Hokkaido imperial university 
Faculty of science 
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Journal 
sl. Mathematics 
1-8, 1930-40 
SARAGOSSA 
Universidad 
Facultad de ciencias 
Anales 
1-2, 1907/08 
SCHOOL mathematics. Chicago. Ap-O1903 as suppl. to School science 
1179, 1903; (ns) v112, 1904| 
SCHOOL science. See SCHOOL science and mathematics 
SCHOOL science and mathematics. (Central association of science and mathematics teach- 
ers) Chicago. 1— as School science 
3+, 19034- 
Supplement. See SCHOOL mathematics 
PET magazine, for all homes and schools. Philadelphia 
11, 1871 
SCHWEIZERISCHE mathematische gesellschaft. See COMMENTARIT mathematici helvetici 
SCIENCE. Cambridge, Mass.; New York; etc. 1901+ includes the official proceedings and 
most of the papers of the American association for the advancement of science 
ns v1+, 1895+ 
SCIENTIARUM nuncius radiophonicus. (Po.tificia accademia delle scienze, Rome) Vatican 
City 
1-40, 1931-35 
SCRIPPS institution of oceanography. ‚See CALIFORNIA. University 
SCRIPTA mathematica; a quarterly journal devoted to the philosophy, history, and exposi- 
tory treatment of mathematics. (Yeshiva College) New York 
1+, 19324- 
SCRIPTA mathematica library. New York 
1+, 1934+ 
SEMINARIO matemático argentino. See BUENOS Aires. Universidad nacional. Instituto 
matemático hispano-americano 
SENDAI, Japan 
Téhoku teikoku daigaku 
Sciencé reports 
sl. Mathematics, physics, chemistry 
1-29, 1912-41 (incl. 1936 suppl.) 
Index: 1-10 
SEVÓENKO-gesellschaft der wissenschaften. See NAUKOVE tovaristvo imeni Shevchenka 
SMITHSONIAN institution, Washington, D. C. 
Annual report of the board of regents 
1885/86-86/87, 1889/90, 1895/96-1903/04, 1905/06+ 
Smithsonian miscellaneous collections 
514, 711, 741, 1910-22 
See also Sec. IT, under BECKER, G. F. 
SOCIEDAD científica “Antonio Alzate.” See ACADEMIA nacional de ciencias Antonio Alzate 
SOCIEDAD científica argentina, Buenos Aires 
Anales 
55+, 1903+ 
See also Sec. II 
SOCIEDAD cubana de ingenieros, Havana 
Revista 
24579, 25-35, 1932-40 
SOCIEDAD matemática española, Madrid 
Revista. Continued in Revista matemática hispano-americana 
1-6 no32, 1911-17] (incl. suppl. 1-3, 1917) ; 
SOCIETÀ dem italiana per gli studi scientifici. See RIVISTA di fisica, matematica e scienze 
naturali 
SOCIETÀ delle XL. See SocrerA italiana delle scienze 
SOCIETÀ italiana delle scienze, Rome. More commonly known as Società delle XL [dei 
quaranta) 
Annuario 
1922, 1927 
Memorie di matematica e di fisica 
S3 v1-2, 12-24, 1867-1938 
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SOCIETÀ italiana di matematica. See ^MATHESIS" società italiana di matematica 
SOCIETÀ italiana per il progresso delle scienze, Rome 


Atti 
1, 1907 
SOCIETAS scientiarum naturalium Moravicae. See MORAVSKA pifrodovédecka společnost, 
Brünn 
SOCIETATEA romänä de stiinte, Bucharest 
Secția matematică 
Bulletin mathématique 
37—40, 1935-38 
SocrÉTÉ astronomique de France, Paris. See ASTRONOMIE 
Socréré: des lettres et des sciences de Bohême. See ČESKÁ společnost nauk 
Socréré des sciences physiques et naturelles de Bordeaux 
Mémoires 
s4 vi-5, 1893-95; s5 v1-5, 1896-1901; s6 vi-4, 5’, 1901-14; s7 vit, 2, 31, 5, 1917-36 
Procés verbaux. 1850/51-93/94 in its Mémoires 
1894/95-1920/21, 1927/28, 1932/33-34/35 
Genera! index: 1850-1900 
See also Sec. IL 
Socré:ré hollandaise des sciences à Harlem. See Ancurvzs néerlandaises des sciences exactes 
et naturelles 
SOCIÉTÉ mathématique de Belgique. See MATHESIS 
SocrÉTÉ mathématique de France, Paris 
Bulletin 
1-63, 1872-1935 
Comptes-rendus. Earlier yrs in its Bulletin. 1915-19, 1922-25 for members only 
1912-14, 1916-21, 1923-34 
See also Sec. TI 
SocrÉTÉ mathématique de Grèce. See HELLENIKE mathematiké hetaireia 
Socréré nationale des sciences naturelles et mathématiques de Cherbourg 
Mémoires. Also numbered in series of 10v each 
25-27, 29-38, 1885-1912 : 
Index: 21-30 
SocrÉTÉ philomathique de Paris 
Bulletin 
s9 v1-10, 1898-1908; s10 v1-11, 1373, 14173, 151, 161, 17*?, 1812, 20, 1909-31; 
118-119, 1935-36 
SocrÉTÉ physico-mathématique de Kasan. See Kazan. Universitet. Fiziko-matematiches- 
koe obshchestvo 
SOCIÉTÉ polonaise de mathématique, Cracow. See POLSKIE towarzystwo matematyczne 
SocrÉTÉ polytechnique de Varsovie. See WARSZAWSKIE towarzystwo politechniczne 
SocrÉTÉ pour la propagation des connaissances scientifiques et industrielles. See BULLETIN 
universel des sciences et de l'industrie 
SocrÉTÉ royale des sciences de Liége 
Bulletin 
1+, 19324- 
Mémoires 
s2 v19-20, 1897-98; s3 v1-20, 1899-1935; st vI+, 1936+ 
Index: s2 v1-20 
Société scientifique de Bruxelles 
Annales. Suspended 1914-19. Continued in series 
26-46, 1902-26] 
Index: 1-25; 26-46 
sÁ. Sciences mathématiques 
47-56, 1927-36] 
sB. Sciences physiques et naturelles 
47-56, 1927-36]| 
s1. Sciences mathématiques et physiques. Formed by the union of its sA and part 


of sB 
57+, 19374- 
See also REVUE des questions scientifiques 
SOFIA 


Universitet 
Fiziko-matematicheski fakul’tet 
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Godishnik- 
35, 1938/39 
Fiziko-matematichesko druzhestvo 
Spisanie 
20-21, 1934-36 
SPHINX-Oedipe. Nancy 
1-11, 12175, 1410-12, 151310, 185-7, 1906-23 (incl. suppls. to v15) 
SRPSKA kral'evska akademija, Belgrade. French title: Académie royale des sciences de Serbie 
Akademija prirodnih nauka 
Bulletin de l'Académie des sciences mathématiques et naturelles 
A. Sciences mathématiques et physiques 
1-4, 1933-38 
STATISTICA. (Warsaw. Szkola glówna gospodarstwa weijskiego) 
2, 6, 1932-38 1 
STOCKHOLM 
Astronomiska observatoriet 
Annalen. 1-11 as Astronomiska iakttagelser och undersökningar pà Stockholms 
observatorium 
1042, 11-13, 1916-41 
STRASBOURG 
Université 
Institut de mathématiques 
Publications. Continued as occasional numbers in Actualités scientifiques et 
industrielles 
3-4, 6-10, 1922-32 
STUDIA mathematica. Lemberg 
1-8, 1929-30 
SUOMALAINEN tiedeakatemia, Helsingfors. Latin name: Academia scientiarum fennica 
M wr poytikirjoja. Suspended 1915-19 
8-2 


Sitzungsberichte. German edition of Esitelmiä ... 
1908-33 
Toimituksia .. . Annales 
SA v1-49, 51, 1909-39 
General index: 1909-31 
SUOMEN tiedeakatemia, Helsingfors. See SUOMALAINEN tiedeakatemia 
SVENSKA vetenskapsakademien, Stockholm 
Bihang til Handlingar 
Afdelning I. Continued as Arkiv for matematik, astronomi och fysik 
ghol, 94,677]. 12-28, 1884-1903] 
Handlingar [mathematical parts only] 
ns (s4) 245, 5512,06, 578-9, 58134,5110, 601,8, 61215-16, 63142 1891-1922; ns (s5) 
1172, 22,5, 42-3,5,7-8, 62,46, 71-2 91,6, 13+, 190344 
Ofversegt af... . förhandli 
22181, 2681, 2816, 29181, 3009, 3115], 3318,81, 3419, 39[8, 402.5910], 4115.9], 420, 
430410], 44[5,5-6,-10], 450,5], 4613.57.10], 47[5,5,7-9), Ag[5,810], 4913.5-6,10] 5011,7,0], 
51H, 5212,175,7,9710), 53(1], 5419, 1865-97 
See also ARKIV for matematik, astronomi och fysik; STOCKHOLM, Astronomiska obser- 
vatoriet 
SZEGED 
Egyetem 
Acta universitatis szegediensis 
Acta scientiarum mathematicarum. 1-9 as Acta litterarum ac scientiarum: Sectio 
scientiarum mathematicarum 
1-8, 914, 1922-40 


TAIHOKU, Formosa 
University 
Faculty of science and agriculture 
Memoirs (mathematical series) 
1-47, 1929-40 
TASHKENT 
Universitet. Full name: Sredne-aziatskil gosudarstvennyl universitet. Title also as 
Turkestanskif gosudarstvennyl universitet. French name: L’Université de l'Asie 
centrale 
Biülleten? 
10-16, 18-21, 1925-35 
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TAVRICHESKEII universitet 
Matematicheskafà laboratorifa 
Protokoly bap of the mathematical laboratory of the Crimean university) 
1-3, 1919-21 
"T BILISSKIÍ . . . institut. See under AKADEMIIA nauk S.S.S.R., Leningrad. Gruzinskit filial 
TECHNOLOGY quarterly and proceedings of the society of arts. (Massachusetts institute of 
technology) Boston. 1887-D1891 as Technology quarterly. 8-14 include Review of Am- 
erican chemical research, 1-7, Ap1895-D1901 (separately paged except in v8) 
4-21, 1891-1908|| 
TEDDINGTON, England 
National physical laboratory 
Report. London 
1915/16-23 
TEMESZVAR 
Scoala politechnica 
Bulletin scientifique . . . Comptes rendus des séances de la Société scientifique de 
Timisoara 
4—5, 1931-34 
TEXAS 
University 
Publications 
[1891], 19154 
Scientific series 
no27, 1914 
TIMIŞOARA. See TEMESZVAR 
TOHOKU imperial university, Sendai. See under SENDAI 
TéHOKU mathematical journal. Sendai 
1-47, 1911-40 
Index: 1-10; 11-20; 21-30 
Toxyo 
Imperial university 
Faculty of science. Through 1886 as the university’s Science dept.; 1887-1925 as its 
College of science 
Journal. Continued in series 
195, 3211, 36172, 375, 414.9, 445, 1903-22 
1: Mathematics, astronomy, physics, chemistry 
11.3,0,9,3, 2173,6-7,9710. 1925-34 
University of literature and science 
Science reports 
Section A 
3, 1935-40 
Toxvo mathematico-physical society. See Neron sugako-buturigakkwai 
TOMSK 
Tomski industrial’ny? institut. Through 1924 as Tomskit tekhnologicheskif institut; 
1925-32 Sibirskit tekhnologischeskiř institut 
Izvestifà 
461.3, 1924-25 S 
Universitet 
Nauchno-issledovatel'skit institut matematiki 1 mekhaniki 
Izvestifä 
1-2, 1935-38 
TORONTO 
University 
Mathematical and physical society 
Papers read... 
1890/91-91/92 
TOULOUSE 
Université 
Faculté des sciences 
Annales 
1-12, 1887-98; s2 v1-10, 1899-1908; s3 v1—28, 1909-36; s4 v1-2, 1937-38 
TOWARZYSTWO naukowe warszawskie. French name: Société scientifique de Varsovie 
Wiese III: Nauk matematyczno-fizycznych 
race 
33-34, 1930-33|| 
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Sprawozdania z posiedzen 
24-30, 1931-37 
TOwARZYSTWO przyjaciół nauk w Wilnie. French name: Société des sciences et des lettres 
de Vilno 
Wydział 2: Matematycznych i przyrodniczych 
Prace À S 
12-13, 1938-39 
TucumAn, Argentina 
Universidad 
Revista 
sA. Matemáticas y física teórica 
1+, 1940+ 
TURIN 
R. Politecnico. Name varies: R. Scuola di ingegneria; etc. 
Conferenze di fisica e di matematica 
1-4, 1929/30-33/34 | 
Universita 
Osservatorio astronomico 
Osservazioni meteorologiche 
1900, 1908-09, 1914-15] 
TURKESTANSKIY gosudarstvenny! universitet. See TASHKENT 


UKRAÏN’SKA akademifä nauk. See AKADEMIÍA nauk U.R.S.R., Kiev 
UNIÓN matemática argentina, Buenos Aires 
Revista x 
8+, 1942+ 
UNIONE matematica italiana 
Bollettino. Bologna 
1-17, 1922-38; s2 v1-2, 1939-40 
Index: 1-17 
UNITED States bureau of education, Washington, D. C. 
Bulletin 
no6-9, 12-13, 16, 1911; no2, 4, 13-14, 1912; no45, 1914; no39, 1915; no27, 1917; 
no9, 1918; no58, 1919; no6, 32, 1921; no18, 1924 
UNITED States coast and geodetic survey, Washington, D. C. 
Special publications 
38, 52-53, 57, 59-60, 67-68, 74-80, 84, 86, 91-93, 95, 99-101, 103-104, 106, 109-110, 
112, 114, 120, 122, 129-130, 134, 137-138, 140, 145, 151, 153, 156, 158-161, 164, 169, 
171-173, 179, 186, 189, 192-195, 198-200, 202-204, 207, 209-210, 212, 214, 217-227, 
229, 1915-41 
UNrrED States navy department 
Hydrographic office, Washington, D. C. 
Publications 
171, 1916 
Naval observatory, Washington, D. C. 
Nautical almanac office 
Astronomical papers 
1-8, 9273, 101, 1882-1925 
Ephemeris and nautical almanac 
1917-41 (incl. suppl. 1900, 1917, 1918, 1925, 1932) 
Publications 
s2 v1-7, 9-14, 1900-38 (incl appendices 41.3, 9, 102, 131) 
- UNTERRICHTSBLATTER fur mathematik und naturwissenschaften (Verein zur forderung 
des mathematischen und naturwissenschaftlichen unterrichts) Berlin 
1-33, 1895-1927 
UPSALA 
Universitet 
Arsskrift 
1867-68, 1869?, 18722, 18743, 18755, 18762, 18791, 1901-11, 19233 
See also Sec. II, under SÖDERBLOM, A. 
URANJA. (Polskie towarzystwo przyjaciół astronomji) Warsaw. Suppl. to Mathesis polska 
10-11, 1931-32 


+ 


VEREIN für naturwissenschaft und mathematik, Ulm. 1888-1912/15 as Verein für mathe- 
matik und naturwissenschaften 
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Mitteilungen 
9-14, 1899-1909 
K. VETENSKAPS-societeten i Upsala 
Nova acta Regiae societatis scientiarum upsaliensis 
ei v7!, 111, 124.712, 137, 144,18, 156,10, 164, 173, 1870-95; s4 v13~4.8.8, 1905-07 
VIDENSKABS-selskabet i Kristiania. See NORSKE videnskaps-akademi, Oslo 
ViESTNIK opytnoi fiziki i elementarnoi matematiki. Kiev 
24-25, 2614, 272, 281, 305, 339, 3610, 399710, 1901-08 
VIZIANAGARAM, India 
Maharajah’s college (affiliated with the University at Madras) 
Science association 


Journal 
274, 1925-26 
VLADIVOSTOK 
Gosudarstvennyt dal’nevostochny! universitet i 
Trudy. 1925/26-30 issued in series 
s7. Fizika, matematika 
1-2, 1926 
VORONEZH 
Universitet 
Trudy ... Acta universitatis voronegiensis (olim jurievensis-dorpatensis). Text in 
Russian with résumés in German ° 
1-3, 5, 8-10, 1925-39 
VRIEND der wiskunde. Culemborg, Schoonhoven, Haarlem 
1-31, 1886-1916|| 
Supplement 
1-5, 25, 1887-1913]| 
VSEUKRAÏN’SKA akademifa nauk, Kiev. See AXKADEMIIA nauk U.R.S.R., Kiev 


WARSAW 
Universitet 
Koło matematyczno-fzyczne 
Wydawnictwa 
19, 21, 26, 1929-33 
e estestvoispytateleï 


Trudy 
1-3, 1891-95] 
See also MONOGRAFJE matematyczne 
WARSZAWSKIE towarzystwo politechniczne. French name: Société polytechnique de 
Varsovie 
Sprawozdania i prace. 1-13 also as v1-6? 
1-16, 1921-33 
WASHINGTON (State) 
University 
Publications in mathematics. vi! as its Publications in mathematics and physical 
science 
1173, 31, 1915-30 
WESTERN Australian astronomical society 


Proceedin 
1 1913/14] 


WiADOMOÉCI matematyczne. Warsaw 
1—23, 1897-1919 
WISKUNDIG genootschap onder de zinspreuk: Een onvermoeide arbeid komt alles te- 
boven, Amsterdam 
Verslag 
1927 
Ste also REVUE semestrielle des publications mathématiques; WISKUNDIGE opgaven 
met de oplossingen 
WisxuNDIG tijdschrift. Haarlem 
1-3, 7-10, 121, 15-16, 1904-20 
WISKUNDIGE opgaven met de oplossingen. (Genootschap der mathematische wetenschap- 
pen; Wiskundig genootschap te Amsterdam) Amsterdam, Groningen. 1-4 as Wisk- 
unstige opgaven met hare ontbindingen 


32 


4, 1870-74; s2 v1-16, 1875-1937 
Index: 1-10 


ZAPISKI Kharkivs'kogo matematichnogo tovaristva ta Ukrains'kogo institutu matematich- 
nikh nauk. Kharkov. 1-32 v16 as Khar’kov. Universitet. Khar'kovskoe matematicheskoe 
obshchestvo. Soobshchenif& (s1 as its Soobshchenif& i protokoly); s3 v1 Uchenye zapiski 
Nauchno-issledovatel’skikh kafedr Ukraini. Otdel matematicheskif; s3 v2-3 Naukovi 
zapiski Naukovo-doslidchikh-matematichnikh katedr Ukraini 

1-9, 1879-87; s2 v1-15, 1612, 1888-1918; s3 v1-3, 1924-28; s4 1-18, 1927-40 

ZEITSCHRIFT für angewandte mathematik und mechanik. Berlin 

1—20, 1921-40 
ZEITSCHRIFT für mathematik und physik. Leipzig 
3-13, 18-21, 30, 32-64, 1858-1917 || 
ORDER See ABHANDLUNGEN zur geschichte der mathematischen wissen- 
schaften... 

ZEITSCHRIFT für mathematischen und naturwissenschaftlichen unterricht. (Verein zur 
forderung des unterrichts in der mathematik und den naturwissenschaften) Leipzig. Sub- 
title varies. Includes the society's Mitteilungen, 1892-1909 

13-31, 1882-1900 

ZEITSCHRIFT für vermessungswesen. (Deutscher verein für vermessungswesen) Stuttgart 
31-44, 45172, 49-68, 1902-39 

ZENTRALBLATT fur geophysik, meteorologie und geodäsie. Berlin 
1-4, 1937-40 

ZENTRALBLATT für mathematik und ihre grenzgebiete. (Deutsche mathematiker-vereini- 
gung) Berlin 

1-20, 1931-39 
Index: 1-5 

ZENTRALBLATT für mechanik. Göttingen. Formerly issued as a section of Zentralblatt für 

mathematik und ihre grenzgebiete 
1-8, 1933-39 
Index: 1-5 
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SECTION II 
NONSERIAL PUBLICATIONS 


AACHEN. See AIX-LA-CHAPELLE. 

A2ASON, E. Contributions à l'étude du coefficient de déformation des fonctions non sinu 
soidales; applications d’une nouvelle méthode pour la décomposition d'une fonction 
périodique dans ses harmoniques. Bucarest, 1927. 

ABBE, C. The mechanics of the earth's atmosphere. 3d collection. Washington, 1910. 
(Smithsonian miscellaneous collection, v51‘) ` 

ABBE, E. Ueber die gesetzmässigkeit in vertheilung der fehler bei beobachtungsreiche. 
Habilitationsschrift, Jena, 1863. 

ABBOTT, J. C. The projective theory of non-Euclidean geometry. Diss., Notre Dame, 1941. 

ABEL, J. J. Chemistry in relation to biology and medicine with especial reference to insulin 
and other hormones. Baltimore, 1939. 

ABEL, N. H. Oeuvres completes. 2v, Christiania, 1881. 

Niels Henrik Abel. Mémorial publié à l'occasion du centenaire de sa naissance. Chris- 
tiania, 1902. [Apart from correspondence, etc., of Abel, the volume contains con- 
tributions by B. Bjørnson, E. Holst, C. Størmer, and L. Sylow.] 

ABENBEDER. See IBN BADR. 

ABERNATHY, J. R. On the application of divided differences to approximation. Diss., 
Michigan, 1932. fc. 

ABRAHAM, M. Die electrischen schwingungen um einen stabfórmigen leiter, behandelt 
nach der Maxwell'schen theorie. Diss., Berlin, 1897. 

ACADEMIA nacional de ciencias Antonio Alzate, Mexico. Réponses au questionnaire d’his- 
SE vrbe systématique, distribué par la Société scientifique "Antonio Alzate." 

exico, 1896. 


. ACADÉMIE royale des sciences, des lettres et des beaux-arts de Belgique. Aperçu historique 


et travaux (1772-1904). Brussels, 1904. 
Catalogue onomastique des accroissements de la bibliothéque, sciences 1883-1914. By 
F. Leuridant and J. Perrée. Brussels, 1919. 
Fondations académiques. Brussels, 1919. 
L’académie royale de Belgique depuis sa fondation (1772-1922). Brussels, 1922. 
See also LE NAIN, L.; Sec. I. | 
R. AccADEMIA delle scienze di Torino. Onoranze centenarie internazionali ad Amedeo 
Avogadro. Torino, 1911. 
See also Sec. I. 
R. ACCADEMIA di scienze, lettere ed arti in Modena. Cenno storico. Modena, 1912. 
See also Sec. I. 
AcnELIS, E. The world calendar. 2d ed, New York, n. d. 
ACKERMANN, R. Boschungsstrahlen und bóschungsflachen. Diss., Halle, 1913. 
ACTUARIAL society of America, and Association of life insurance medical directors. 
Medico-actuarial mortality investigations. New York, 1912. 
Joint occupation study, 1928. New York, 1929. 
Occupational mortality ratings. New York, 1929 
Medical impairment study, 1929. New York, 1931. Suppl., 1932. 
Impairment study, 1936. New York, 1936. 
Occupational study, 1937. New York, 1938. 
Impairment study, 1938. New York, 1939. 
Blood pressure study, 1939. New York, 1940. Suppl., 1941. 
See also Sec. I. 
Apam, P. E. Sur les systèmes triples orthogonaux. Diss., Paris, 1887. 
ADAM, en anweisung zum ausziehen der quadrat- und kubikwurzel. Wittstock, 


Apaws, D. Arithmetic, in which the principles of operating by numbers are analytically 
explained and synthetically applied. Keene, New Hampshire, 1827. 

Apaws, E. P. The quantum theory. 2d ed., Washington, 1923. (National research council, 
Bulletin, no 39) 

Apams, E. P., Greenhill, G., and Hippisley, R. L. Smithsonian mathematial formulae and 
tables SET ptic functions. Washington, 1922. (Smithsonian miscellaneous collec- 
tion, v 


34 


ADAMS, J. L. The milky way. Sydney, 1905. 
The infinity of the starry universe. Sydney, 1906. 
ADAMS, O. S. Application of the theory of least squares to the adjustment of triangulation. 
1915. (U.S. coast and geodetic survey, Special publ. no 28) 
General theory of the Lambert conformal conic projection. 1918. (U.S. coast and 
geodetic survey, Special publ. no 53) 
Lambert projection tables for the United States coast and geodetic survey. 1918. 
(U.S. coast and geodetic survey, Special publ no 52) 
À study of map projections in general. 1919. (U.S. coast and geodetic survey, Special 
publ. no 60) 
General theory of polyconic projections. 1919. (U S.-coast and geodetic survey, Spe- 
cial publ. no 57) 
Latitude developments connected with geodesy and cartography. 1921. (U.S. coast 
and geodetic survey, Special publ. no 67) s 
Radio-compass bearings. 1921. (U.S. coast and geodetic survey, Special publ. no 75) 
Elliptic functions applied to conformal] world maps. 1925. (U.S. coast and geodetic 
survey, Special publ. no 112) 
nn for Albers projection. 1927. (U.S. coast and geodetic survey, Special publ. no 
130 
Conformal projection of the sphere within a square. 1929. (U.S. coast and geodetic 
survey, Special publ. no 153) 
The Bowie method of triangulation adjustment as applied to the first-order net in the 
western part of the United States 1930. (U.S. coast and geodetic survey, Special 
publ. no 159) 
Triangulation in Colorado [1927 datum]. 1930. (U.S. coast and geodetic survey, Spe- 
cial publ. no 160) 
First and second order triangulation and traverse in North Carolina (1927 datum). 
1935. (U S. coast and geodetic survey, Special publ. no 192) 
Azimuths from plane coordinates. 1936. (U.S coast and geodetic survey, Serial no 584) 
First and second order triangulation and traverse in North Carolina (1927 datum). 
v2, 1940. (U.S. coast and geodetic survey, Special publ. no 218) 
See also Bowie, W ; DEETz, C. H. 
ADAMS, O. S., and CLAIRE, C. N. Manual of plane-coordinate computation. 1935. (U.S. 
coast and geodetic survey, Special publ. no 193) 
Manual of traverse computation on the Lambert grid. 1935. (U.S. coast and geodetic 
survey, Special publ. no 194) 
Manual of traverse computation on the transverse mercator grid. 1935. (U.S. coast 
and geodetic survey, Special pub]. no 195) 
ADER, O. B. Concerning an affine invariant of convex regions. Diss., Kentucky, 1937. fc. 
ApHEMAR, R. p'. Sur une classe d'équations aux dérivées partielles du second ordre, du 
type hyperbolique, à trois ou quatre variables indépendantes. Diss., Paris, 1904. 
See also BOREL, E. F. E. J. 
ApKISSON, V. W. Cyclicly connected continous curves whose complementary domain 
boundaries are homeomorphic, preserving branch points. Diss., Pennsylvania, 1930. 
ADRIAN, T. Ueber projektivitats- und dualitats-beziehungen im gebiete mehrfach unend- 
licher kegelschnittschaaren. Diss., Berlin, 1882. 
AGARD, H. L. The extension of some theorems in the theory of sets of points to m-dimen- 
sional space. Diss., Yale, 1911. fc. 
Aut, F. Untersuchungen uber geodatische linien. Diss., Kiel,-1901. 
AHRENDT, A. Untersuchungen über die parallelflachen der flachen zweiten grades. Diss., 
Rostock, 1888. 
ARD d Mathematische unterhaltungen und spiele. Leipzig, 1901. Also 2d ed., vi, 
Scherz und ernst in der mathematik. Leipzig, 1904. 
C. G. J. Jacobi als politiker. Leipzig, 1907. 
See also Jacon, C. G. J. 
Ars, G. B. Theory of errors of observations. Cambridge, England, 1861. 
Partial differential equations. 2d ed., London, 1873. 
AITCHISON, B. On the mapping of totally connected continua into simple arcs. Diss., Johns 
Hopkins, 1933. 
AIX-LA-CHAPELLE (Aachen). K. technische hochschule. Die uebergabe des rektorates am 
ersten juli 1898. Aachen, 1898. 
AKADEMISA nauk, S S.S.R., Leningrad. Doklady na obshchem sobranii akademii nauk 
SSSR. 2v, 1943-44. 
See also Sec. 1. 
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ÄrANDER, M. Sur le déplacement des zéros des fonctions entières par leur dérivation. Diss., 
Upsala, 1914. 

ALAOGLU, L. Weak topologies of normed linear spaces. Diss., Chicago, 1938. 

ALASIA, C. Esercizi ed applicazioni di calcolo infinitesimale ed integrale. Città di Castello, 
1898 


Calcolo grafico ed applicazioni alla statica grafica. Città di Castello, 1899. 
La recente geometria del triangolo. Città di Castello, 1900. 

I complementi di geometria elementare. Milan, 1903. 

Josiah Willard Gibbs, in memoriam. Pavia, 1905. 

La vita e l'opera scientifica del Prof. Ernesto Cesàro. Pavia, 1907. 

ALBERT, A. A. Algebras and their radicals, and division algebras. Diss., Chicago, 1928. fc. 
Structure of algebras. New York, 1939. (Amer. math. soc. colloquium publ., v24) 
ALBERT, O. W. Relations between the projective and metric differential geometries of sur- 

faces. Diss., Washington, 1931. 
ALBRECHT, B. Über das problem der brachistochrone der zentralbewegung für das anzie- 
hungsgesetz K=m-r". Diss., Halle, 1914. 
ALDEN, H. H. Properties of differential equations and integrals of differential equations 
arising from properties of the solution curves. Diss., Ohio, 1933. fc. 
ArpzicE, G. F. Hyperconformal transformations. Diss., Maryland, 1937. 
ALEXANDER, H. W. The role of the mean curvature in the immersion theory of surfaces. 
Diss., Princeton, 1939. 
ALEXANDER, J. W. Functions which map the interior of the unit circle upon simple regions. 
Diss., Princeton, 1915. 
ALEXANDER, T. Elementary applied mechanics. London, 1880. 
ALEXANDROW, W. Elementare grundlagen fur die theorie des masses. Diss., Zurich, 1916. 
Arey, R. J. Contributions to the geometry of the triangle. Diss., Pennsylvania, 1897. Also 
fc. 
Graphs. Boston, 1902. 
ALEZAIS, R. Sur une classe de fonctions hyperfuchsiennes. Diss., Paris, 1901, 
ALLEN, E. F. A reconsideration of certain parts of the Lie theory. Diss., Missouri, 1923. fc. 
ALLEN, E. S. Six-place tables. 5th ed., New York, 1935. 
Plane trigonometry. With tables. New Vork, 1936. 
ALLEN, J. See TANNER, J. H. 
ALLEN, R. B. On hypercomplex number systems belonging to an arbitrary domain of ra- 
tionality. Diss., Clark, 1908. 
E C. B. The imbedding of Riemann spaces in the large. Diss., Princeton, 
936. 
ALLMAN, G. J. Greek geometry from Thales to Euclid. Part 3, Dublin, 1884. 
ALMANACKS, 1847. Vox stellarum, by F. Moore; Merlinus liberatus, by J. Partridge; Eng- 
lishman's and family almanack; Gardiner's almanack, by G. W. Johnson. 
ALSOP, S. Treatise on algebra. Philadelphia, 1858. 
ALTERAUGE, L. Über lineare relationen zwischen hypergeometrischen integralen. Diss., 
Strassburg, 1907. 
ALIMAN, G. T. An investigation into the causes of the trade cycle by way of mathematical 
theory. Chicago, 1932. 
ALTSHILLER-COURT, N. See Court, N. A. 
ALVAREZ DE Castro, A. Soluzione grafica della trisezione dell’ angolo. Rome, 1899. 
AmBROSE, W. A. Some properties of measurable stochastic processes. Diss., Illinois, 1939, 
AMEND. See EIMER. 
Am Enns, H. F., De summatione seriei: 1/$(0)+1/g(1)-H1/ 2) 3-1/9(3) 3- * - usque ad 
inf. Diss., Breslau, 1853. 
AMERICAN association for the advancement of science. See SYMPOSIUM on mathematics. 
AMERICAN mathematical society. Catalogue of the library. 1903, 1905, 1910, 1925, 1932. 
New York. 
Semicentennial addresses: 
Bell, E. T. Fifty years of algebra in America, 1888-1938; 
Birkhoff, G. D. Fifty years of American mathematics; 
Evans, G. C. Dirichlet problems; | 
McShane, E. J. Recent developments in the calculus of variations; 
Ritt, J. F. Algebraic aspects of the theory of differential equations; 
Synge, J. L. Hydrodynamical stability; 
Thomas, T. Y. Recent trends in geometry; 
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Wiener, N. The historical background of harmonic analysis; 
Wilder, R. L. The sphere in topology. New York, 1938. 
See also ARCHIBALD, R. C.; KLEN, F.; Sec. I. 
AMERICAN PM society. The Franklin bicentennial celebration. Philadelphia, 1906. 
See also Sec. I. 
AMERICAN society of civil engineers. Mansfield Merriman, 1848-1925. New York, n.d. 
RICAN society of mechanical engineers. Heat balance in steam power plants. New 
York, 1921. 
See also Sec. I. 
Ames, D. B. The 3:1 resonance case in planetary motion. Diss., Yale, 1931. 
AMES, a An arithmetic treatment of some problems in analysis situs. Diss., Harvard, 
AMMERMAN, C. See Forp, W. B. 
AMODEO, F. Elementi di matematica. v2, part 2, Naples, 1909. 
Sulla storia della prospettiva. (Breve risposta alla nota del socio correspondente 
Gino Loria letta nella tornata dell 8 Gennaio 1933.) Naples, 1933. 
Argomenti trattati nella scuola matematica napoletana (1615-1860). Appendice 
sintetica all'opera "vita matematica napoletana.” Naples, 1934. 
Origine e sviluppo della geometria proiettiva. Naples, 1939. 
AMSLER, A. Ueber den flacheninhalt und das volumen durch bewegung erzeugter kurven 
und flächen und über mechanische integrationen. Diss., Basel, 1880. 
ANDEREGG, F., and Ror, E. D. Trigonometry for schools and colleges. Boston, 1902. 
ANDERHALDEN, P. B. Die aetherhypothesen von Descartes bis Fresnel. Diss., Freiburg, 
Switzerland, 1901. 
ANDERSEN, A. E. Topics in the theory of binary forms. Diss., Harvard, 1934. fc. 
ANDERSEN, A. F. Studier over Cesäro’s summabilitetsmetode. Diss., Copenhagen, 1921. 
ANDERSON, E. W. Statics of special types of homogeneous elastic slabs with variable thick- 
ness. Diss., Iowa State, 1933. fc. 
ANDERSON, N. L. An extension of Maschke’s symbolism. Diss., Missouri, 1929. 
ANDERSON, P. H. Distributions in stratified sampling. Diss., Illinois, 1940. 
an oe L. Serial correlation in the analysis of time series. Diss., Iowa State, 
1941. fc. 
ANDERSON, ROSE L. A problem in the simultaneous reduction of two quadratic forms in 
infinitely many variables. Diss., Bryn Mawr, 1930. 
ANDERSSON, J. Uber eine klasse untergruppen einer Abel'schen Gum. Diss., Upsala, 1913. 
ANDERTON, E. L. Bioche curve pairs. Diss., Yale, 1925. fc. 
ANDOYER, H. Contribution a la théorie des orbites intermédiaires. Diss., Paris, 1886. 
Théorie de Ja lune. Paris, 1902. 
ANDRADE, J. Sur Je mouvement d'un corps soumis à l'attraction newtonienne de deux corps 
a et sur l’extension d’une propriété des mouvements keplériens. Diss., Paris, 
ANDRADE, V. Ensayo bibliográfico mexicano del siglo xvir. Mexico, 1894. 
ANDRAE, A, Hilfsmittel zu einer allgemeinen theorie der linearen elliptischen differential- 
gleichung 2. ordnung. Diss., Gottingen, 1903. 
ANDRÉ, D. (1) Développements en séries des fonctions elliptiques et de leurs puissances; 
(2) terme général d'une série déterminée à la façon des séries récurrentes. Diss., 
Paris, 1877. 
Des notations mathématiques, énumération, choix et usage. Paris, 1909. 
ANDREAS, E. Ueber den specifischen grenzmagnetismus permanenter stahlmagnete. Diss., 


Basel, 1897, 
ANDREWS, G. The primitive double minimal surface of the seventh class and its conjugate. 
Diss., Columbia, 1901. 


ANDRIESSEN, C. Über erzeugnisse kongruenter grundgebilde. Diss., Strassburg, 1906. 
CKE, T. Contribution à l'étude thermo-mécanique des tiges et des plaques. Diss., 
_ Paris, 1911. 
ANSCHUTZ, F. Studien über binomische gleichungen. Passau, 1884. 
ANTOINE, à Sur l'homéomorphie de deux figures et de leurs voisinages. Diss., Strassburg, 
1921. 

ANTOMARI, X. Application de la méthode cinématique à l'étude des surfaces reglées; 
mouvement d'un corps solide assujetti à cinq conditions. Diss., Paris, 1894. 
ANTON, L. Geschichte des isoperimetrischen problems, eine geschichtliche darstellung der 

variationsrechnung von Bernoulli bis Lagrange. Diss., Leipzig, 1888. 
ANZEMBERGER, M. See Vessiot, E. 
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PREFACE 


When the last catalogue of the library of the American Mathematical Society was pub- 
lished in 1932, the Society had nearly 1,800 members, the number of books in the library 
was approximately 7,500. At the present time the library contains about 11,600 volumes 
and the members of the Society number 3,000. Many members who have joined the Society 
since 1932 may never have seen its catalogue; some may not be aware of the existence of 
the Society’s library; of members of some years standing but very few have any means of 
knowing about the additions to the library’s holdings. It is after these considerations that 
the Council of the Society recommended and the Board of Trustees authorized the publica- 
tion of a new edition of the catalogue. 

The Society’s library is housed in the Low Memorial Library Building of Columbia 
University. Books may be consulted there. Loans to members outside New York City 
should be arranged through the library regularly used by the member. This library may 
request an interlibrary loan by addressing a letter to the American Mathematical Society, 
531 West 116th Street, New York 27, New York. 

Mention should be made of the fact that in recent years the library has acquired an 
almost complete collection of American doctoral dissertations in mathematics. 

The abbreviations used in the present catalogue are explained on page v and should 
be consulted for its convenient use. A few general remarks follow. 

1. The catalogue is divided into two parts. Section I contains serial publications; Sec- 
tion II all others. In cases in which listing in either section could be justified, the choice 
was determined by judgment as to the greatest convenience to the user of the catalogue. 
The precedent set by the Union List of Serial Publications was followed in most, but not 
in all, cases. 

2. Bibliographical information is not generally included because of lack of space and 
lack of facilities for acquiring it in anything like completeness. 

3. The library has greatly extended its holdings of dissertations. These are listed under 
the name of the author, with indication of the name of the degree conferring institution, 
and the year of award of the degree. 

4. Well known series of books are listed in Section I under the general title of the series. 
Individual volumes are listed under the author's name in Section II. 

5. Maiden names of women are used if their publications appeared under that name. 

6. References from Section I to Section II, or vice-versa, without further amplification 
refer to an entry under the same principal name. 

7. In many casesitis uncertain at the moment of going to press whether a journal whose 
publication was interrupted during the war years will be resumed. 

The great amount of detailed work necessary for the publication of this catalogue was 
done by Mrs. A. K. Farwell, who was employed by the Society for this purpose, and by the 
staff of the New York office of the Society. Grateful acknowledgment is made of the valu- 
able assistance received from members of the Columbia University Library Staff. 

ARNOLD DRESDEN 
Librarian 
May 1946 
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EXPLANATION AND ABBREVIATIONS 


The following general rules and abbreviations were used in preparation of Section I of 
this catalogue. 

The journals, transactions, proceedings, etc., of a society are entered under the first 
word, not an article, of the latest form of the name of the society. 

Learned societies and academies, other than English, with names beginning with an 
adjective denoting royal privilege are entered under the first word following the adjective. 
These adjectives, Kaiserlich, Koniglich, Reale, Imperiale, etc., are abbreviated to K., R., 
I., etc., and are disregarded in the arrangement. 

A serial published by a society, but having a distinctive title, is entered under the title 
with reference from the name of the society. 

A serial not published by a society or public office is entered under the frst word, not 
an article, of the latest form of the title. 

Colleges and universities having a geographical designation are entered under the name 
of the city, state, or country contained in the title. 

Volume numbers and dates are inclusive in all cases and the dates are for the period 
covered by the serial, not those of publication. 

A dash between volume numbers or dates signifies “from and including the former to 
and including the latter.” 

A plus sign (see p. 1, line 10) indicates that the serial is currently received and that the 
set is complete from the last date or volume number given. 

Superscripts designate numbers or parts of volumes. 

Parallels indicate that publication ceased with the preceding date or volume (see p. 1, 
line 18). 

Brackets (see p. 4, line 6) indicate that the volumes or years so enclosed are not com- 


plete. 
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year yr March Mr 
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revised rev. May My 
enlarged en]. June Je 
fascicule fasc July JA 
section sec. August Ag 
film copy Íc September 5 
dissertation ` diss. October O 
no date n.d. November N 
no place n.p. December D 
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1922 
Memorias 
14, 20, 22-30, 32, 1890-1929; s2 v1-2, 4-9, 1921-29|| 
Serie de ciencias exactas 
1, 1930 
Revista. 16-29 also as s2 vi-14 
1-32, 1904-35 
ACADEMIA nacional de ciencias Antonio Alzate, Mexico. 1884-1929 as Sociedad científica 
“Antonio Alzate” . 
Memorias. Individual issues 4+ as Memorias y revista 
2-54, 1888-1934 
Index: 1-27; 1-52 
ACADEMIA polytechnica do Porto. See OPORTO 
ACADEMIA scientiarum fennica. See SUOMALAINEN tiedeakatemia 
ACADEMIE des sciences, Cracow. See AKADEMIJA umiejętności 
ACADEMIE des sciences, Paris 
Comptes rendus hebdomadaires des séances 
1-65, 100+, 1835+ 
Index: 122-151 
ACADÉMIE des sciences d'Ukraine, Kief. See AKADEMIA nauk U.R.S.R., Kiev 
ACADÉMIE des sciences de l'empereur François Joseph I, Prague. See ČESKÁ akademie véd 
a umění v Praze m 
ACADÉMIE des sciences de l'Union des républiques soviétiques socialistes. See AKADEMIIA 
nauk S.S.S.R., Leningrad 
ACADEMIE des sciences et lettres de Montpellier 
Bulletin. 1909-17 as Bulletin mensuel. Numbering irregular 
1911-19, 1921, 1925-37 
Section des sciences 
Mémoires 
s2 v1—3, 1893-1907 
ACADÉMIE des sciences, inscriptions et belles-lettres de Toulouse 
Bulletin. Supersedes and is superseded by its Mémoires 
3, 1899/1900]| 
Mémoires 
s10 v1-11, 1901-11 
ACADÉMIE impériale des sciences, St. Petersburg. See AKADEMUA nauk S.S.S.R., Leningrad 
ACADEMIE royale des sciences de Serbie, Belgrade. See Srpska kral'evska akademija 
ACADÉMIE royale des sciences, des lettres et des beaux-arts de Belgique, Brussels 
Annuaire 
1-2, 5, 7-11, 14-15, 18-31, 68-85, 87-F, 18354- 
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Bulletins 
s3 v17-21, 23-30, 34, 36, 1889-98|| 
Classe des sciences 
Bulletins. Suspended 1915-18 
1899-1900, 1902-14, 1919- (incl. Annexe, 1915) 
Index: 1899-1910; 1911-14 
Mémoires. Collection in 4° 
s2 vic, 1907+ 
Mémoires. Collection in 8° 
s2 vi-F, 1904+ 
Mémoires couronnés et autres mémoires. Collection in 8° 
60-66, 1900-04 
Index: 1898-1914. This also indexes the other four Mémoires of this academy 
Mémoires couronnés et mémoires des savants étrangers. Collection in 4° 
58-62, 1899—1904]| 
Mémoires de l'Académie. 1789-1845 as Nouveaux mémoires 
s2 v10, 17, 19, 50-54, 1837-1904 || 
See also Sec. II 
AcADEMTE tchèque des sciences, Prague. See CEskÁ akademie véd a umënf v Praze 
ACADEMY of science of St. Louis | 
Ge Charter, Members, etc. 
93 


Transactions 
5-29, 1886-1938 
Index: 1-10; 11-20 
ACCADEMIA d’Italia, Rome 
Annuario 5 
1-9, 1929-37 
Classe di scienze fisiche, matematiche e naturali 
Memorie 
1-5, 1930-34 
— R. ACCADEMIA dei Lincei, Rome. See R. ACCADEMIA nazionale dei Lincei 
R. AccADEMIA delle scienze dell’ istituto di Bologna 
Classe di scienze fisiche 
Memorie. To 1907 see the academy’s Memorie 
ső v5-10, 1908/09-12/13; s7 vi-10, 1913/14-22/23; s8 v1—10, 1923/24-32/33 
(incl. suppl. 1910) 
Rendiconto. To 1907 see the academy’s Rendiconto ns v12-37, 1907-33 
Memorie. Superseded by Classe di scienze fisiche. Memorie 
- S5 v8-10, 1899-1904; s6 v1—4, 1904-07 || 
Rendiconto. Superseded by Classe di scienze fisiche. Rendiconto 
ns v4-11, 1899-1907] 
R. ÁcCADEMIA delle scienze di Torino 
Annuario 
1933/34] 
Atti. Continued in sections 
30-48, 50-62, 1895-1926/27] 
Index: Each 10th v includes index to preceding 10v 
Classe di scienze fisiche, matematiche e naturali 


tti 
63-74, 1927/28-38/39 
Memorie 
s2 v48-65, 66!, 67-69, 1889-1939 
Index: Each 10th v in s2 includes index to preceding 10v 
R. AccaDEMyA delle scienze fisiche e matematiche, Naples. (Societa reale di Napoli) 
Atti. Suspended 1917-26 
s2 v8-14, 16-20, 1897-1935 - 
Rendiconti 
s3 v1-18, 20-36, 1895-1930; s4 v1-8, 1931-38 
General index: 1737-1903 
R. di scienze, lettere e belle arti di Palermo 
tti 
s3 v1-9, 1891-1912 


R. ACCADEMIA di scienze, lettere ed arti degli zelanti, Acireale 
Classe di lettere 


Memorie 
s3 v10, 1917/18; s4 v2, 1927/29 
Classe di scienze 
Memorie 
s3 v1-3, 10, 1901/02-18/22; s4 v2, 1927/31 
R. ACCADEMIA di scienze, lettere ed arti in Modena 
Atti e memorie. To 1922 as its Memorie 
s3 v1-14, 1898-1922; s4 vi-4, 1926-33/34; s5 vi~2, 1935/36-36/37 
See also Sec. II 
R. ACCADEMIA nazionale dei Lincei, Rome. To Je1920 as R. Accademia dei Lincei 
Atti 
1, 1847/48 
Classe di scienze fisiche, matematiche e naturali 
Rendiconti 
s5 v1—33, 1892-1924; s6 v1-19, 23-25, 27-29, 1925-Je39|| 
Rendiconti. Continued as Rendiconti della Classe di scienze fisiche, and Rendiconti 
della Classe di scienze morali 
s4, v1-7, 1884~91|| 
Rendiconti delle sedute solenni 
1892-97, 1904-12, 1914, 1916-28 
General index: 1876-1910; 1911-24; 1925-34 
ACCADEMIA pontificia dei nuovi Lincei, Rome. See Pontrricta accademia delle scienze 
Acta mathematica. Stockholm 
1+, 1882+ 
Index: 1-35 
For appendices, 1884, 1885, see BIBLIOTHECA mathematica 
ACTUARIAL society of America, New York 
Actuarial studies 
nol, 4-5, 1919-32 
List of members 
1911 : 
Transactions. 1-6 as Papers and transactions 
1-35, 361, 37+, 1889 + 
AIX-MARSEILLE, Université d' 
Faculté des sciences 
Annales 
Ser. in 49 
11-26, 1901-30|| (incl. suppl. to v16, 20) 
Ser. in 8° 
1-12, 1921-39 
AKADEMIE der wissenschaften, Berlin 
Abhandlungen [mathematical memoirs only] 
1892-94, 1897, 1901, 1903-04, 1906-07 || 
Monatsberichte. Supersedes its Bericht 
1857-81 
Index: 1836-58; 1859-73; 1874-81 
Physikalisch-mathematische klasse 
Abhandlungen 
1909-38 
Sitzungsberichte 
1922-37 
u Supersedes its Monatsberichte. Continued in classes 
2-1921 
AKADEMIE der wissenschaften, Leipzig. 1846-1918 as K. Saechsische gesellschaft der 
wissenschaften. 1919-+- full name: Saechsische akademie der wissenschaften 
Mathematisch-physische klasse 
Abhandlungen 
12-42, 1883-1938 
Berichte 
26-89, 1874-1937 
AKADEMIE der wissenschaften, Munich 


Mathematisch-naturwissenschaftliche abteilung. 1871-1923 as its Mathematisch- 
physikalische classe 
Abhandlungen 
14-25, 27-32, 1881-1928; ns v1—44, 1929-38 (incl. suppl. 1922-32) 
Sitzungsberichte 
1881-1912, [1913], 1914-37 
Index: 1871-85; 1886-99 
K. AKADEMIE der wissenschaften, Vienna 
Mathematisch-naturwissenschaftliche klasse 
Sitzungsberichte i 
108-148, 1899-1939 
K. AKADEMIE van wetenschappen, Amsterdam 
Afdeeling natuurkunde 
Proceedings of the section of sciences 
1-30, 1899-1927 
Verhandelingen. Eerste sectie 
134, 1928 
AKADEMIIA nauk S.S.S.R., Leningrad 
Bulletin. s4 v1-2 also as s3 v33—34. 1928+ in sections 
i VE 7E 1860-88; s4 v1-2, 1890-92; s5 v3-25, 1895-1906; s6 v1-7, 81, 10-21, 
1907- 
Classe physico-mathématique 
Mémoires 
s8 v147, 15-17, 324, 338-9, 343, 1903-16 ' . 
Comptes rendus (Doklady) de l'Académie des sciences de l'URSS. Supersedes its 
Doklady sA. 1934-+ in 4v each year. 1934 v1-1935 v3 lack numbering, later supplied 
as v2-7. Published in two editions 
International edition 
ns v1-9, 11-17, 19-29, 32, 34+, 1933+ 
Russian edition 
ns v22-29, 42+, 1939+ 
Fiziko-matematicheskit institut imeni V. A. Steklova 


Izves 
1-3, 1922-30]| 
rd Title also in French: Travaux de l'Institut physico-mathématique Stekloff 
+, 19324- 
en referativnyl zhurnal 
, 1939 
Gruzinskit filial 
Matematicheskit institut 
Trudy 
1+, 19374- 
Soobshchenifà 
1-2, 1940-41 
Izvestifa. For earlier years see Academy’s Bulletin 
e Otdelenie matematicheskikh i estestvennykh nauk. 1928-30 as its Fiziko-mate- 
maticheskoe otdelenie. 1936+- in series 
$7 v1—7, 1928-34 
Serifà fizicheskafà 
1936-38, 1940 
Serifà matematicheskafä 
SL. 19444- 
AKADEMIYA nauk U.R.S.R., Kiev. Name varies: Ukrain’ska akademifa nauk, Vseukrain’ska 
akademifa nauk 
Fizichno-matematichnil viddil 
Trud 


y 
1-11, 1923-29 


isk] 
1-5, 1923-31] 
Institut budivel'nof mekhaniki 
Kafedra matematichnol fiziki 
[Publications] 
4-5, 8, 14, 1934-35 


Zapiski 
1-4, 1937-39 
Institut matematiki 
Zbirnik prats’ 
nol-6, 1938-41 
Zhurnal 
1-4, 51, 1934-38 
Prirodnicho-tekhnichif viddil. French name: Classe des sciences naturelles et tech- 


niques 
Zhurnal Industrifal’no-tekhnichnogo tsiklu 
32, 1933 


AKADEMIJA umiejetnoéci, Krakow 
Bulletin international. Comptes rendus des séances. Continued in classes 
1898-1900] 
Komisya bibliograficzna 
Katalog literatury naukowej polskiej 
1--10, 16-18, 1901-30 
Wydzial matematyczno-przyrodniczy ... 
Bulletin international 
1901-09|| 
sA: Sciences mathématiques 
1910-12, 1914-38 
Comptes rendus mensuels des sciences mathématiques et naturelles 
1929-38 
AKTUARSKÉ vědy: pojistná matematika, matematiká, statistika. (Jednota Zeskoslo- 
venskÿch matematiků a fysikü v Praze) Prague 
2-7, 1930-38 
ALLAHABAD, India 
University 
Mathematical association 
Bulletin 
1, 1927-28 
“ALZATE, Antonio," Sociedad científica, Mexico. See ACADEMIA nacional de ciencias 
Antonio Alzate 
AMERICAN academy of arts and sciences, Boston 
Memoirs 
ns vi2+, 1902+ 
Proceedings. 9-31 also as ns v1—23 
26+, 1890+ 
See also Sec. II, under Bowprrcg, N. 
AMERICAN institute of actuaries, Chicago 
Record. v7? never printed 
1174 3-6, 71, 8+, 1909-1- 
Index: 1-15; 16-25 
Yearbook 
1926-35, 1941 
AMERICAN institute of physics, New York. See PRystCAL review; REVIEW of scientific in- 
struments 
AMERICAN journal of mathematics. Baltimore. 1-2 as American journal of mathematics 
pure and applied 
1+, 1878+ 
Index: 1—50 
AMERICAN mathematical monthly.! Ithaca, N. Y. 
1+, 1894+ 
See also Carus mathematical monographs; and Sec. II, under MATHEMATICAL as- 
sociation of America 
CAN mathematical society, New York 
Bulletin. s1 as Bulletin of the New York mathematical society 
1-3, 1891-94; s2 v1+, 1894+ 
Index: 1-s2 v10; 11-20; 21-30; 31-40; 41-50 


! The AMERICAN mathematical monthly, founded by B. F. Finkel in 1894 and pub- 


lished by him until 1913, has been the official journal of the Mathematical Association of 
America, since its organization in December, 1915. 
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ef 


Colloquium publications? 
1+, 1905+ 
List of members, etc. 
1891, 1892, 1894, 1896-1918 (annually), 1920+ (biennially) 
‘Transactions 
1+, 1900+ 
Index: 1-5; 1-10; 11-20; 21-30; 31-40; 41-50 
See also MATHEMATICAL reviews; MATHEMATICAL surveys; Sec. II, under AMERICAN 
mathematical society; KLEIN, F. 
AMERICAN philosophical] society, Philadelphia 
Annual report of the library 
1935-36 
List of members 
1892, 1933-34 (also in Proceedings 30-56) 
Memoirs 
1-20, 1935-43 
Miscellanea 
12, 1936]| 
Proceedings 
20-87, 1891-1944 
Index: 51-75 
Transactions 
ns v20-33, 1902-44 
Yearbook 
1937-42 
General index: 1769-1940 
AMERICAN physical society 
Bulletin. Ithaca, N. Y. 
1-3, 1899-1902]| 
See also PHYSICAL review 
AMERICAN society of civil engineers, New York 
Proceedings. Contain papers and discussions, separately paged, of all papers subse- 
quently appearing in Transactions in revised form 
32-34, 1906-08 
Transactions 
55+, 1905+ 
Index: 1-83; 84-992 
See also Sec. II 
AMERICAN society of mechanical engineers 
Transactions 
46, 1924 
Year book 
1915-20, 1922, 1924-26 
ANALYST. A journal of pure and applied mathematics. Des Moines, Ia. Superseded by 
Annals of mathematics 
1-10, 1874-83] 
Index: 1-10 
ANNALES de mathématiques pures et appliquées. Paris. Superseded by Journal de mathé- 
matiques pures et appliquées 
1-22, 1810-31 || 
ANNALES roumaines de mathématiques. (Institut mathématique roumain) Bucharest. v2 
published in 1935 ` 
1-2, 1935-37 
ANNALES scientifiques des institutions mathématiques savantes de l'Ukraine. See ZAPISKI 
ene? matematichnogo tovaristva ta Ukrains’kogo institutu matematichnikh 
nau 
ANNALI delle scienze del regno lombardo-veneto. Padua 
1-2, 1831-32 
ANNALI delle università toscane. Pisa. B5-48 also as ns v1-14. Merged into Pisa. Scuola 
superiore. Annali 
35-47, 482, 1916-29/30|| 


2 For the origin of the CorzoQurux publications and for their history see R. C. ARCH- 
IBALD, A semicentennial history of the American Mathematical Society, 1888-1938, 
published by the Society in 1938. " 
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ANNALI di matematica pura ed applicata. Milan, Bologna. Supersedes Annali di scienze 
matematiche e fisiche 
s2 v3, 9, 1869-79; s3 v1-31, 1898-1922; s4 vlt, 19234- 
Index: 1858-97; 1898-1922; 1923-37 
ANNALI di scienze matematiche e fisiche. Superseded by Annali di matematica. . . 
Index: 1850-57. Combined with index 1858-97 of Annali di matematica pura ed 
applicata 
ANNALS of mathematical statistics. Ann Arbor, Mich. 
1+, 1930+ 
Index: 1-10 
ANNALS of mathematics. Princeton. Supersedes Analyst 
1-12, 1884-99; s2 v1-+-, 1899+ 
Index: 1-12; s2 vi-12 
ANNALS of mathematics studies. Princeton 
1+, 1940+ 
Arcarv der mathematik und physik. Leipzig, Berlin 
s2 v1-17, 1884-1900; s3 v1-24, 1901-16 
Index: s3 v1-10; 11-20 
See also BERLINER mathematische gesellschaft 
ARCHIV för mathematik og naturvidenskab. Oslo 
1+, 1876+ 
Index: 1-25 
ARCHIVES néerlandaises des sciences exactes et naturelles. (Société hollandaise des sciences 
à Harlem) The Hague 
1-30, 1866-97; s2 v1-15, 1897-1910] 
Index: 1-10 
Serie 3A. Sciences exactes 
1-14, 1911-33] 
See also Puysica; Sec. IT, under HOLLANDSCHE maatschappij der wetenschappen 
ARcHIVO de matemáticas puras y aplicadas. Valencia 
1, 2178, 1896-Ag1897|. 
REY fór matematik, astronomi och fysik. (Svenska vetenskapsakademien) Stockholm 
+, 1903+ 
ASSOCIATION for symbolic logic. See JOURNAL of symbolic logic 
ASSOCIATION for the improvement of geometrical teaching. Reorganized 1892 as Mathe- 
matical association, London 
Report 
8, 13, 1882-87 
See also Sec. IL 
ASSOCIATION of mathematical teachers in New England 
Joint bulletin. Boston 
no1-2, 1907-08|| 
ASSOCIATION of teachers of mathematics for the middle states and Maryland 
Bulletin. Continued in Association of mathematical teachers in New England. Joint 
bulletin j 
noi-2, 1904-05 
See MATHEMATICS teacher 
ASSOCIAZIONE “Mathesis” fra gli insegnanti di matematica delle scuole medie. See 
“MATHESIS” società italiana di matematica 
ASTRONOMICAL society of the Pacific, San Francisco 
Publications 
1-36, 371, 1889-1925 
ASTRONOMIE. (Société astronomique de France) Paris 
46-47, 49, 1932-35 
ASTRONOMY and astrophysics. Northfield, Minn. Superseded by Astrophysical journal 
1-13, 1892-94] 
ASTROPHYSICAL journal; an international review of spectroscopy and astronomical physics. 
Chicago. Supersedes Astronomy and astrophysics 
1+, 1895+ 
AUSTRALIAN and New Zealand association for the advancement of science, Sydney. 
Through 1926 as Australasian association for the advancement of science 
Reports 
15-20, 1921-30 
Index: 16-20 


BELL system technical journal. New York 
LE, ee (incl. Set J11936) 
Index: 1-10; 11-20 
BERLINER es gesellschaft 
Sitzungsberichte. 1-18 as suppl. to Archiv der mathematik und physik 
1-14, 1901-15 
BIBLIOTHECA mathematica. Stockholm, Leipzig 
1-3, 1884-86; s2 v1-13, 1887-99; 33 Gët 1900-15] 
Index: s2 v1-10 
K. BorHMiscHE, gesellschaft der wissenschaften, Prague. See ČESKA společnost nauk 
BOLETÍN matemático. Buenos Aires 
1+, 1928+ 
Suplemento informativo 
1, 21-8, 1933-34|| 
BOLETÍN matemático elemental. Buenos Aires. Suppl. to Boletín matemático 
1-4, 51-4. 1930-34]] 
BOLLETTINO di bibliografia e di storia delle scienze matematiche e fisiche. Rome 
1-20, 1868-87 || 
Index: 1-20 
BOLLETTINO di bibliografia e storia delle scienze matematiche. Turin. Merged into Bollet- 
tino di matematica 
1-21, 1898-1919]|. 
BOLLETTINO di matematica. Rome, Bologna 
1-17, 1902-21; ns ví-5, 6173, 7-8, 9374, 10-17, 1922-38; s3 v1, 1939 
BRITISH association for the advancement of science, London 
Reports. No meetings held 1917-18 
29-31, 33, 35, 93-103, 1859-1935 
See also Sec. I 
BRNO 
Masarykova universita 
Přírodovědecká fakulta 


pisy 
1+, 1921-4- 
BRUSSELS 
Observatoire royal de Belgique 
Annales 
Annales astronomiques r 
ns v6, 1887 
Annuaire astronomique 
1906-07 
Bryn Mawr college, Bryn Mawr, Pa. 
Monographs 
Reprint series , 
8, 1909 

BUCHAREST. École polytechnique. See BULLETIN de mathématiques et de ee pures 
et appliquées 

BUENOS Aires 

Instituto nacional del profesorado secundario 
Revista del centro estudiantes 
31-32, 1922 
Universidad nacional 
Facultad de.ciencias exactas, ffsicas y naturales 
Publicaciónes 
e Científicas y técnicas. nol-3 as ‘the university's Seminario matemático. 
Boletín 
8-13, 15+, 1931+ 
Instituto matemático hispano-americano 
Seminario matemático, 1928-32 as the university’s Instituto matemático hispano- 
americano. Seminario matemático argentino 
Boletín 
1-3, 1928-33 (incl. suppl., v1~2) 

BULLETIN de mathématiques élémentaires. Paris. 3-13 as Bulletin de sciences mathé- 
matiques et physiques élémentaires. Merged with Journal de mathématiques élé- 
mentaires (Vuibert) 

1-9, 122, 1895-1906 
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BULLETIN de mathématiques et de physique, pures et appliquées. (Bucharest. École poly- 
technique) 
14-, 19294- 
BULLETIN des sciences mathématiques. (Paris. École pratique des hautes études. Biblio- 
théque) 1870-76 as Bulletin des sciences mathématiques et astronomiques. 1884-+ the 
astronomical section is continued in Bulletin astronomique 
1-11, 1870-76; s2 v1-2, 261, 27-63, 1877-1939 
Index: s2 v1—30 
BULLETIN des sciences mathématiques, astronomiques, physiques et chimiques. See BULLE- 
TIN universel des sciences et de l'industrie 
BULLETIN universel des sciences et de l'industrie. (Société pour la propagation des connais- 
sances scientifiques et industrielles) Paris 
Section 1. Bulletin des sciences mathématiques, astronomiques, physiques et chimiques 
1-16, 1824—31]| 
BULLETTINO. See as if BOLLETTINO 


CAGLIARI 
Università 
Facoltà di scienze matematiche, fisiche e naturali 
Seminario scientifico 
Rendiconti 
1—9, 1931—39 
CAHIERS scientifiques. Paris 
1-19, 1927-38 
CALCUTTA 
University 
Dept. of science 
journal 
1-10, 1919-33 
University studies 
s2 vi, 1918]|| 
CArcurTA mathematical society 
Bulletin 
1+, 1909 4- 
CALIFORNIA 
University 
Publications in mathematics 
vi-2, 1912-34; ns vi+, 1943+ 
Scripps institution of oceanography, La Jolla 
Bulletin: Technical series 
21, 1929 
See also Lick observatory 
CALIFORNIA academy of sciences, San Francisco 
Proceedings 
Mathematics-physics 
s3 vllt, 1898 | 
CAMBRIDGE and Dublin mathematical journal. Cambridge, England. Superseded by Quar- 
terly journal of pure and applied mathematics 
ns v1-9, 1846-54 
Index: 1-9 
CAMBRIDGE philosophical society, Cambridge, England: 
List of fellows 
1901 (see also v12, 14, 16, 20 of Proceedings) 
Proceedings 
10+, 1899+ 
Transactions 
17-23, 1899-1928]| ` 
e tracts in mathematics and mathematical physics. (Cambridge, England. Uni- 
versity 
1-4, 6-7, 22-23, 25, 37+, 1905+ 
CARNEGIE institution of Washington 
Publications 
9, 78, 86, 105, 120, 151, 161, 165, 245-256, 318, 1905-30 
Carus mathematical monographs. (Mathematical association of America) 
1+, 1925+ 
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Casoris pro pěstování matemaliky a fysiky. (Jednota československých matematiků a 
fysikü) Prague : 
1-52, 531, 55-67, 1872-1938 
Index: 1-30 : 
CERNAUTI, Roumania 
‘Universitatea 
Facultatea de stiinte 
Buletinul 
4-10, 1930-36 
ČESKÁ akademie císaře Františka Josefa pro védy, slovesnost a umění v Praze, See ČESKÁ 
akademie véd a umění v Praze 
CrskÁ akademie véd a umění v Praze. 1890-1920 as Česká akademie císaře Františka 
Josefa pro védy, slovesnost a umění v Praze i 
Bulletin international 
7-38, 1903-37 
Sborfiik pfirodov&decky 
1-4, 6-7, 1925-30 
Třída II: Mathematicko-pffrodnick& 
Rozpravy 
1-46, 1891-1936 
éstnik 
341-?, 1925 E 
ČESKÁ společnost nauk, Prague. German name: Boehmische gesellschaft der wissen- 
schaften; French name: Société des lettres et des sciences de Bohême 
Jahresbericht 
1899-1902, 1910-12, 1915-17] 
Třída mathematicko-pfirodovedecka. 
Věstník. 1885 as its Zpravy . . . 1885-1917 have added title page Sitzungsberichte; 
1918+ Mémoires 
1899-1902, 1905-06, 1908-37 
V¥rotni n Through 1917 also issued in German as its Jahresbericht 
1920-3 
General index: 1884-1904; 1905-35 
CHICAGO 
University 
Decennial publications 
sl v87, 9175,7,9,11-12, 1902-04 
CHINESE mathematical society 
Journal 
112, 212, 1936-40 
CHRISTIAAN Huygens; internationaal mathematisch tijdschrift. Groningen, Amsterdam 
1+, 1921+ 
CIRCOLO matematico, Palermo 


uario 
1898, 1900, 1905-12, 1914, 1928 
List of members 
24 


~ 


Rendiconti 
1-61, 1884-1937 " 
Index: 1-55 
Supplemento 
1-8, 14, 16, 1906-30]| 
Index: 1-8 : 
Coast artillery journal. (United States coast artillery school, Fort Monroe, Va.) 1--56 as 
Journal of the United States artillery 
1-70, 1892-1929 
COLORADO mathematical society 
Biennial calendar 
no2, 1907-09 
COLUMBIA university, New York 
Ernest Kempton Adams fund for physical research 
Publications 
1, 3-8, 10, 1906-27]| 
CoMMENTARII mathematici helvetici. (Schweizerische mathematische gesellschaft) Zurich 
1-13, 16+, 1929+ : 
10 


CRELLE’s journal für mathematik. See JouRNAL für die reine und angewandte mathematik 
CuLVER-Stockton quarterly. Canton, Mo. 

21, 1926 
CzERNOWITZ. See CERNXUTI 


K. DANSKE videnskabernes selskab, Copenhagen. French name: Académie royale des 
sciences et des lettres de Danemark 
Mathematisk-fysiske meddelelser 
1-16, 1917—39 
Oversigt over... . forhandlinger. Supersedes its Bekiendtgiórelse 
1900-31 
Selskabs skrifter 
1. Historisk og filosofisk afdeling 
s7 v3!, 1914 
2. Naturvidenskabelig og mathematisk afdeling 
s4 v[3, 5-9, 12], 1828-45; s5 vlt, 4, 6], 81476, 93.7, 1049.89, 1849-75; s6 v1®, 211, 
2595 ler SA 7 101, 1882-99; s7 v18, 2273.5, EN 61-9, 85, 103, 112^, 1212, 1904-14; 
s8 vil. 4-5, 23: 5, 44, m, 103, 111 3, 19224 1914-29 
Also reprints 1821-23 by C. F. Degen and H. C. Orsted 
K. DEUTSCHE akademie der naturforscher zu Halle. To 1922 as Leopoldinisch-Carolinische 
deutsche akademie der naturforscher 
Nova acta 
90-93, 1909-10; ns vi, 1932/34 
DEUTSCHE mathematik. (Deutsche forschungs-gemeinschaft) Leipzig 
1-4, 1936-39 
Beihefte 
1-2, 1939-40 
DEUTSCHE mathematiker-vereinigung, Leipzig 
Jahresbericht 
1-49, 1890-1940 
Index: 1-10 
Ergänzungsbände 
21, 3, 41, 6, 1900—30]| 
See also ZENTRALBLATT für mathematik und ihre grenzgebiete; Sec. IT, under Gutz- 
MER, A. 
Duke mathematical journal. (Duke university) Durham, N. C. 
1+, 19354- 


EDINBURGH 
Royal observatory 
Annals 
1-2, 1902-06 
University 
Mathematical dept. 
Research papers 
1914177, 19151711 
EDINBURGH mathematical society 
Proceedings 
1, 11-44, 1883-1925/26; s2 vlt 1927+ 
Index: 1- 20; 21-44 
See also MATHEMATICAL notes 
EDINBURGH royal society. See ROYAL society of Edinburgh 
EDUCATION mathématique. Paris 
5-16, 1902-14 
EDUCATION outlook. London. 1847-1923 as Educational times 
50-68, 1897-1915 
EDUCATIONAL times. See EDUCATION outlook 
EisHA Mitchell scientific society, Chapel Hill, N. C. 
journal 
9-12, 1892-95 
ENCYCLOPÉDIE des sciences mathématiques pures et appliquées. See Sec. II 
ENCYKLOPADIE der mathematischen wissenschaften. See Sec. II 
ENSEIGNEMENT mathématique. (Commission internationale de l'enseignement mathéma- 
tique) Paris, Geneva 
1—37, 1899-1938 
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FINNISCHE akademie der wissenschaften. See SUOMALAINEN tiedeakatemia 
Fiziko-matematicheskit institut imeni V. A. Steklova. See under AKADEMITA nauk S.S.S.R., 
Leningrad 
Fızıko-matematicheskoe obshchestvo, Kazan. See under KAZAN 
FORMULARIO matematico. Turin. 1—4 as Formulaire de mathématique. Suppl. to Rivista 
di matematica. There were two distinct forms of "Editio V, Tome V de editione com- 
pleto," one published in 1905-06, as “proba de 100 exemplere," the other in 1908. The 
first of these contains: fasciculo 1 (304 pp., 1905), fasciculo 2 (pp. 305—391 4-8 plates, 
1906), and indice et vocabulario (xlvii pp., 1906). The second consists of: prefatione, 
tabula de symbolos, bibliographia (xxxv pp.), fasciculo 1 (272 pp.), fasciculo 2 (pp. 
273-463). Pages 1-272 in both forms seem to be identical, but otherwise the differences 
are considerable 
1-5, 1895-1908]] 
See also Sec. II, under PEANO, G. 
FORTSCHRITTE der mathematik. See JAHRBUCH über die fortschritte der mathematik 
FRANCE 
Bureau des longitudes, Paris 
Annuaire 
1903-08, 1910-19, 1923 
FUKUOKA, Japan. Imperial university of Kyushu. See KyusHu imperial university 
FUNDAMENTA mathematicae. Warsaw 
1+, 1920+ 
Index: 1-25 


GAZETA matematica. Bucharest 
1-18, 191711, 20-21, 25-++, 1895+ (also Jubilee v1895-1935) 
Index: 1-40 
GENTLEMAN'S diary; or, Mathematical repository. London. United with Ladies’ diary in 
1841 to form Lady's and gentleman's diary 
75-78, 1815-18 
GENTLEMAN’S mathematical companion. London 
1-5, 1798-1827 | 
GESELLSCHAFT der wissenschaften zu Góttingen 
, Mathematisch-physikalische klasse 
Nachrichten ; 
1894—1933| 
Nachrichten. Continued in three series: Nachrichten. Geschiftliche mitteilungen 
(latér Jahresbericht); Mathematisch-physikalische klasse. Nachrichten; Philologisch- 
historische klasse. Nachrichten 
1892-93 
Geschaftliche mitteilungen. See its Jahresbericht 
Jahresbericht 
1894-1936 
GIESSEN 
Universität | 
Mathematisches seminar 
Mitteilungen 
1-2, 1921-31 
GIORNALE di matematica finanziaria. Turin. 13+ also as s2 vi+ 
1-8, 1012,8, 11-12, 1919-30; s2 v1-6, 1931-36 
GIORNALE di matematiche. (Battaglini) Naples. 1-31 as Giornale di matematiche ad uso 
degli studenti delle universita italiane 
1-3, 1863-65 - 
Gzascow philosophical society. See ROYAL philosophical society of Glasgow 
GOETTINGEN 
Universität (Georg-Augustus-universität) 
Mathematischer verein 
Berichte 
n065-79, 1901-08 
Mathematisch-naturwissenschaftliche fakultät 
Jahrbuch. 1920-22 pti as a section of the university’s Philosophische fakultät. 
ahrbuch s 
1920-24|| 
See also Sec. IT, under GOTTINGEN university 
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GORKI universitet, Nizhnif-Novgorod 
Uchenye zapiski. English title: Scientific records of the Gorky state university 
1-2, 1935-36 
GRENOBLE 
Université : 
Annales. Continued in 2 sections: Section lettres-droit and Section sciences- 
médicine 
13-34, 1901-23 | 
Index: 1-20; 21-34 
Section sciences-médicine 
Annales 
ns vi-14, 1924-37 


HAMBURG 
Universität. 1936+ as Hansische universität 
Mathematisches seminar 
Abhandlungen 
1-13, 1921-40 
See also HAMBURGER mathematische einzelschriften 
picea mathematische einzelschriften. (Hamburg. Universitit. Mathematisches 
seminar 
1-11, 13-20, 26, 1923-39 
HAMBURGISCHE gesellschaft zur verbreitung mathematischer kenntnisse 
Jahresbericht 
1859 
HANSISCHE universität. See HAMBURG 
HAVANA 
Observatorio nacional 
Boletin oficial 
Mensual 
s3 v1-2, 1936-37 
HELLENIKE mathematiké hetaireia, Athens. French title: Société mathématique de Grèce 
Deltion 
1-19, 1919-38 
HELSINGFORS. Universitet. See Sec. II, under HELSINGFORS 
HIROSHIMA, Japan 
University 
Journal of science 
sA: Mathematics, physics, chemistry 
1-10, 1930-40 
See also Sec. II 
HOcHScHUL-nachrichten. Munich 
13, 1902/03 
HOxKAIDO imperial university, Sapporo, Japan. See SAPPORO 


ILLINOIS 
University 
Dept. of mathematics 
Bulletins 
1812, 2042, 2235, 2543, 1920-28 
IMPERIAL academy, Tokyo 
Proceedings 
21-5, 13, 15-16, 1926-40 
INDIAN academy of sciences 
Proceedings.-Each no in two parts: A and B 
1+, 1934+ (incl. suppl. 1934) 
INDIAN mathematical club. See INDIAN mathematical society 
INDIAN mathematical society, Madras. 1909-10 as Indian mathematical club 
Journal. In 1934 divided into two publications: Journal ns and Mathematics student 
1-20, 1909-33; ns vi+, 1934+ 
List of members 
1919, 1922, 1924, 1926 (also 1909, 1911 in society’s publication for those years) 
Report of the . . . conference. 1-8 in Journal, 9+ in Mathematics student 
1-10, 1916-38 
See also MATHEMATICS student 
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INDIAN physico-mathematical journal. Dacca 
2-3, 1931-32 
INSTITUT catholique. See under name of city 
Instrrut de France. See ACADÉMIE des sciences, Paris 
Institut grand-ducal de Luxembourg. 1853-68 as Société des sciences naturelles du grand- 
duché de Luxembourg; 1870-1904 Institut royal grand-ducal de Luxembourg 
Section des sciences naturelles, physiques et mathématiques ` 
Archives 
8-9, 15, 17-21, 23-27, 1865-1904; ns v1-3, 1906-08 
INSTITUT matematiki. See under AKADEMISA nauk U.R.S.R., Kiev 
INSTITUT mathématique roumain. See ANNALES roumaines de mathématiques 
INSTITUT royal grand-ducal de Luxembourg. See INSTITUT grand-ducal de Luxembourg 
INSTITUTE of actuaries, London 
journal 
35+, 1901+ 
Index: 41-55; 56-65 
Yearbook 
1929-++ 
INSTITUTO matemático hispano-americano. See Buenos Aires. Universidad nacional 
INTERMÉDIAIRE des mathématiciens. Paris 
1-27, 1894-1920; s2 v1—4, 1922-25]| 
INTERNATIONAL association for promoting the study of quaternions and allied systems of 
mathematics 
al Pa. Not published 1902, 1904, 1906-07, 1911 
3 
INTERNATIONAL catalogue of scientific literature. London 
A. Mathematics 
1, 1902 
Isıs. International review devoted to the history of science and civilization. Brussels, Bern. 
Suspended J11914-Ag1919 
6—11, 121, 1924—29 
I. R. Isrrruro del regno lombardo-veneto. Supersedes Istituto nazionale italiano. Super- 
seded by R. Istituto lombardo di scienze e lettere 


1-2, 1831-32 
IstrruTo fisico-matematico G. Ferraris. See RASSEGNA di matematica e fisica 
R. Istrruro lombardo di scienze e lettere, Milan. Supersedes I. R. Istituto del regno lom- 
bardo-veneto, 
Memorie. 33 in two classes 
Classe di scienze matematiche e naturali 
s3 v10-14, 1900-37 
Rendiconti. s3 in three parts: Parte generale e atti officiale; Classe di lettere e scienze 
morali e storiche; Classe di scienze matematiche e naturali 
s2 v33-69, 1900-36; s3 vi-2, 1937-38 
R. Istrruro veneto di scienze, lettere ed arti, Venice 
Memorie 
5, 1855 


JAHRBUCH über die fortschritte der mathematik. Berlin. 1932-34 united with Revue 
semestrielle des publications math&matiques 
1-56, 592, 601, 611, 1868-1935 
J a journal of astronomy and geophysics. (National research council of Japan) 
okyo 
3-8, 10-17, 1925-40 ' 
pum ee engineering; abstracts. (National research council of Japan) Tokyo 
—12, 1921-3 
JAPANESE journal of mathematics. (National research council of Japan) Tokyo 
1-16, 1924-40 
JAPANESE journal of physics. (National research council of Japan) Tokyo 
1-13, 1922-40 
Index: 1-7 
Jassy, Roumania 
Universitatea 
Annales scientifiques. Continued in two parts 
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3274, 41, 5273, 65, 74, 812, 11-22, 1906-36 ]| 
1. Mathématiques, physique, chemie 
23+, 1937-4 
JEDNOTA československých matematiků a fysikü v Praze. 1862-1912? as Jednota českých 
matematiků a fysiku v Praze 
Bibliografické zpravy 
1-4, 51-5, 6, 75, 1927-33 
Sbornik 
1-11, 13-16, 18, 1898-1926 
Výroční zpráva 
1870/71, 1905/06, 1925/26, 1928/29 
See also AKTUARSKE vědy; CAsopIs pro péstováni matematiky a fysiky; ROZHLEDY 
matematicko prírodovédecké; Sec. II, under Kavän, J. 

JEDNOTA českých matematiků a fysikü. See JEDNOTA československých matematiků a 
fysikü v Praze 

JERUSALEM 

Universitas 
Scripta universitatis atque bibliothecae hierosolymitanarum 
Mathematica et physica 
1, 1923]| 
Joaxs Hopkins university, Baltimore, Md. 
Circulars [mathematical circulars only] 
3-5, 7-8, 10-11, 13, 15, 17, 20-22, 25, 27-30, 32, 35, 39, 45, 53, 57, 62, 66, 78, 85, 
95, 115, 118, 123, 134, 151, 160, 167, 174, 191, 208, 232, 242, 257, 277, 1880-1915 

Jornat de sciencias mathematicas e astronomicas. (Academia polytechnica do Porto) 
Coimbra. Superseded by the academy’s Annaes scientificos, later Oporto. Universidade. 
Faculdade des sciencias. Anais 

9-15, 1889-1905]| 

Jona de sciencias mathematicas, fysicas, e naturaes. (Academia das ciencias de Lisboa) 
sbon 
1-8, 1868-82 

JORNAL de mathématiques élémentaires. (de Longchamps} Paris. 1877-79 as Mathé- 
matiques élémentaires; 1880-81 Journal de mathématiques élémentaires et spéciales. 
1882-1901 issued in 2 parts: Journal de mathématiques élémentaires and Journal de 
mathématiques spéciales. 1877-96 also numbered in four series of five v.each 

1-23, 25, 1877-1900 
JouRNAL de mathématiques élémentaires. (Vuibert) Paris 
1-3, 8-21, 25-27, 37-40, 44-54, 1877-1930 

JOURNAL de mathématiques pures et appliquées. Paris. Supersedes Annales de mathé- 

matiques pures et appliquées 
s1 v2°, 1837; s3 v6, 1880; s5 v1-6, 7 [pp. 375-382 missing], 8-10, 1895-1904; s6 v1—10, 
1905-14; s7 vi-4, 1915-18; s9 v4+, 1925+ 

JOURNAL de mathématiques spéciales. Paris. See JOURNAL de mathématiques élémentaires 
(Longchamps) 

JOURNAL des géométres-experts et topographes francais. (Société des géométres de France) 
Noyon, Paris. 1893-1927 as Journal des géométres-experts français; v28+ also as 
rol+ 

1-2, 9-27, 28175.7,9-12, 2912, 1893-1921 

JOURNAL für die reine und angewandte mathematik. Berlin 
1-13, 20-182, 1826-1940 
Index: Each tenth v with the exception of 141-160 

Jose of mathematics and physics. (Massachusetts institute of technology) Cambridge, 

Mass. 
1+, 1921-+ 
JOIRNAL of physical chemistry. Ithaca, N. Y. 
1-16, 1896-1912 

JOIRNAL of symbolic logic. (Association for symbolic logic) 

1+, 1936+ 

JOURNAL of the United States artillery. See Coast artillery journal 

JUGOSLAVENSKA akademija znanosti i umjetnosti, Zagreb 

[Catalogue of publications] 
1867-1911 

Ljetopis 
11-23, 28-29, 34, 1896-1919 
Index: 1867—1903 
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Matematitko-prirodoslovni razred 

Bulletin international. 1-23 as its Izvješća o raspravama ... 

1-30, 1914-36 

Prirodoslovna istraživanja kraljevine Jugoslavije. 1-15 as its Prirodoslovna istraži- 
vanja hrvatske i slavonije. 1-14 issued by the academy’s Matematitko-prirodoslovni 
razred. Suspended 1925-29 

2-3, 6-7, 1914-15 

d 


49-54, 56, 58, 1911-15 
jum pus ampliación de estudios é investigaciónes científicas. Madrid 
ales 
1742.68 1918 
Laboratorio y seminario matemático 
Publicaciones 
1-4, 1916-20/29; 1933, 1935, 1936, 1937, 1938 


KANSAS university quarterly. Lawrence. v6-10 in two series: A. Science and mathematics; 
B. Philology and history. Superseded by Kansas university science bulletin 
12, 4, så v9-10, 1892-1901 | 
Index: 1-10 | 
KANSAS university science bulletin. Lawrence. Supersedes Kansas university quarterly. 
Also numbered in the university's Bulletin (1+ also called v11 nol-+) 
1-15, 1902-25 
KAZAN 
Universitet 
Fiziko-matematicheskoe obshchestvo 


tifa 
s2 vi-18, 191%, 23-25, 1891-1925; s3 vi-11, 1926-38 
See also Sec. II, under Kazan universitet 
OV 
Universitet 
Naukovo-doslidnit institut matematiki i mekhaniki. Sektor geometrit 
1-2, 1938-40 
Ucheni zapiski 
10, 1937 
See ZAPISKI ... 
Kiev 
Universitet. Through 1916 as Universitet Sv. Vladimira 
Naukovi zapiski 
Fizichno-matematichnif zbirnik 
1, 3, 1935-37 
Universitetskifa izvièstifà 
43-53, 541-5, 1903-14 
KOENIGSBERGER gelehrte gesellschaft 
Naturwissenschaftliche klasse 
Schriften [mathematical memoirs only] 
1577, 23, 33, 41,366 54 66, 81,3. 103.5, 1924-33 
Köz£rıskoLAı matematikai és fizikai lapok. Budapest 
1375, 2-14, 1925-38 
Kyvsau imperial university, Fukuoka, Japan 
Faculty of science 
Memoirs 
sA. Mathematics 
1, 1940-41 


Lanes’ diary. See Lapy’s and gentleman’s diary 
Lapy’s and gentleman’s diary. Lordon. 1-137 as Ladies’ diary (title varies); in 1841 
united with Gentleman’s diary 

112—132, 134-137, 144, 147-151, 168, 1815-71|| 
LA PLATA 

Universidad nacional 

Facultad de ciencias ffsico-matemáticas 
Anuario 
1935-37, 1938-39, 1941 
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Ea y reglamento de la biblioteca 
22 


Contribución al estudio de las ciencias físicas y matemáticas 
Serie matemática. Continues in part its Serie matemático-física. United with 
other series to form its Publicaciones. s2. Revista 
1175, 1935-37|i d 
Serie matemätico-fisica. 1174 as Serie física. Continued in 2 series: Serie 
matemática and Serie física 
1-5, 1914-31|| 
Index: 1-5 
Serie técnica. United with other series to form its Publicaciones. s2. Revista 
1-5, 1915-38 
Publicaciones. All publications of the university listed in a single numerical series. 
Beginning noi20, 1939-} they are also organized into three series 
s2. Revista. Formed by the union of the university’s Facultad de ciencias 
fisico-matemäticas. Contribución al estudio de las ciencias físcias y matemáti- 
cas. Serie física, Serie matemática, Serie tecnica 
1+, 1939+ 
Reunion anual de caminos 
1937-40 
LATVIJAS universitate. See RIGA 
LENINGRAD 
Leningradskif industrialnyl institut. Through 1934 as Leningradskif élektro-me- 
khanicheski institut 
Sbornik 
3, 1934 
Universitet 
Uchenye zapiski 
Serifä fizicheskikh nauk 
1-3, 1935-37 
LENINGRADSKOE fiziko-matematicheskoe obshchestvo 
Zhurnal 
1-2, 1926/27-29 
LEOPOLDINISCH-Carolinische deutsche akademie der naturforscher. See K. DEUTSCHE 
akademie der naturforscher zu Halle 
Lick observatory, Mount Hamilton, Cal. 
Contributions 
2-5, 1891-95|| 
Publications 
1-8, 9173, 10-11, 1887-1913 
LIOUVILLE, Journal de. See JOURNAL de mathématiques pures et appliquées 
LONDON 
University 
University college 
Dept. of statistics. Continues in part the college's Dept. of applied statistics 
Statistical research memoirs 
1+, 1936-+ 
LONDON mathematical society 


Journal 
1+, 1926+ 
List of members 
1865-99; 1897, 1901, 1903, 1908, 1911, 1913-15, 1921, 1929, 1933, 1935, 1937 
Proceedin 
1-35, 1865-1903; s2 vlt, 1903+ 
Index: 1-30; 31-35; s2 vl-30 
Lux, Sweden 
Universitet 
' Acta universitatis lundensis. Lunds universitets årsskrift 
Afdelning 2. Medicin samt matematiska och naturvetenskapliga ämnen [mathe- 
matical memoirs only] 
ns v15, 138, 1413-20, 163.13. 172,7, 201, 222, 2324, 241,9, 251,6, 1906-29 
Matematiska seminarium 
Meddelanden 
14, 1933+ 
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Lyons 
Université 
Annales 
6-7, 20, 1892-96 
ns 1. Sciences, médecine 
12, 15-16, 21, 25, 31, 1903-12 


MADARAS. University. See VIZIANAGARAM 
MAGYAR tudományos akadémia, Hucspest 
Almanach 
1903-06 
See also MATEMATIKAI és physikai lapok; MATHEMATISCHE und naturwissenschaftliche 
berichte aus Ungarn 
MANCHESTER literary and philosophical society, Manchester, England 
Memoirs and proceedings 
25-27, 37-56, 58+, 1876+ 
MARSEILLES. Université d’Aix-Marseille. See Arx-MARSEILLE 
MASARYKOVA universita v Brne. See BRNO 
MASSACHUSETTS institute of technology 
Abstracts of scientific and technical publications 
no4-9, 1929-32] x 
Dept. of mathematics + 
Contributions 
s2 no1-50, 52-196, 1920-31 
See also JOURNAL of mathematics and physics; TECHNOLOGY quarterly 
MATEMATICA elementare. Rome 
1-3, 1922-24 
MATEMATICHE pure ed applicate. Città di Castello 
1-2, 1901-03 || 
MATEMATICHESXII listok. Reval 
1-18, 1915-16 
MATEMATICHESKII sbornik. (Moskovskoe matematicheskoe obshchestvo) Moscow. ns 
vl4- also as 434- 
1-42, 1866-1935; ns vl+, 1936+ 
Index: 1-15 
See also Sec. II, under MOSKOVSKOE matematicheskoe obshchestvo 
MATEMATIKAI és physikai lapok. (Magyar tudományos akadémia, Budapest. Matematikai 
és természettudományi osztály) Budapest 
8-13, 14278, 15-45, 1899-1938 
MATEMATIKAI és természettudományi £rtesitö. (Magyar tudományos akadémia, Budapest. 
Matematikai és természettudományi osztály) Budapest 
4, 5172,59, 6, 92-9, 10174,5,9, 11, 121,712, 18, 1926, 21355, 3155, 32, 332, 342, 351,24, 
36174, 37-57, "1885-1938 
MATEMATIKAI és természettudományi közlemények, vonatkozólag a hazai viszonyokra. 
Ser eh tudományosakadémia, Budapest. Matematikai és természettudományi bizottság) 
Buda 
2-5, 614.6 7-13, 15-19, 28, 291,24, 30-36, 1863-1928 
MATEMATISK tidsskrift. (Matematisk forening i København) Copenhagen. Supersedes 
QA tidsskrift for matematik 
A. (Elementary) 
19194 
B. (Advanced) 
1919+ 


MATHEMATICA. (Cluj. Universitatea. Seminarul de matematici) 
1+, 1929+ 
See also Sec. IT, under KLAUSENBURG university 
MATHEMATICAE notae. (Rosario. Universidad nacional del Litoral. Instituto de matemáticas) 
LE, 1941+ 
MATHEMATICAL association, London. See MATHEMATICAL gazette 
MATHEMATICAL association of America 
List of members 
1916, 1918 (further lists in American mathematical monthly) 
See also AMERICAN mathematical monthly; Carus mathematical monographs 
MATHEMATICAL expositions. Toronto 
14-, 1940+ 
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MATHEMATICAL gazette. (Mathematical association) London. Supersedes Association for 
the improvement of geometrical teaching. Report 
nol-6, 1894-95; (ns) vi+, 1896+ 
Index: 1-6; (ns) vi-15 
See also Sec. II, under MATHEMATICAL association, London 
MATHEMATICAL magazine. (Martin) Washington 
15, 2175, 1883-1904 
Dear oria messenger. Ada, La.; Tyler, Tex. 
s, 1891 
MATHEMATICAL monthly. (Runkle) Cambridge, Mass. 
1-3, 1858-61 || 
MATHEMATICAL notes: a review of elementary mathematics and science. (Edinburgh 
mathematical society) Edinburgh. Suspended 1917-23, 1926-28 
1-28, 1909-33 
MATHEMATICAL repository. (Dodson, Leybourn) London 
1-3, 1748-55; (s3) v1—5, 1806-30 
MATHEMATICAL review. (Story) Worcester, Mass. 
1, 1896-99] 
MATHEMATICAL reviews. (American mathematical society, etc.) New York 
1+, 19404- 
MATHEMATICAL surveys. (American mathematical society) New York 
1+, 1943+ 
MATHEMATICAL visitor. (Martin) Erie, Pa. 
1, 22, 1878-83 
MATHEMATICS news letter. See NATIONAL mathematics magazine 
MATHEMATICS student; a quarterly dedicated to the service of students and teachers of 
mathematics in India. (Indian mathematical society) Madras. Issued in place of the 
society's Journal pt2 
1+, 19334- 
MATHEMATICS teacher. (Association of teachers of mathematics for the Middle States and 
Maryland; National council of teachers of mathematics) Syracuse, N. Y.; Lancaster, Pa.; 
etc. 


1-L, 1908+ 
Index: 14—22 
MATHEMATISCH-naturwissenschaftliche mitteilungen. |e thomatich aturvisescat 
licher verein in Wurttemburg) Stuttgart. Suspended !893-Mr1899 


1-5, 1884-92; s2 v1-16, 20, 1899-1922|| : 
MATHEMATISCHE annalen. Leipzig, Berlin 
14-15, 31-39, 41-92, 95-103, 112-117, 1879-1941 
Index: 51-80; 81-100 
MATHEMATISCHE gesellschaft in Hamburg 
Mitteilungen 
2-7, 1890-1939 
MATHEMATISCHE und naturwissenschaftliche berichte aus Ungarn. (Magyar tudományos 
akadémia, Budapest) Berlin, Budapest, Leipzig 
1-31, 34-38, 1882-1931 || 
MATHEMATISCHE zeitschrift. Berlin 
1+, 1918+ 
Index: 1-25 
MATHESIS polska; czasopismo poświęcone naukom ścisłym i ich metodologji 
3-8, 1928-33 
See also MINERWA; URANJA 
MATHESIS: recueil mathématique. Ghent, Paris. Also numbered in series of 10v each. 
Suspended 1916-20. Since 1921 this periodical bas been the official organ of Société 
mathématique de Belgique 
1-34, 36-51, 1881-1937 (with suppl.) 
^"MATHESIS" società italiana di matematica 
Bollettino. 1-12 as Bollettino dell’ Associazione “Mathesis.” Merged 1920 into 
Periodico di matematica per l'insegnamento secondario, later Periodico di mate- 
matiche: storia-didattica-filosofia 
11, 22, 33, 91% [pp. 67-91 missing], 1896-1906 
MESSENGER of mathematics. Cambridge, London. 1-5 as Oxford, Cambridge, and Dublin 
messenger of mathematics. United 1930 with Quarterly journal of pure and applied 
mathematics to form Quarterly journal of mathematics, Oxford series 
1-5, 1861-71; ns v1-58, 1871-1929]| 
Index: 26-58 
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MICHIGAN 
University 
Publications in mathematics 


3 
Studies 
Humanistic series 
11, 1915 
Scientific series 
j 2, 1916 
MILAN 
Seminario matematico e fisico 
Rendiconti 
5-7, 12, 1931-38 
MINERWA; czasopismo poświęcone popularyzacji nauk przyrodniczych i techniki. War- 
saw. Suppl. to Mathesis polska | 
1, 1933 
MINUVSHIE gody. St. Petersburg 
1-12, Ja-D1908|| 
MONATSHEFTE für mathematik und physik. (Vienna. Universität. Mathematisches sem- 
inar) Vienna l 
1-36, 38—48, 1890-1939 
Index: 1-10; 11-20 
Monist, a quarterly magazine devoted to the philosophy of science. Chicago 
1-7, 9-27, 28172, 30-46, 1890-1936]| 
Index: 1-17 
MONOGRAFJE matematyczne. (Warsaw. Uniwersytet. Seminarjum matematyczne) War- 


SAW 
1-10, 1932-38 
MORAVSKA pifrodovédecka spoletnost, Brünn. Latin title: Societas scientiarum na- 
turalium Moravicae 
Prace 
1-9, 1924-35 
Výroční zpráva 
1+, 1925+ 
Moscow 
Universitet 
Bulletin 
Série internationale. Sec. A. Mathématiques et mécanique 
11716, 1937-38 
-Fiziko-mekhanicheskif matematicheskiY fakul'tet. Name varies: Otdfel fiziko- 
.matematicheskit; Fiziko-matematicheskil fakul’tet 
Nauchno-issledovatel’ skif institut matematiki i mekhaniki 
1926-27 
Geometricheskii kruzhka 
Trudy 
1930 
Seminar po teorii veroiatnostei metamaticheskoi statistike ' 


1, 1930 
Seminar po vektornomu i tenzornomu analizu s ikh prilozhenifämi k geometrii, 
mekhanike 1 fizike 
Trudy 
1, 1933 
Uchenyf& zapiski 
1-11, 13-27, 29, 1880-1916]| 
Uchenye zapiski 
2, 1934 
MOSKOVSKOE matematicheskoe obshchestvo. See MATEMATICHESXTIÍ sbornik 
MÜEGYETEMI lapok; haví folyóirat a mathematika . . . Budapest 
1-3, 1876-78]| e 
MYSORE 
University 
Science association 
Journal 
2274, 1925-26 
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NATIONAL academy of sciences, Washington 
Memoirs 
142, 1701, 1919-24 
Proceedings 
1-23, 25+, 1915+ 
Index: 1-10 
NATIONAL council of teachers of mathematics. See MATHEMATICS teacher 
NATIONAL mathematics magazine. 1-8, 1926-851934 as Mathematics news letter 
10+, 1935+ 
NATIONAL physical laboratory, Teddington, England. See TEDDINGTON, England 
NATIONAL research council of Japan, Tokyo 
Report. nol covers the period Ap1922-Mr1930 and contains a reissue of most of the 
material in its Proceedings 1922 
1-10, 1930-31 
See also titles beginning JAPANESE journal of... 
NATIONAL Tsing Hua university. See PEIPING 
Nature. London 
127 --, 1931+ 
NATURFORSCHENDE gesellschaft, Zurich 
Vierteljahrsschrift 
34-+, 18894- 
Index: 31-40; 41-50; 51-60; 61-70; 71-80 
Naucano-issledovatel’skie kafedry v Odesse. See ODESSA 
NAUKOVE tovaristvo {meni Schevchenka, Lemberg. German title: Ukrainische Ševčenko- 
gesellschaft der wissenschaften; Polish: Naukowe towarzystwo imenia Szevczenka 
Chronik. German edition 
17-44, 49-59, 1904-14]| 
Matematichno prirodopisno-likars' ka sektsifa 
Zbirnik 
9-29, 1903-30 
NAUKOVI zapiski Naukovo-doslidchikh-matematichnikh katedr Ukraini. See ZAPISKI 
ek matematichnogo tovaristva ta Ukrains’kogo institutu matematichnikh 
na 


New York mathematical society. See AMERICAN mathematical society 
Nieuw archief voor wiskunde. (Wiskundig genootschap te Amsterdam) Amsterdam. 
Supersedes Archief 
1-20, 1875-93; s2 v14-, 1894+- 

NrEuw tijdschrift voor wiskunde. Groningen 
1+, 1913/14+4- 

NiPPON sugako-buturigakkwai, Tokyo. 1884-1918 as Tokyo sugaku buturigakkwai 
Proceedings. 1-9 as the society’s Kiji; s2 v1—2 no6 Hokoku; s2 v2 no7-v3 Kiiji-gaiyo. 
English title: Tokyo mathematico-physical society, later Physico-mathematical 
society of Japan. s2 vi-3 carry no series number 

1-9, 1884-1901; s2 v1-9, 1901-18; s3 v1-22, 1919-40 

Nizantii-Novgorod. See GORKI 

Norsk matematisk forening, Oslo 
Skrifter 

si no1-18, 1921-28 
See also Norsk matematisk tidsskrift 

Norsk matematisk tidsskrift. (Norsk matematisk forening) Oslo 
1-22, 1919-40 

NORSKE videnskaps-akademi, Oslo. 1857-1924 as Videnskabs-selskabet i Kristiania 
a Supersedes its Oversigt over videnskabs-selskabets mgder 

25+ 
Fordhandlinger. Superseded by Avhandlinger of two classes 
1885151821, 188611617, 18889, 18897, 189217, 1898-99, 1901—24]| 
Index: 1858-1924 
Matematisk-naturvidenskapelig klasse 
Avhandlinger 
1925+ 
Skrifter 
1898 +- 
Oversigt over videnskabs-selskabets møder. 1868-86 issued with and indexed in its 
Forhandlinger. Superseded by its Arbok 
1898-1924|| 
21 


mos Be lectures. (University of Notre Dame) Notre Dame, Ind. 
U 

See also Reports of a mathematical colloquium 
NOUVELLE correspondance mathématique. Brussels 

1-6, 1874-80] 

NOUVELLES annales de mathématiques, journal des candidats aux écoles polytechniques et 
normales. Paris. 1855-61 includes Bulletin de bibliographie, d'histoire et de biographie 
mathématiques 

1-20, 1842-61; s2 v1-18, 1862-79; s4 v3-20, 1903-20 

a e Regiae societatis scientiarum upsaliensis. See K. VETENSKAPS-societeten i 

psa 

Nova Scotian institute of science, Halifax 

Proceedings and transactions. 8-10 also as s2 vi-3 
8-9, 14-16, 181, 1890-1933 

NovonossifskoEe obshchestvo estestvoispytateleY. Odessa. See ODESSKOE obshchestvo 
estestvoispytateleY 

NUMERUS; revista de matematici elementare pentru invatamantul secundar, normal, 
profesional si militar. Bucharest 

2, 1936 j 

Nyt tidsskrift for matematik. Copenhagen. In two sections: A, Elementary; B, Advanced. 
Supersedes Tidsskrift for mathematik, and Maanedsskrift for den elementaere math- 
ematik. Superseded by Matematisk tidsskrift 

så, B, v11-29, 1900-19] 
Index: 1859-1908 


OxBSHCHESTVO estestvoispytateler, Warsaw. See Warsaw. Universtet 

ODESSA 
ee katedry. Through 1924 as, Nauchno-issledovatel’skie kafedry v 
Odesse 


Zhurnal 
11,4,8-3, 23, 1923-26 
ODESSKOE obshchestvo estesvoispytatelef, Odessa. Through 1918 as Novorossiiskoe ob- 
shchestvo estesvoispytateleï 
Zapiski 

20, 25-29, 34—36, 1902-11 

Index: 1-30 
OPEN court, a quarterly magazine. Chicago. 1887-1933 as Open court, a monthly maga- 


zine t 
11-31, 32177, 34-50, 1897—1936]| 
Index: 1-20 
OPORTO, Portugal 
Universidade 
Faculdade de sciencias 
Anais. Supersedes Jornal de sciencias mathematicas e astronomicas. 1-14 as 
S polytechnica do- Porto, Coimbra. Annaes scientificos. Suspended 
922-2 
1—24, 1905-39 
O»uscorr matematici e fisici di diversi autori. Milan 
1-2, 1832-34|| 
OREGON 
University 
Publications 
22.8, 1923-25 
Mathematics series 
11, 1929 
OsAKA, Japan 
Imperial university 
Faculty of science 
Collected papers 
sA. Mathematics 
1-7, 1933-39 
Oxrorp, Cambridge, and Dublin messenger of mathematics. See MESSENGER of mathe- 
matics 
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PADUA 
Universita 
Seminario matematico 
Rendiconti 
1-10, 1930-39 
PALERMO rendiconti. See CIRCOLO matematico 
PARIS 
École polytechnique 
Journal. 1 as Journal polytechnique, ou Bulletin du travail fait à l'École centrale 
des travaux publics 
1-64, 1795-1894; s2 vi-34, 1895-1935; s3 v1-++, 1937+ 
Index: 1-64 
See also Sec. II, under Caucuy, A. L. 
Institut catholique 
Bulletin. For 1896-1910 see its Revue 
s2 v1-10, 1910-19 
Revue. Supersedes and is superseded by its Bulletin 
64, 7-14, 151, 1901-10 
PEIPING 
National Tsing Hua university. To 1928 as Tsing Hua college. Chinese name: Kuo-li 
'Tsing Hua ta-hsueh 
Science reports 
sA: Mathematical, physical and engineering sciences 
1-3, 1931/32-35/36 
National university of Peking 
Science quarterly. Superseded by its Science reports 
4,514, 1934-35|] 
Science Teports 
1, 1936 
PEKING. See PEIPING 
PENNSYLVANIA 
University 
Publications 
Series in mathematics 
no1—3, 1897-1905]| 
PERIODICO di matematiche: storia-didattica-filosofia. (Associazione “Mathesis”) Rome, 
Leghorn, Bologna. Supersedes Periodico di scienze matematiche e naturali per l'insegna- 
mento secondario. Title varies: Periodico di matematica ... ; etc. si-3 also as yri-33 
ps + s2 vl-5, 1899-1903; s3 vi-14, 151, 1904-18; s4 v1, 225, 376 4-19, 
21— 
Index: s4 vi-10 
Supplement 
2-20, 1898-1917| 
PHILOSOPHICAL society of Glasgow. See ROYAL philosophical society of Glasgow 
Puysica. (Hollandsche maatschappij der wetenschappen, Haarlem) The Hague. A continu- 
ation in part of Physica; Nederlandsch tijdschrift voor natuurkunde. Numbered as 
Archives néerlandaises des sciences exactes et naturelles. s4A 
1-6, 1933-39 
PHYSICAL review, a journal of experimental and theoretical physics. (American physical 
society; American institute of physics) New York 
16-35, 1903-12; s2 v1-+-, 1913+ 
Prysıco-mathematical society of Japan. See NrPPON sugaku-buturigakkwai 
PHYSIKALISCH-medicinische societät, Erlangen 
Sitzungsberichte 
25-70, 1893-1938 
PHYSIKALISCHE zeitschrift der sowjetunion. Kharkov 
112, 1932 
PINAR del Rio, Cuba 
Escuela normal 
Seminario de estudios superiores de matematicas 
Publicaciones 
1+, 1941+ 
PISA 


Scuola normale superiore 
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Annali 
Scienze fisiche e matematiche 
1-16, 1871-1930; s2 vi-9, 1932-40 
Index: 1-16 
PITAGORA; giornale di matematica ... Palermo 
2-21, 1896-1915; s2 v1-2, 31, 1917-18]| 
Porsxa akademija umiejętności. See AKADEMIJA umiejętności, Krakow 
POLSKIE towarzystwo matematyczne, Krakow 
Roszpra 
1, 1921 
Rocznik. 1921 as Rozprawy 
1-16, 1922-37 
Dodatek 
[1], 2-4, 1922-29 
POLYTECHNIC engineer. (Engineering society of the college of arts and engineering of the 
Polytechnic institute of Brooklyn) 
1901-05 
PONTIFICIA accademia delle scienze, Rome. 1847-1901 as Accademia pontificia dei nuovi 
Lincei; 1902-22 Pontificia accademia romana dei nuovo Lincei; 1923-35 Pontificia 
accademia delle scienze, nuovi Lincei 
uario 
1929/30-30/31, 1933/34-34/35; ns v1, 1936/37 
Atti. Superseded by its Acta 
1, 48-88, 1847-1934/35]| 
Memorie 
16-18, 1899-1901 
Indice generale: 1913-27 
See also SCIENTIARUM nuncius radiophonicus 
POPULAR astronomy. A review of astronomy and allied sciences. (Carleton college, North- 
field, Minn. Goodsell observatory; American association of variable star observers) 
Northfield, Minn. 
1-5, 7+, 1899-4 
Porto. See OPORTO 
PRACE matematyczno-fizyczne. Warsaw 
1-44, 1888-1937 
Index: 1-10 
K. EE akademie der wissenschaften, Berlin. See AKADEMIE der wissenschaften, 
Berlin 
K. PREUSSISCHE geodatische institut 
Veroffentlichungen 
8, 1886; ns v10—11, 52, 108, 1902-38 
PRIRODOSLOVNA istraZivanja hrvatske i slavonije. See JUGOSLAVENSKA akademija zna- 
nosti i umjetnosti, Zagreb. Prirodoslovna istraZivanja kraljevine Jugoslavije 
PROGRESO matemático. Saragossa 
1-5, 1891-95; s2 v1-2, 1899-1900|| 
: PROVINCIAAL Utrechtsch genootschap van kunsten en wetenschappen 
Verslag van het verhandelde in de algemeene vergadering 
1938-39/40 


QUARTERLY journal of pure and applied mathematics. London. Supersedes Cambridge and 
Dublin mathematical journal. United 1930 with Messenger of mathematics to form 
Quarterly journal of mathematics, Oxford series 

1-50, 1857-1927 || 
Index: 16-30; 31-45 

QUARTERLY of applied mathematics. (Brown university) Providence 
LE. 1943+ 


M a monthly record of scientific progress in radiotelegraphy and telephony. 
ondon 

1-2, 3175, 1919—22]|| 
RASSEGNA di matematica e fisica. (Istituto fisico-matematico G. Ferraris) Rome 

2-6, 7179.97, 1921-27 || 
RENNES 

Université 

Travaux scientifiques 
1-17, 1901/02—24|| (incl. 2 suppl. to v4) 


24 


REPERTORIUM der literarischen arbeiten aus dem gebiete der reinen und angewandten 
mathematik. Leipzig 
1-2, 1877-79] 
REPORTS of a mathematical colloquium. Notre Dame, Ind. s1 as Ergebnisse eines mathe- 
matischen kolloquiums 
s2 v1-r, 1939+ 
ERN of scientific instruments with physics news and views. (American institute of physics) 
+, 1933+ 
Revista de ciencias. (Lima. Escuela de ingenieros; Lima. Universidad mayor de San 
Marcos. Facultad de ciencias) Lima 
1-16, 34+, 1897+ 
Revista de matematica. Turin. See Rrvista di matematica 
REVISTA de matemáticas y físicas elementales. Buenos Aires 
1-5, 1919-24] 
REVISTA matematica din Timisoara 
1-2, 317911712, 1921-24 
REVISTA matemática hispano-americana. (Sociedad matemática española} Madrid. Super- 
sedes Revista de matemáticas, Buenos Aires, and Revista socieded matemática espafiola 
1-2, 31746319, 4-7, 1919-25; s2 v1-11, 1926-36; s& v2+, 1942+ 
Revista trimestral de matemáticas, Saragossa. Suspended Ja-Ag1906 
1-6, 1901-06] 
REVUE de mathématiques. See RIVISTA di matematica 
Revue de mathématiques spéciales. Paris. 25-29 never published 
1-20, 22-24, 30-40, 1890-1930 
REVUE des questions scientifiques. (Société scientifique de Bruxelles) Louvain. s4 v1-30 
also as 81-110; s5 vi+ as 111+ 
s4 v31, 7-30, 1923-36; s5 elt, 1937+ 
REVUE des revues littéraires et scientifiques hongroises. (Association nationale des so- 
ciétés et des institutions scientifiques de Hongrie; Centre d’études hongroises en France) 
Paris. 1935-37 in 2pts: 1....2. Sciences, sciences appliquées. Suppl. to Revue des 
études hongroises, later Études hongroises 
1936-37 
Revue générale des sciences pures et appliquées. Paris 
13+, 19024- 
Index: 1-25 
REVUE scientifique. (Revue rose) Paris 
77, 1939 
REVUE semestrielle des publications mathématiques. (Wiskundig genootschap te Amster- 
dam). In 1932 merged with and since 1934 absorbed by Jahrbuch tiber die fortschritte 
der mathematik 
1-38, 391%, 1893-1934!| 
Index: 1-5; 6-10; 11-15; 16-20; 21-25; 26-30; 31-36 
Rice institute of liberal and technical learning, Houston, Tex. 
Rice institute pamphlets 
112, 414, 54, 724, 813, 93, 144, 164 214, 2312, 254, 1915-38 
See also Sec, IT 
RIGA 
Latvijas universitate 
Matématikas un dabas zinätru fakultāte 
Raksti 
1-2, 1929/31—32/36 (incl. 2 suppl. to vi) 
Rro de Janeiro 
Observatorio 
Annuario 
54—56, 1938-40 
Taboas das marés 
1938 | 
Rıyısta di fisica, matematica e scienze naturali. (Società cattolica italiana per gli studi 
scientifici) Florence, Naples, Pisa, Pavia. Publication suspended 1913-01926 
1-26, 1900-12; s2 v2-3, 1927-29 
Rivista di matematica, Turin. v6-7 as Revue de mathématiques 
1-8, 1891-1906]| 
Index: 1-5 
Supplement. See FORMULARIO matematico 


25 


ROME | 
Universita 
Seminario matematico 
Rendiconti. 3 never published 
1-2, 4-6, 1913/14-19/20; s2 v1—6, 1922/23—28/29; s4 v1, 1936/37 
ROSARIO, Argentina 
Universidad nacional del Litoral | 
Facultad de ciencias matemáticas, fisico-quimicas y naturales aplicadas à [a indus- 
tria 
instituto de matemáticas 
Publicaciones 
1+, 1939+ 
See also MATHEMATICAE notae 
ROYAL Dublin society 
Scientific proceedings 

ns v14-, 1877+ 

Index: 1-8; 9-11 
Scientific transactions 

s2 v1-9, 1877-19091| 

Index: 1-6; 7-9 
See also Sec. IT 

RovArL Irish academy, Dublin 
Proceedings 
så v24-30, 32+, 1902+ 
General index: 1786-1906; 1907-32 
Rovar philosophical society of Glasgow. Also Philosophical society of Glasgow 
Proceedings 
30, 1898/09 
RovAL society of Edinburgh 
Proceedings 
3-4, 10-12, 15+, 1850+ 
"Transactions 
| 87-45, 18914- 
ROYAL society of London 
Philosophical transactions 

sÀ v192+, 1809 4- 

Iudex: 230—239 : 
Proceedings. 76-+ in two series: A, containing papers of a mathematical or physical 
character; B, containing papets of a biological character 

62-75, 1897-1905; sA v76-r-, 1905+ 

Index: 130-177 
Yearbook 

1-2, 1896/97-97/98 
See also INTERNATIONAL catalogue of scientific literature; Sec. II 
Roya society of Queensland 
Proceedings 
15-19, 21-22, 1900-10 
RovAL statistical society, London 
journal. 734- also as ns v14- 
103+, 1940+ . 
ROZHLEDY matematicko pfirodoy&deck£. (Jednota československých matematiků a fysikd) 
Prague. Appeared as pt of Časopis pro pěstování matematiky a fysiky v22-50; v30, 
nsvi-- as suppl. (přílohy) 
ns v1271, 2, 3275, 4-10, 12-15, 1922-36 
RUNKLE’S magazine. See MATHEMATICAL monthly 


n SAECHSISCHE akademie der wissenschaften, Leipzig. See AKADEMIE der wissenschaften, 
eipzig 
ST. GALLISCHE naturwissenschaftliche gesellschaft 
Jahrbuch. 1858/60-1900/01 as its Bericht über die thatigkeit 
1900/01—01/02 | 
SAPPORO, Japan 
Hokkaido imperia] university 
Faculty of science 
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ON DEGREE OF APPROXIMATION ON A JORDAN CURVE 
TO A FUNCTION ANALYTIC INTERIOR TO THE CURVE 
BY FUNCTIONS NOT NECESSARILY ANALYTIC 
INTERIOR TO THE CURVE 


J. L. WALSH 


It is our object here to consider the subject mentioned in the title 
by proving the following theorem. 


THEOREM. Let C be a rectifiable Jordan curve in the plane of the com- 
plex variable z, and let the function f(z) be analytic interior to C, con- 
tinuous in the corresponding closed region. Let each of the functions 
f«(z), n=1, 2, - - , be analytic exterior to C and continuous in the 
corresponding closed region, except perhaps for poles of total order not 
greater than n exterior to C. We write 


(1) f«(z) = g«(z) + haz), 


for z on and exterior to C, where g,(z) is a rational function of z with 
all its poles exterior to C and h„(2) ts analytic in the extended plane ex- 
terior to C, continuous in the corresponding closed region, with h,() =0. 
If the totality of poles of all the f.(z) have no limit point on C, and £f we 
have 


(2) lim sup [max | f(z) — fa(z) p zonC]Ur x 1/R « 1, 
then we have also 

(3) lim sup [max | f(z) — g,(2) |, son C]!/" < 1/R, 
(4) lim sup [max | ka(2) |, z on C]"* < 1/R. 


The significance of this theorem is in part as follows. In numerous 
situations a function f(z) is approximated on a Jordan curve C by 
a function of type f,(z); for instance f(z) may be approximated on the 
unit circle C: |z| =1 by a trigonometric polynomial in the arc length, 
of order n, which is of type f,(z). If this approximating function f„(2) 
is split into the two components g,(z) and h,(2), what does A;(z) con- 
tribute to the degree of approximation? This question is answered 
by the theorem, asserting that asymptotically 5, (z) contributes noth- 
ing to the degree of approximation, insofar as approximation is meas- 
ured by the first member of (2); it is no more favorable to approximate 
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to f(z) on C by functions f,(s) than by their respective components 
gn(z). As a matter of comparison, we note that if C is the unit circle, 
each of the functions /,(z) is orthogonal! to f(z) on C, and conse- 
quently in the sense of least squares no h,(z) can contribute to ape 
mation to f(z) on C. 

The present problem, approximation by functions not analytic in 
a given region to a function analytic in that region, is in a sense a 
companion piece to a problem studied on various occasions? by the 
present writer, namely approximation by functions analytic in a re- 
gion to a function not analytic in that region. 

The theorem 1s of course essentially more general than approxima- 
tion on the unit circle. The theorem is not invariant under arbitrary 
conformal transformation of either the interior or exterior of C; such 
a transformation does not leave unchanged the components of f,(z) 
indicated in (1). | 

In connection with this theorem, it is to be noted? that any func- 
tion f(z) which satisfies the given hypothesis and is analytic also on 
C can be uniformly approximated on C so that (2) is satisfied for suit- 
ably chosen R, by rational functions f,(2) =g,(z) of respective degrees 
n with poles in # prescribed points exterior to C, the prescribed poles 
having no limit point on C. 

We proceed to the proof of the theorem. Let D and D be two 
analytic Jordan curves chosen with I'? interior to Ty, and C interior 
to I, and so chosen that all the poles of every f,(z) lie exterior to Tı. 
For z between T and P we have 


dices J«(t)dt ES Ad 


2miJmn i—z 2m1J4m ií—z 








the integrals being extended in the positive sense with respect to the 
annular region bounded by = and Ts. The function 


„(dd 
(5) Nice 





z interior to Da, 


is defined and analytic throu us the interior of I, and the function 


e nf 20%, 


lri Ta Lt: 


z exterior to Da 





1 See for instance Walsh, Interpolation and approximation by rational functions in 
the complex. domain, Amer. Math. Soc. Colloquium Publications, vol. 20, New York, 
1935, §6.11. 

? Loc. cit. §§6.11 et seq., §§11.3 et seq. 

3 This result is due to Shen; loc. cit. 89.7. 
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is defined and analytic in the extended plane exterior to T», with 
ha( ©) =0. The second members of (5) and (6) for fixed z are inde- 
pendent of continuous deformation of Tı and Iz provided that I 
and T; in the deformation do not cross z or singularities of f„(2). 

The equation 
(7) falz) = ga(z) + ha (2), 
valid for z between D and Ts, is also valid wherever the functions 
involved can be defined by analytic extension. It follows from (7) 
that in the extended plane exterior to De the singularities of g,(z) are 
precisely the singularities of f,(z), namely poles of total order not 
greater than z; moreover g,(z) is analytic interior to I's, hence is a 
rational function of order not greater than z. The function k,(z), de- 
fined by (6) and suitably extended analytically by (7), is analytic in 
the extended plane exterior to C, continuous in the corresponding 
closed region. 

The separation of f,(z) into components as defined by (1) is neces- 
sarily unique, for if we have in the closed exterior of C 

ga (2) + Ma (2) = ga (2) + In (2), 

where g, (z) and g,(%(z) satisfy the prescribed conditions for g,(z) 
and h,(z) and h,(z) satisfy the prescribed conditions for h„(2), 
then the function g,™(z) —gn‘(z) is rational with its poles (if any) 
exterior to C, but is also equal to A,O9(z) —A,(?(z) exterior to C, 
hence is analytic in the entire extended plane, with the relation 
gs (o) —g, (D (o) =h, (0) —h,((c) —0; thus we have g,‘?(z) 
=g, (z) and h,” (2) = hn? (2). 

We denote generically by C, the image in the z-plane of the circle 
Lol =p>1 under the conformal map of the exterior of C onto the 
region | a | >1, with the points at infinity in the two planes cor- 
responding to each other. Let Rı be chosen so that the poles of all 
the f,(z) exterior to C lie exterior also to Cr. 

Choose M and Ro, 1<Ro<R, so that for n=1, 2, - - - we have 
from (2) 


| f(z) — f] s M/Ro, z on C; 
we have also 
|f) — f| s M/R”, z on C, 
whence 


| f (2) = faz) | = 2M/Ro, z on C, 
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where f„(2) —fn41(z) has at most a total of 2n+1 poles exterior to C; 
all such poles lie exterior to Cr, By consideration of the function 
Zei —fn+1(2) under the conformal map of the exterior of C in the 
z-plane onto the exterior of the unit circle in the w-plane, we have‘ 











2M / Rip — 1N?7& 
(8) | falz) — /n+1(2) | £ ) for 1 < | w | =p< R 
R Ri — p 
Choose p so near unity that we have 
1 /Rip — 1M? 
(9) za IER 
Ro Ry — Pp 


It then follows from (8) that the sequence f,(z) converges uniformly 
on Cp. By (2) the sequence f,(z) converges to f(z) uniformly on C, 
hence converges uniformly in the closed annulus bounded by C and 
Cp, to a limit which in the annulus we now denote by f(z). It is a con- 
sequence of the rectifiability of C that the function f(z) as just en- 
larged in definition is analytic also on C itself, hence analytic 
throughout the interior of C,. By virtue of (8) and (9) we can write 


Rip — 1\2 
e SL ) i z on C,, 
Ri — p 








(10) |f) — fa 


where Mı depending on p is acus chosen. 
If we now set 


d 
(41) He 


271 de. 





z interior to C,, 


and also choose T' in (5) as C,, inequality (3) follows from (5) and 
(11) by virtue of (10); it will be noted that (10) implies 





1 / Rip — 1 
(12) lim sup [max | f(z) — Salz) |, zonC|'/^ x — i 
nw Ro Rı — p 
and in the second member of (12) we can allow Rs to approach R 
and p to approach unity. 
Inequality (4) is a consequence of inequalities (2) and (3), by virtue 
of (1). The theorem is established. 


COROLLARY. The theorem remains valid if C is not assumed rectifiable, 
but if f(z) ts assumed analytic in the closed interior of C. 
t Loc. cit. p. 231, Lemma I. The requirement in this Lemma I that P(z) be rational 


may be replaced by the requirement that P(z) be continuous on Le =r, analytic in 
r< E «pr, meromorphic with not more than a poles in | z| z pr. 
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The proof of the corollary follows directly the proof of the theo- 
rem; in (9) we choose p so near unity that f(z) is analytic on and 
within C,; the identity in the annulus bounded by C and C, of the 
given function f(z) and the limit of the sequence f,(z) follows from the 
fact that these two functions analytic in the annulus approach the 
same set of boundary values when z exterior to C approaches C. 

Theorem and corollary can be extended to include point sets C 
much more general than Jordan curves, even the case where C con- 
sists of several disjoint continua; these extensions are left to the 
reader. 

The theorem becomes false if the requirement is omitted that C 
be rectifiable and if no additional requirement is placed on f(z). For 
under such conditions C may be chosen (Osgood) to have positive 
area; there exists (Pompeiu) a function f(z) analytic in the extended 
plane except on C, continuous for all values of z, zero at infinity yet 
not identically zero. We can choose f,(z)=f(z), n21,2,--- , from 
which it follows that (2) is satisfied for arbitrary R. Yet we have 
£n(z) =0, h.(2) =f;(z) =f(z), so that the first member of both (3) and 
(4) can be written 


lim sup [max | f(z) |, z on C]'», 


which has the value unity. Inequalities (3) and (4) of the conclusion 
of the theorem are not satisfied. 


HARVARD UNIVERSITY 


ON THE NUMBER OF 1-1 DIRECTLY CONFORMAL MAPS 
WHICH A MULTIPLY-CONNECTED PLANE REGION 
OF FINITE CONNECTIVITY p (>2) ADMITS 
ONTO ITSELF 


MAURICE HEINS 


1. Introduction. It is well known! that a plane multiply-connected 
region G of finite connectivity greater than two admits only a finite 
number of 1-1 directly conformal maps onto itself (such maps will be 
termed henceforth conformal automorphisms of G); in fact, if G is of 
connectivity p(>2), then the number of conformal automorphisms 
of G can in no case exceed p(p—1)(p—2). The object of the present 
note is to determine the best upper bound, ANS), for the number of. 
conformal automorphisms of G as a function of the connectivity p. The 
basic theorems are: 


THEOREM A. The group of conformal automorphisms of a plane region 
of finite connectivity p(>2) is isomorphic to one of the finite groups of 
linear fractional transformations of the extended plane onto itself. 


THEOREM B. If p(> 2) is different from 4, 6, 8, 12, 20, then N(p) —25. 
For the exceptional values of p, one has 


N(4) = 12, N(6) = N(8 = 24,  N(12) = N(20) = 60. 
The proofs of these theorems are based upon the following results:? 


I. An arbitrary plane region G of finite connectivity b admats a 1-1 
directly conformal map onto a canonical plane region G* whose boundary 
consists of points and complete circles (either possibly absent), in all p in 
number, and mutually disjoint. 


If G and G* denote the groups of conformal automorphisms of G 
and G* respectively, then G is isomorphic to G*. Hence for the pur- 
poses of the present problem it suffices to consider the canonical re- 
gions and their associated groups of conformal automorphisms. 


. II. A conformal automorphism of a canonical region G* admits an ex- 
tension in definition throughout the extended complex plane as a linear 
fractional transformation. 


Received by the editors, January 14, 1946. 

1 Cf, G. Julia, Leçons sur la représentation conforme des aires mulliplement connexes, 
Paris, 1934. In particular, see pp. 68-69. : 

2 Cf. Hurwitz-Courant, Funktionentheorie, Berlin, 1929. See pp. 512-520. 
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Hence the group G* is in essence a finite group of linear fractional 
transformations of the extended plane onto itself. In the next section 
it will be shown that there exists a region I’ which lies in the extended 
complex plane, is bounded by 2 distinct points, and in addition 

(1) contains G* as a subregion, 

(ii) remains invariant under the automorphisms of G*. 

It will then follow that it suffices to consider the problem for re- 
gions bounded by p distinct points. The proof of Theorem B is thus 
reduced to the determination of the connectivities of regions I' which 
are bounded by a finite set of points and which remain invariant un- 
der the members of a given finite group of linear fractional transfor- 
mations of the extended complex plane onto itself. 


2. Reduction of problem to the case where the region is bounded 
by p distinct points. We start then with a canonical region G* whose 
boundary consists of p disjoint components which are either points or 
circles and the associated group of conformal automorphisms G*. 
Boundary components which consist of points will be unaltered. 
If there are circles present among the boundary components, say 
Di, B2, -++, Bm (1€m f), one proceeds as follows. Suppose fx 
(1 Sk Sm) is carried into itself by some transformation SC G* other 
than the identity. Note that S is an elliptic linear fractional trans- 
formation and hence possesses a unique fixed point ¢; in the region Gr 
of the extended plane bounded by 8, which is exterior to G*. Further 
any transformation of G* which carries f; into itself possesses (s as a 
fixed point since the subgroup of G* whose members preserve B4 is 
cyclic. For any such transformation (not the identity) (; is the unique 
fixed point in gx. In this case we replace B; by the point fy. If B, is 
not carried into itself by any transformation of G* other than the 
identity, then f, and its images with respect to the transformations 
of G* constitute a set of # disjoint circles, where n is the order of G*. 
These circles are permuted among themselves by the transformations 
‘of G*. To replace these circles by points, we select any one of them— 
say Êr and fix a point yx, on Bx, replacing thereby Br, by Nro The 
image of r, with respect to a transformation of G* is to be replaced 
by the image of nz, with respect to the same transformation of G*. 
In this manner G* is replaced by a region TDG* of connectivity p 
whose boundary consists of p distinct points. It is readily verified 
that I' remains invariant with respect to the transformations of G*. 

Hence, to determine 


NIE) = max [order G(G) ], 
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where G is of connectivity b and G(G) is the group of conformal auto- 
morphisms of G, it suffices to consider regions G bounded by p distinct 
points. 


3. An observation. It is to be observed that N(p) is bounded below 
by 2p. This follows from the fact that the region in the extended 
z-plane whose boundary consists of the points 


g = e?riklr (k= 0,1,2,---,p—1) 
is carried into itself by the dihedral group of order 2p generated by 
S:z|i/z,  Tiz| eis, 

This fact will be significant for determining N(p). 

4, Determination of N(p). Given a positive integer p, a finite group 
G of linear fractional transformations of the extended complex plane 
onto itself will be termed admissible relative to p, if there exists a region 
T which is bounded by p distinct points and remains invariant under 


the transformations of G. Given G, the integers 2 for which G is 
admissible are listed in the following table:? 





TABLE 1 
If G is isomorphic to then p for which G is admissible are given by 
a b a=0, 1,2 u 
Cyclic group of order # n | 5| where b=0,1,2, «++ ;a+b>0 
a=0, 1 


Dihedral group of order 2#|\2# EE where 6=0, 1 
et c=0, L 3, ;atb+c>0 
a a=0, 1,2 
Tetrahedral group, 12 [S+] where b=0, 1 
c=0,1,2,+°- ;a+b4-c>0 
a=0,1 
b=0, 1 
c=0, 1 
d—0,1,2,: +: ;a+b+c+d>0 
a=0,1 
b=0,1 
c=0, 1 : 
d=0,1,2,+++ ;a+b+c+d>0 


b d 
Octahedral group 24 [^ | where 


b 
Icosahedral group 60 [A] where 





3 This table is readily verified on reference to the classical results of the theory of 
finite groups of linear fractional transformations. 
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Recall that all finite groups G of linear fractional transforma- 
tions of the extended complex plane onto itself are considered in 
Table 1. Since N(p) = 2p, it suffices to consider groups G admissible 
relative to p(>2) whose orders are at least 2p. These are readily de- 
termined from Table 1 and are given below together with their orders 
in Table 2. 


TABLE 2 


Groups G admissible relative to p 


P and of order =2p Order of G 


>24, 6, 8, 12, 20, 30 Dihedral 


Tetrahedral 
Dihedral 
Tetrahedral 
Octahedral 
Dihedral 
Octahedral 
Dihedral 
Octahedral 
Icosahedral 
Dihedral 
Icosahedral 
Dihedral 
Icosahedral 


Dihedral 





Theorem B follows at once from Table 2. 
Remark. It would be interesting to deduce Theorems A and B with- 
out using the canonical regions G*. 


BnowN UNIVERSITY 


SOME PROPERTIES OF ABSOLUTELY 
MONOTONIC FUNCTIONS 


P. C. ROSENBLOOM 


In this note we collect several fragmentary results which were ob- 
tained as by-products of another investigation. They are rather 
Joosely connected with each other, but still may be of some interest. 

We recall that a function f(x, : - - , xx) is said to be absolutely 
monotonic in a set D if f and all its partial derivatives exist and are 
non-negative in D. If D is of the form 0E x;«a;, 2=1, : - - , k, then 
a necessary and sufficient condition that f be absolutely monotonic in 
D is that it can be expanded in a power series in x1, + : - , xy with 
non-negative coefficients converging in D. (The well known theorem 
of Bernstein [1]! for the case &—1 can be extended in a trivial man- 
ner.) 

THEOREM 1. If f(x) is absolutely monotonic in 0x «a, and if 
0521, xo, - - - , Xn <a, and if L(x) is the Lagrange interpolation poly- 


nomial of f(x) at the points xi, - * + , Xn, then 
f(x) — L(x) 
ee w(x) = (x — x) -- (s — x), 
w(x) 
is an absolutely monotonic function of x, xi, * - * , x, in the range 
0Sx,x14:::,X4X«4. 


Proor. The function g(x) can be expressed as a divided difference 
of f(x) (see for example, Milne-Thompson [2]): 


g(a) = [vm a], 


where 
f(x) — f(x) 
[xx] = ———————; 
X — X1 
and 
e ee & — bd es se My 
d E EE 
X — ZE 


It is sufficient, then, to show that if f(x) is absolutely monotonic in 
0<x <a then 


Received by the editors August 7, 1945, and, in revised form, January 14, 1946. 
1 Numbers in brackets refer to the Bibliography at the end of the paper. 
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f(x) — f(x) 


X M 
is absolutely monotonic in the square 0Sx, xi«a. But if f(x) 
=) rot", Ge 2:0, then 


f) — fio) = Y a.a + en... + gel) 


X — 2X nol 


is a power series with non-negative coefficients converging for 0 Sx, 
x; <a, and is therefore absolutely monotonic there. 


COROLLARY. We have f(x)=L(x) for x in the intervals [x,, a], 
[xn_, Xni], ne, while f(x) S L(x) in the intervals [xn—1, Xn], (ns, 


Xn2],° °° if the equality sign holds at an interior point of any of these 
intervals, it holds identically. 


It will be convenient to introduce the notations 


xy eee xil 








Vko. f kn) = 


x," e ee x, Fn 


and 


Alku E) = L—M———————- 
Ge IE 30,1, — 1) 


LEMMA. £f OS ki «ko € +++ «ha, where ky, +--+ , kn are integers, then 
Alk," +, Rn) ds a symmetric polynomial in xı, - - +, Xn, with non- 
negative coefficients. 

Proor. It is obvious that A is a symmetric function. For »=1, 
A(k).=x14, and the lemma is true. Suppose now that n>1. Then 
setting m, =kin—kı, we have 


A(kı, ett yg Rn) = ot ... xn*1A (0, Mu" Mn) 





0, um — Zei eee, x70 — 4,71 
"m rue Eu Se ae qun inis 
0, X417! — x4", » hy — 4,71 
L7. err, XO 
000 (X. — EX) ct (tn — £a) V (0, 1, 0 — 2) 
xml + X4X1712 fe eee + xml... 
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Now we multiply the first column in the numerator by x,”2-™ and 
subtract from the second; then we multiply the first column by 
x,™3-™ and the second by zm and subtract from the third and so 
on. We thus obtain 


Ab, by) = ——— 
ES V(0,1,---,n—2) 
x ym X02 ee + x, mi, rl oe + XI Lg ml eae 


= Eu $ xy 28253 x A (a, DA Q1); 


where À (ai, : - - , o1) is formed with the indicated exponents and 
the variables x1, * + + , x43, and the summation runs over all systems 
of a’s satisfying 


0 S a, S mı — 1, mı S os S ms — 1,--* , Mis S og 1 S Mani — 1,, 
and 
B = (m — 1 — ai) tee) + (mM — 1 — an). 


Hence if the lemma is true for n—1, it is true for n. The lemma fol- 
lows, then, by induction. 


THEOREM 2. If f(x) and g(x) are absolutely monotonic in the interval 


0<x<a, then 

1 flux) g(v%2%s) 
1 f(usxe) gäe 
1 flux) g(vx1%2) 


is an absolutely monotonic function of tis five arguments for 0 £x1, xs, 
x3<a, OSuS1/a, OSvS1/a?. 


Proor. Let f(x) 29,2 gasx^, g(x) =D robn", 4120, b, 20, n=0, 
1,+ ++. Then 


V(0, 1, 2) 


i 1 u"xy" g()x2xX4) 


— | 1 u™x.™ UX3X 
V(0, 1, 2) d Em) 


1 ux3™ g(uxixe) 
; 1 ur” VX ga” 
oo 
n 
ENS 1 u"x9" Anzahl, 
nun 
ge 1 u"xj" gtx x 
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Now 
1 47 4,7 dul 1 X1? 4^4, 79 Dnt" Ko" 23^ 
ev e © © © © èo o « KT" | e om or ot on ot on ont n tf 
= u” yV (n, m + n, 0). 
Hence e | 
1 fu 31) g (oz: X3) e 
— |1 flux GEF = Gg, u"v^À(0, n, m -+ n). 
V(0, 1, 2) f(uxs)  g(v%3%1) P ( + n) 


1 flux) g(vx1x2) 


If the terms of the last series are rearranged we obtain a power series 
in the five variables with non-negative coefficients converging in the 
range specified above. , 


THEOREM 3. If f(x) =D ont, an> 0, and a441/a4 is monotonically 
non increasing, and if f(x) and g(x) are absolutely monotonic in 0 € x <a, 


then 

L f(x) feig 
1 fx) f(%2)g( 2) 
1 fix) f(%s)g(%s) 


is an absolutely monotonic function of all three variables for 0& x1, xa, 
Xs «a. 


V(0, 1, 2) 


Proor. Let g(x) =) ont", 5,20, OS x«a. Let OS x1, xa, xa E v «a. 


Then 

1 fa) lët 
1 f(x) f(%2)g(2) 
1 f(x) f(%s)g(%s) 


1 x1" ug %1) 
co œ% Gate 


E El [1 moa) 


sec) gc V(O, 1,2 
sg VÀ -1 %37 angel 
= A. D) andmd,A (0, ma 


mal ntgm2 


V(0, 1, 2) 


Now by elementary estimates 
| A(O, m, n + g) | € 27'm(n + g)(m + n + q — 2}rmtnte-s 
S mn + g)(n +q — Ueminte? 


if Z1, n+q22 and la,| CR, |b,| S CR", where r « R «a, and 
C is a suitably chosen constant. Then this series is dominated by 
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CY, Y mn + Oe + g — 1) (r/R 


mal n+qg=2 


= ee X vnm) ( È KE + DE- 26/8). 


ml km2 


and is therefore absolutely convergent. Hence we can rearrange it as 
follows: 


oo m--1 a o2 | B 
2: Im d 2. A(0, a, m) 25 Ga-gdg + 2. A (0, m, B) Kë Ai d 


mul al g=0 B=m+l q=0 
i ag la 
T^ > A(0, Qa; gl da), 
0<a<ß g=0 ag Ca 


and the latter can be rearranged as a power series in x1, xs, and x3. But 


OQa—g lag Ca-g+1 Gat < ap—q 08—1 O8—a 























Qa Ca-g+1 Ca—gte Ga Gar ag ap 
Therefore the resulting power series has only non-negative coeff- 
cients. ° 

We feel that the last two theorems are at most mere curiosities as 
they stand, since we haven’t any idea as to what significance the 
above determinants may have, It is to be hoped that proofs can be 
found which will be more illuminating than the above purely compu- 
tational ones. 

BIBLIOGRAPHY | 
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BROWN UNIVERSITY 


TOEPLITZ METHODS WHICH SUM A GIVEN SEQUENCE 
P. ERDÓS AND P. C. ROSENBLOOM 


The following note arose out of discussions of a paper by Agnew, 
but is, however, self-contained. 


THEOREM. Let {xn} be a bounded divergent sequence. Suppose that 
{yn} is summable by every regular Toeplitz method which sums {xn}. 
Then {yn} ts of the form {cxn tan} where {dn} Ze convergent. 


Proor. For typographical convenience we shall often write x(z) 
for x,, and so on. Let {x(nx) } ,k=1,2,-+-+,beany convergent sub- 
sequence of [xs]. Then [xs] is summable by the matrix (a(n, k)) 
where a(n, b) =1 for n=n, and a(n, k) «0 for n#n;. Hence {y(nx) } 
is also convergent. 

Let {ng } aud {n/’} be sequences of integers such that ng nz’ 


for all k and 
lim x(n) = A, lim x(ng') = B, A z B. 
| mds k- 


These sequences {ng } and {n/’} will be held fixed throughout the 
rest of the argument. Then the sequences iy Qu )} and {y(nz’)} are 
also convergent, say to « and f respectively. Let {x(nx) } be an arbi- 
trary convergent subsequence of {xn} with the limit C. Let X andy 
be determined by the equations i 


Wipe Mimer ~ 
Then the matrix (b(n, k)) with 


À, n= ng, k even, 
im B) = Lt, n= ng', k even, 
1, n = nk kodd, 
0, for all other values of n and k, 


sums {x,} to the limit C. Hence it also sums {yn}, that is 

lim y(n,) = lim (Ay(nZ) + aylne’) = ^a + BB. 

kv ke 
Note that the numbers A and yw depend only on C and not on the par- 
ticular subsequence {x(n,) } converging to C, and hence lim; 4. (mx) : 
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also depends only on C, and is, in fact, a linear function of C. 
We now determine constants m and a from the equations 


a = mA +a, B = mb + a. 


Let Tas) be an arbitrary sequence of positive integers, and let {ng” | 
be a subsequence of {#,} such that {x(n?’’)} converges, say to C. 
We determine A and u as before Then 


lim (y(n£ ') — mx(nz')) = Xa + e8 — mC 
= = \(mA + a) + u(mB + a) — mC = a. 


Thus every subsequence of {y,—mx,} contains a subsubsequence 
converging to a. Hence lim, ,o (Y1—#"%,) =a, which proves our theo- 
rem. 


COROLLARY. If {xn} and {yn} are bounded divergent sequences, and 

ya] is summable by every regular Toeplitz method which sums {xn}, 

then {xn} is summable by every regular Toeplitz method which sums 
{dn}. 


By a theorem of Agnew,! there is no single Toeplitz method which 
has the sequences of the form [can tan} as its convergence field. The 
above theorem shows, however, that this set of sequences is the com- 
el part of the convergence fields of Toeplitz methods which sum 

£a]. 

Added November 11, 1945 We have just had the opportunity of 
seeing the paper of A. Brudno, Summation of bounded sequences by 
matrices, Rec. Math. (Mat. Sbornik) N.S. vol. 16 (1945), pp. 191- 
247. From the English summary it seems that our result is con- 
tained in his Theorem 11, p. 236. His Theorem 11 can clearly be proved 
by our method. It is difficult to compare the simplicity of the proofs. 


UNIVERSITY OF MICHIGAN AND 
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1R. P. Agnew, Convergence fields of methods of summability, Ann. of Math. vol. 46 
(1945) pp. 93-101. 


A SUFFICIENCY THEOREM FOR DIFFERENTIAL SYSTEMS 
AUGUSTO BOBONIS 


‘1. Introduction. This paper is concerned with a boundary value 
problem involving differential equations and boundary conditions of 
the form 


yl = Lada + ABs x(x) ] yy, 
(1.1) sly, A] = (Mis + Mid ya) + (N; + ANDY) = 0 
(as *30;1,7=1,2,:°-- , 2), 


where the matrix of constants || M,4-A M;j, Ni+AN;;)|| has rank # 
for all values of the characteristic parameter X. In his dissertation 
the author [3]! extended to such systems the concept of definite self- 
adjointness introduced by Bliss [2] for problems with boundary con- 
ditions independent of the parameter. Earlier, Bliss [1] had formu- 
lated a definition of definite self-adjoint systems in such a manner 
that systems of this type had infinitely many characteristic values. 
This property is in general no longer true for systems that are defi- 
nitely self-adjoint in the modified sense of Bliss [2], and the analogous 
definition of Bobonis [3] is such that definitely self-adjoint systems 
(1.1) need not possess an infinitude of characteristic values. As shown 
in [3], however, for definitely self-adjoint systems (1.1) the charac- 
teristic values are all real and have indices equal to their multiplici- 
ties; moreover, such systems admit expansion theorems analogous to 
those obtained by Bliss [2]. 

It is the purpose of the present paper to consider a definitely self- 
adjoint system (1.1) which satisfies the additional condition that the 
matrix | Bi, (x)|| is of constant rank on the interval a €x <b. Such a 
system is shown to be equivalent to a boundary value problem asso- 
ciated with the second variation of a calculus of variations problem 
of the type considered by Reid [4], and the extremizing properties 
of the characteristic values of the equivalent problem lead to neces- 
sary and sufficient conditions for the given problem to have an infini- 
tude of characteristic values. The methods of proof herein used are 
analogous to those employed by Reid [5] in establishing the corre- 
sponding results for definitely self-adjoint systems whose boundary 
conditions are independent of X. 


Presented to the Society, April 29, 1944; received by the editors January 22, 1945, 
and, in revised form, August 29, 1945, and November 19, 1945. 
1 The numbers in brackets refer to the bibliography at the end of this paper. 
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2. Statement of the problem. In the present paper matrix notation 
will be used whenever possible. The subscripts 2, j, k, a, will have the 
range 1,2, * * * , rn. Capital italic letters denote #-rowed square mat- 
rices, the element in the 2th row and jth column being denoted by 
the same letter with the subscript 77. The vector (y,) is denoted by 
the lower case letter y; Ay and yA represent the vectors (4;;y,) and 
(y;A „), respectively, where the repeated subscript j indicates a sum- 
mation with respect to the subscript over the range 1, 2, - * * , m. 
The scalar product y;z; of the vectors y and z will be written yz. The 
transpose of the matrix A will be denoted by A. Whenever the ele- 
ments of the matrix A are differentiable functions, the matrix of 
derivatives is denoted by A’. For brevity, we shall also write J^ [y] 
and M{z] for the adjoint differential operators whose components 
J£. [y] and 9x, [z] are given by 


Lily] = yf - Ay» Mle] = zt + 344 (x). 


The elements of the matrices IA, teil, ||B.,(x)|] are real-valued and 
continuous functions in a Ex € b and the matrices M(A) =|| MA) 
Me AAA, NA) S1 N 0)l S] V. -XN.z][| are such that the 
elements of M, M!, M, N! are real-valued and the nX2n matrix 
| M9 +4M,;1, WP VAT has rank # for all values of the parameter 
À. It is assumed that not all of the elements of M1, N! are zero. 

The system of equations with boundary conditions to be considered 
here is 


(2.1) 








= [A(x) + AB(2) |; 
s'[y] + ds*[y] 
(M° + AM) yla) + (N° + ANT) y(b) = 0. 
Throughout the present paper we assume that the boundary condi- 
tions of (2.1) satisfy the following hypothesis: 
For all values of X the n X2n matrix || M(X) NO has rank n. More- 
over, there exist matrices P(N) =P°+AP!, Q(X) = Qo --AQ1, together with 
matrices M*, N*, D, Q* independent of À such that the 2n X2n matrices 


| pO sub | P M (X) ib 
Q* QA) 


are reciprocals for all values of A. 
In particular, the differential system adjoint to (2.1) is given by 


(2.3) a! = — 2[A(x) + AB()]; 
[s A] = tz] + fs] = z(a) [PP + XP] + 20) [0° + 01] = 0. 


4 


sly, A] 


il 








(2.2) 
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The condition that the matrices (2.2) are reciprocals leads to the 
following useful relations 


— P*M? — PM* = I, Q* M? + Q?M* = 0, 
— P*M! — PM* = 0, Q*M! + Q1M* = 0, 


(2.4) 
== P*N? = PIN* = 0, ONT + ONT — 0, 
— P*N! — PIN* 20, | Q*N? + QUN* = I. 
(2.5) MQJ)PQ) — NON = 0, 
(2.6) — M*P° + N*Q? = I, 
(2,7) — M’P* + Mom = I, 
(2.8) — M*P* + N*Q* = 0, 
— M*p1 N*O1 = 0 
(2.9) tAE i 


— Mip* + N0* = 0. 


In the above J=||J;,|| and 0=||0,,|| denote the nXn identity and 0 
matrices respectively. 
Setting 


s*[y] = M*y(a) + N*y(b), — t*[z] = z(a) P* + z(0)0*, 


we have, in view of equations (2.4), that 








Pls. a] + tle, Mel = Haste). 
Consequently 
(2.10) relel] + Pls] = daat), 
(2.11) ele] + ebletd <0, 


for arbitrary sets y(a), y(b), z(a), z(b). 

It is to be emphasized that the boundary conditions of our prob- 
lem are unchanged if the matrices M(A) and N(A) are replaced by 
TAMA), FAN where the matrix r(A) is nonsingular for all val- 
ues of A and such that the product matrices TA)MA), TN N(N) re- 
main linear in À. 

The hypotheses under which the boundary value problem is to be 
developed are the following: 

(Hi) The system (2.1) is self-adjoint under the nonsingular trans- 
formation z=T(x)y, where T(x) is a nonsingular matrix with real- 
valued elements of class C”. 


hi 
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(Hs) S(x) = T(x)B(x) is symmetric on a Ex Sb. 
(Hs) The matrix 


(2.12) | T(a)P*M T(a)P*N: | 


TQM!  T(b)O*N! 


belonging to the quadratic form Q[y(a), yb) ]=[T y |st[y] is sym- 
metric. 
(H4) The quadratic expression 


(2.13) Kp] = OL), al + |. ge 


is non-negative for arbitrary vectors y(x) whose components are con- 
tinuous on a Ex Sb. 

(H;) For an arbitrary value of À the only solution of the system 
(2.1) satisfying Ky] 90 is y(x) 40 on a Sx Sb. 

(Hs) B(x) is of constant rank n—m, 0m «n, ona Sx &b. 

The characteristic' values of problems satisfying hypotheses (Hı)- 
(H;) are all real and the zeros of a permanently convergent power 
. series (see Bobonis [3]), so that there are at most a countable number 
of such values. Moreover since hypotheses (Hı)-(Hs) remain invari- 
ant under a linear change of parameter, it may be assumed without 
loss of generality that —0 is not a characteristic value of the problem 
considered. 

Necessary and sufficient conditions for the system (2.1) to be self- 
adjoint under the transformation z= Ty are 


(2.14) TA+AT+T'=0, TB+BT=0, 
(2.15) MQJ)T-3(a)M(X) = NQ)T-(5)NQ). 
For the proof of the above conditions see Bobonis [3 ]. We have fur- 


ther that equations (2.5), (2.15), together with the hypothesis (Hs), 
justify the relations (Bobonis [3 ]) 


(2.16) ` Mute = CP, NATO) = COQ), 
where C is a nonsingular constant matrix independent of À. 


We also have as a consequence of the previous hypotheses the fol- 
lowing useful lemmas (Bobonis [3 ]). 


LEMMA 2.1. Hypotheses (H3) and (H4) imply that the quadratic form 
yS(x)y is positive semidefinite on a Sx Sb. 


LEMMA 2.2. Hypotheses (Hs) and (H4) imply that the quadratic form 
Oly(a), y(b)] is positive semidefinite. 
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LEMMA 2.3. If for continuous y(x) we have that K|y]=0, then hy- 
potheses (H2), (Hs), and (H4) imply By=0 on a Sx Sb, s![y]=0. 


The previous lemmas enable us to state that if hypotheses (Hz), 
(Hs), (H4) are satisfied, hypothesis (Hs) is equivalent to: 

(Hg) The only solution of y’=Ay, s[y]=0 satisfying ySy=0 on 
a<xsp, s![y]=0, is y(x) =0. 

We can also see with the help of relations (2.10) and (2.11) that 
if y(x) and y*(x) are solutions of (2.1) for distinct values of X, then 


(2.17) t*[Ty]s! [y*] +f ySy*dx = 0. 


As a consequence of hypothesis (Hs) it follows that there exist m 
sets of continuous functions ILi(x) (e=1, 2, * - « , m), such that on 
a<xSb, : 


(2.18) Sis x) (a) = 0. 
The sets IL;, can be chosen orthonormal in the sense that 
Dal zl x) = Te (e, g — 1, 2, SANS. A m). 


In view of hypotheses (Hz) and (He) it follows that there exists an 
n Xn matrix R(x) such that the (n+m) X (n-Hm) matrices 


ban IEN | | Ri;(x) I) 


H Alz) Oe Hals) De 
are symmetric reciprocals on a Ex € b. 
Moreover, in view of Lemma 2.1 and relation: (2.18), the quadratic 
form Ri;(x)u,u; is positive for every non-null set (u;) satisfying 

















Haleu; = 0 (e= 1,2,- m). 
The matrix 
(2.19) P'M IT-g) P*NIT-1(b) 
Q*M'T^(a) Q*N'T7Y(D) 














is symmetric and positive semidefinite since it is obtained by multi- 
plying the positive semidefinite matrix (2.12) on the left by the non- 
singular matrix 


Te) 0 
|; ^ 20 








and by the transpose of the latter matrix on the right. 
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Multiplication of (2.19) on the left by the nonsingular matrix 
| = M? N? 


—M* N* 

and by the transpose of the latter matrix on the right, with the use 
of equations (2.7), (2.8), (2.9) and (2.16), show that the matrix 
(— M*P!4-N*QU)C is symmetric and positive semidefinite. Conse- 
quently, the matrix E=C-1(— M’P!+N°O!) is also symmetric and 
positive semidefinite. Equations (2.5), (2.6), together with the 
second, fourth, sixth and severth equations of (2.4), imply 
pie p*(— M°P1+ N*Q!) = P*CE, QY — Q*( — M'P1+4 N*QY) =Q*CE. As 
the nX2n matrix | aM is of rank n, it follows that E.,g,=0 is 
satisfied by a set (g,) if and only if P,;!g;—0, Qu’ —0. In particular 
the rank of E is equal to the rank of zhe n X 22 matrix, | p Q!|| , which, 
in turn, is equal to the rank of Im! N 1] in view of (2.16). Hence the 
rank of E is equal to n—r, 0 Sr <n, and there exist r sets of con- 
stants g (771,2, * + TI such that Eigi —0. The constants g:, can 
also be chosen normed and orthogonal in the sense that Safe — Ly». 
It clearly follows that there exists a constant matrix 5 such that the 
symmetric (n+r)X(n-+r) matrices 


| 


are reciprocals. Moreover, the quadratic form Ii,t; is positive for 
_ all non-null sets (1) satisfying g,4u, —0 (v—1, 2, * >+, r). 














iz Liv 
Sa O7 


Ei Eir 
Ei Owy 























3. A minimum problem and its accessory boundary value problem. 
An arc z(x) is admissible if the functions z,(x) are of class D' on 
a €x €b and satisfy the differential equations \ 


(3.1) | ee. Sara): 


The class Hä is defined as the totality of admissible functions satisfy- 
ing the following additional conditions 


(3.2) gut [2] = 0 (y x: l; 2; SERE r), 
b 

(3.3) G [z(a), z(b) ] + l zKzdx = 1, 

where G[z(a), z(b)] is a quadratic jorm in the arguments z(a), z(b) 


having (2.19) as matrix of coefficients, and K = — BT. The second 
equation (2.14) and the symmetry of S show that K is symmetric. 
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Suppose His nonvacuous, and consider the problem of minimizing 
the expression 


G9 ` rl] = eklere] + f “ot [z] Rats d 


in this class. In view of (3.2) the quadratic form ??[s |aet* [z] is posi- 
tive unless #[z]=0; similarly, (3.1) implies that the integral of (3.4) 
is positive unless 9t |z] 0 on a Ex X b. As À =0 is not a characteristic 
value of (2.1), it'is also not a characteristic value of the adjoint sys- 
tem and consequently I[z|>0 for all arcs of DS. For a minimizing 
arc 2(x) define 


(3.5) RM ilz] + Hin. = ti 


From the first necessary conditions of the above defined calculus of 
variations problem we know that there exist multipliers u.(x), A, and 
d, such that in addition to (3.1), (3.2), and (3.3) we have 


(3.6) t — At 4- AKz = 0, 

P, (86 site [2] + gid) — APi3s;[T 2] — t (a) = 0, 
O8 tele] + Ende) — Aer el + t) = 0. 
Solving (3.1) and (3.5) simultaneously we have that 

(3.8) As] = St, me = Datz, 


In view of (2.5), (2.6), (2.7), and (2.8) it follows that (3.7) is equiva- 
lent to 


(3.9) s’ [c] = Ast[T-|, 
(3.10) stile] + 84d, = — st [t]. 


Solution of (3.10) simultaneously with (3.2) and use of equation (2.6) 
together with the second, fourth, sixth, and seventh of equations 
(2.4) yield 


(3.11). gll —Csg]=0, dy = — gisi DlL 


Therefore the system (3.1), (3.2), (3.5), (3.6), and (3.7) is equivalent 
to the system 


ll = St, [2] — C-s'[¢] = 0, 
[t] — AKz, — s"[r] — As! [T7] =.0. 


Concerning the above system we shall prove the following result. 


(3.7) 


(3.12) - 


THEOREM 3.1. The system (3.12) is normal. 
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Suppose the system is not normal. Then functions z;(x) =0, f,(x) #0 
exist satisfying (3.12) for constant A. The functions ¢;=II;.u. would 
then satisfy the system i 


Li]=0, sft] =0, sfr] =0. 


Since B;,II;.=0 we have that B,;{;=0. This implies by hypothesis 
(Hd) that (;(x) =0'which is contrary to the hypothesis that f,(x) #0. ` 
Therefore, the system is normal. 

The positiveness and reality of the characteristic values of the sys- 
tem (3.12) have been proved by Reid [4]. We also know that the 
characteristic values of such a system are at most denumerably in- 
finite in number, since they are the zeros of a permanently convergent 
power series. 


4, Sufficient conditions for the existence of infinitely many char- 
acteristic values. To prove our sufficiency theorem use will be made 
of two theorems proved by Reid [4]. They will be inserted here for 
reference. 


THEOREM 4.1. Suppose that the class Hy* 1s not empty and A=Aı is 
the greatest lower bound of I [z] in this class; then A12 0 and A =A; is the 
least characteristic value of (3.12). 

THEOREM 4.2. Suppose A1 <A2< + - - <Å; are consecutive charac- 
teristic values of (3.12) and corresponding io À =A, (p =1, 2, +++, £—1); 
there are rp linearly independent solutions 2i,, Sig, (ës 1, 2, * * * , Tal, 
Define the class H as the subclass of arcs belonging to H satisfying the 
conditons 


b 
G[z(a), z,, (b) | + J 24K i 52 jq,0% = 0. 


Then, if IX is not empty and A. ts the greatest lower bound of I [2] in 
this class, 42 Na and A =A; is a characteristic value of (3.12). 


Consider once more system (3.12). Let z, t be a solution of this 
system for some value of A. If we use(2.14) and (2.16) it then follows 
that z=(—1/AU2)Tn defines a vector 7 such that 7, ¢ is a solution of 


Lin] = ABE Sp) + AV?! [e] = 0, 
Lig] = AB, — st[r] + Asn] = 0. 
Now, if n*, ¢* is a solution of (4.1) the functions 7 =7*+¢*, [=n*¥+¢* 
and ass af ER, (= —7*+¢% are also solutions of this system. Hence 


if A is a characteristic value of (3.12) of index r, it follows that there 
exist 7 linearly independent solutions 7, £ of (4.1) such that for each 


(4.1) 
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of these solutions we have either 7={ or 7=—{. Suppose that a, 
$77 is a solution of (4.1). Then y=n is a solution of (2.1) for À e AUS. 
Likewise, if 7, {= —7 is a solution of (4.1), y =n is a solution of (2.1) 
for À —A"?, Therefore, the sum of the indices of AV? and —A!? as 
characteristic values of (2.1) is not smaller than the index of A as a 
characteristic value of (3.12). On the other hand, if y(x) is a charac- 
teristic solution of (2.1) for some A z£0, za (—1/A) Ty, {= is a solu- 
tion of (3.12) for A=X?, Relation (2.17) implies that the set of char- 
acteristic solutions corresponding to values À!/? and —A"? are linearly 
independent and, therefore, we have that the index of À as a char- 
acteristic value of (3.12) is not less than the sum of the indices of 
AT? and —AV? as characteristic values of (2.1). Hence, we have the 
following result. 


THEOREM 4.3. If A is a characteristic value of (3.12), then either A? 
or —AV? is a characteristic value of (2.1); conversely, if A is a character- 
istic value of (2.1), then A=)? is a characteristic value of (3.12) with index 
which equals the sum of the indices of X and A as characteristic values 


of (2.1). 


The three preceding theorems imply the analogue of Theorem 4.1 
of Reid [5]. 


THEOREM 4.4. A system (2.1) satisfying hypotheses (Hi)—(He) has 
an infinity of characteristic values if and only if there are infinitely many 
arcs 2=W,(x) (P=1, 2, - - - ) satisfying (3.1) and (3.2) and such that 
for each r and arbitrary constants f,x40; (t=1, 2, - - - , r) the arcs 
w=w,(x)f, satisfy the condition 


G[w(a), w(b)] + f  wKuds 0. 


Finally, it is to be noted that if z is admissible then there exists a 
vector h(x) with components piecewise continuous on a Ex €b and 
such that 9X[z] - —&(x) B(x). Furthermore, if the end values of z 
satisfy (3.2) it follows that there exists a constant vector k = (k,) such 
that [z] 2 KE. From the form of the matrix E it then follows that 
h(a) =kC M", h(b) = —kC-1N? satisfy ?[z]--71 [k] 2 0. That is, an ad- 
missible z satisfies (3.1) if and only if 


(4.2) Mlz] = — A(x)B(x), — i[z] + n [5] = 0, 
where h(x) is piecewise continuous on a €x Sb, it being understood, 


in particular, that the components of k(x) may be discontinuous at 
x=aand x =b. 
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ON THE SUMMATION OF MULTIPLE FOURIER SERIES. III! 
K. CHANDRASEKHARAN 


Let f(x) 2f(x1, - ++, x.) be a function of the Lebesgue class Z, 
which is periodic in each of the &-variables, having the period 27. Let 


1 
Ga, y = 
* Gei 





Tr Tr 
. Í e. f(x) exp {— (rit eee + vrč) | doi +++ di 
where {»;,} are all integers. Then the series > an.. .,, exp ipit -> 
nes) is called the multiple Fourier series of the function f(x), and 
we write 


f(x) — ~}, Arj- «7, EXP £(v124 + aes 4- VL X). 


Let the numbers (vi?4- : - - 4-»,?), when arranged in increasing order 
of magnitude, be denoted by Ao<Aı< +++ <An< * + , and let 


C,(x) = 25 Qj...» EXP ?(v131 + * * + vix), 


where the sum is taken over allvı?+ : - : +r? = 
px, t) = > C,,( 2) EXP = Ant), 
Sn(x) = 5 CA{x), An < R? < Ants 
AER 


Received by the editors December 7, 1945. 
! Papers I and II with the same title are to appear in Proc. London Math. Soc. 


1946] SUMMATION OF MULTIPLE FOURIER SERIES ` 475 


Also, let R.) and r.) represent respectively the number of solu- 
tions of »32+ - : < +r S^ and of n+ -+- +,?=A,. 

The object of this note is to study the convergence of multiple 
Fourier series, when summed up spherically by Bochner’s method, 
that is, of the series 3 ,C„(x). We prove the following results. 


THEOREM I. If 
2 2. k/2 2 
3 rb + | TEN « o, 
then the series > %.0Cn converges at every point of continuity of f(x). 


THEOREM II. 7f 


3 n densa qe) ^ ERN E oO, e > 0, 
then the series > %_0C, converges absolutely. 


The following result of Bochner? is used in the proof of the above 
theorems. \ 


LEMMA. At a point of continuity of f(x), d(x, t) tends to a limit as t 
tends to zero. 


PROOF OF THEOREM I. We shall first prove that 
(1) lim Sr(x) = Sek GERT 
i 


Re 
whenever the limit on the right exists. Next, by the application of 
the above lemma, we deduce that at a point where f(x) is continu- 
ous, >,C,(x) is convergent. 


Now 
Sr(a) — p(x, ) = 2, GD — exp (— M)] — 2, C. exp (— M) 
(2) s=0 s=n+l 
= D Ji — Js 
say. We have, 


Jı= cit (— Ai) | 


8--0 


7 + 


= >> [1—exp (—X.0] 33 ën, an exp (ixi - Br vite) | 


40 
. 2 
= Y au... exp int ++» Haan) [1-esp (751— + mE), 


2 S. Bochner, Summation of multiple Fourier series by spherical means, Trans. Amer. 
Math. Soc. vol. 40 (1936) pp. 175-207. 
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where the third sum runs over Ass vtt se ty and the last sum 
runs over vı?-+ * * + +r? SX, so that 


[also 


Gu. all — exp (— TE sait) | 





< [> (vidi se. + vy) | nr 
(3) x >, it — exp (— 2 —  — vj)t] Qn +... + 5») 1 
n 1/2 
so). San, 
Zell 
where the first sum runs over yj?2- - +: +p EM. 
Now, 
n n—i 
SHO. Ce ERA Shn TERAN 
Sm e 
A, : 
(4) = OU ( Í sd) + On) 
0 a) 
Deich) 
Hence, from (3), we obtain, 
(5) |Jıl = Ory). 
Again, 
|Ja| 2 | 22 C, exp (— X4) 
son+l 





€ X, y Cy exp (— X | 
(6) sontl 
2. k/2 


za S Reda) Gao: 
x È exp {— äist, + »9)]- 


i 


1/2 —k/f4 
z es (EA) i 


(in the last two sums v)?+ - - + 4-4? runs from A441 to ©), where 


2 
= Ey 





p» (v1 + idées ep vd gd 


(p12+ -- - +v? runs from A441 to ©), and e€,—0 as n—=œ, since 
Soet = OCH as 120. Thus, we have, from (5) and (6), 
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1/2 —k/4 
]. 


(7) Delai — éis à) = On) + olen (An) 
If £is so chosen that /A, = 6, =e,"/*, then, 


1/2 —k/4 


Sa(x) — (x, f) = O(6n) + Olen ‘ôn ) = o(1), 
PROOF OF THEOREM II. 


> | Ca) | = 2 








(y. hd €? 





s (Xo o o» gb ausu] 
KSC EE TT 


—k/2—e, 1/2 


-00)2,(nQ)V ) 


-o(( aen"? 
ll el 


On using Hólder's inequality instead of Schwarz’s in (3) and (6) 


we can easily generalize Theorem I as follows: 


If 
Dart: AD] an.. n]? eo, 


417 


as 7 Rn, 


J 


where 1 <p S2, then X Cn converges at every point of continuity of f(x). 
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GENERALIZATIONS OF TWO THEOREMS 
OF JANISZEWSKI. II 


R. H. BING 


The purpose of this note is to strengthen Theorems 5 and 6 of [1]! 
and to make corrections regarding assumptions of compactness in 
that paper. The following theorems hold in the plane. 


THEOREM 1. If neither of the domains Di, Ds separates the point A 
from the point B, the boundary of D, is compact and the common part 
of D» and each component of Di is connected or does not exist, then 
D14- Ds does not separate A from B. 


Proor. Assume that Dı+ D» separates A from B. Considering there 
to be a point P at infinity, we find that Dı+D:+P contains a sim- 
ple closed curve J separating A from B. Let d be a component of 
D, intersecting J. We find [1, Theorem 4] that J—J-d2 contains a 
continuum M cutting A from B in the complement of d; and such 
that any open arc of J containing M separates A from B in the com- 
plement of da. Let dı be a component of D, covering a point of M on 
the boundary of ds. Now d; covers M or else it would intersect two 
components of Dz. But by Theorem 5 of [1], di--d does not separate 
A from B. 

Instead of assuming that the boundary of D; is compact, we could 
assume that the part of D; in the complement of D» is compact. 


THEOREM 2. If neither of the domains Di, Ds cuts the point A from 
the point B, the boundary of Di is compact and the common part of D: 
and each component of D: is connected or does not exist, then D,+Dz does 
not cut A from B. 


Proor. Let C; (i=1, 2) be the component of the complement of D; 
containing A+B, let DI be the complement of C; and let Dz’ be 
the sum of all components of Dj that are not covered by Dy. Neither 
D} nor Dd’ separates the plane. The boundary of Di is a subset of 
the boundary of D; and is therefore compact. If d’ is a component of 
D}, we shall show that d. Dł’ is connected or does not exist. It will 
follow from Theorem 1 that D} +D{' does not separate the plane. 
Hence, its complement is a continuum containing À +B and its sub- 
set D1-- D; does not cut A from B. 


Presented to the Society, February 23, 1946; received by the editors January 7, 
1946. 
1 Number in brackets refers to the reference cited at the end of the paper. 


478 


TWO THEOREMS OF JANISZEWSKI 479 


Assume that d. Dz’ contains two components cı and cz. There exist 
an arc in d' from a point of cı to a point of c» and a simple closed curve 
J in Di separating this arc from the boundary of d’. Let d be the com- 
ponent of D; containing J and let P,Q; be an arc in J irreducible from 
a point P, of J-c; to the boundary of ec, Since Q; is a point of Cy, 
P;Q, must contain a point of De. Then both c; and cz contain points 
of d- Ds. But it is contrary to a hypothesis of this theorem that d. De 
not be connected. Hence, d’-D?’ is connected or does not exist. 

Example. Theorem 2 would not be true if instead of assuming that 
the boundary of D; is compact, we assume that the part of D: in the 
complement of D, is compact. Let Di- D; be the set of all points hav- 
ing positive ordinates less than 1 other than those on the lines joining 
(1, 1/2) to (n, 1/2), (n, 1/2) to (1, 1), (—1, 1/#) to (—n, 1/2) and 
(—n, 1/n) to (—1, 1) for n 22,3, : - - ; let D; (£51, 2) be the sum of 
Dh, D: and the interior of a unit circle with center at ([—1]*, 1). 
Neither Dı nor D: cuts (0, 0) from (0, 1) but their sum does. 


THEOREM 3. Suppose that neither of the sets H, K cuts the point A 
from ihe point B, that the boundary of H is compact, that the junction 
of H and K 4s equal to H-K and that H is the sum of a collection of 
mutually exclusive sets no one of which contains either a limit point of 
the sum of the others or two components of H-K. Then H+K does not 
cut A from B. 


ProoF. We note that H is contained by a domain D, no component 
of which contains two components of H-K. Let Cy and Ce be two 
continua in the complements of H and K respectively such that each 
contains A+ B. Let Do be a subdomain of D with a compact bound- 
ary such that Do contains H.K but no point of Ca+ Cr and each 
component of D, contains a point of HK There exist domains D: 
and D; such that D; is a subset of D having a compact boundary and 
containing H — H- Do but no point of Cy, D, contains K — K - De but no 
point of Cx and Dı-D is a subset of Do. Considering D$4-D; and 
Det Ds as the domains of Theorem 2, we find that Det Di4- D; does 
not cut A from B. Hence, its subset H+ K does not. 


THEOREM 4. If H is a compact closed set cutting the point A from the 
point B in the complement of the connected set K, then H contains a sub- 
set H’ irreducible with respect to being a closed set cutting A from B in 
the complement of K. If K 4s compact, H' is a continuum that ts not 
separated by any subset of the closure of K. 


The proof is as given in Theorem 7 of [1]. If K is not compact, 
H’ need not be a continuum as is shown by the follow? I 
y the following example. 
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Let H be the sum of the points (1, 1) and (—1, 1); let K be the com- 
mon part of domains D; and D; described in the example in Theorem 
2: let A and B be the points (0, 0) and (0, 1). 

Corrections to [1]. The example given in Theorem 2 shows that 
6, 7, 10 should have been omitted from the third footnote of [1]. 
As pointed out in Theorem 4, it is necessary to suppose that K is 
compact in Theorem 7 of [1]. 'Accordingly, D must be assumed com- 
pact in the fourth footnote of [1]. 
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THE UNIVERSITY OF TEXAS 


'" TOPOLOGICAL GROUPS IN WHICH MULTIPLICATION 
OF ONE SIDE IS DIFFERENTIABLE 


I. E. SEGAL 


The present note.is concerned with the problem of determining the 
formally weakest conditions on a group which can be proved to result 
in the group being a Lie group. We show essentially that it is sufh- 
cient for this purpose to require that the group be a (real) manifold 
of class C! in which right multiplication is of class C! (our result is 
slightly stronger—Theorem 2 is the precise statement). The weakest 
previously existing condition is contained in work of P. A. Smith 
[2 ],^ and required, in addition to the preceding condition, that left 
multiplication satisfy a Lipschitz condition.? 

We should point out that our result is obtained by combining pre- 
. vious work on Lie groups with a theorem which we prove independ- 
ently of previous work. Specifically, we first prove that if right multi- 
plication is of class C! on a group G which is a manifold of class C}, 
then it follows that left multiplication is of class C! (Theorem 1). 
We then deduce that G is a Lie group either from the result of Smith 
quoted above, or from the result of G. Birkhoff [1] that if both left 
and right multiplication are of class C!, then G is a Lie group: We do 
not introduce any kind of canonical parameters, and, so far as we 
know, neither the work of Smith nor that of Birkhoff can be simplified 
by the use of our results. 

Our method is novel in that it utilizes the existence of Haar meas- 
ure and operates in the large. (Smith and Birkhoff were both con- 
cerned exclusively with the theory in the small, a standpoint incom- 
patible with the use of Haar measure.) In this way it is shown that 
a wide collection of functions of x of class C!, x being a variable group 
element, are also of class C! as functions of x71, and most of the proof 
is occupied with showing that this collection is sufficiently wide to 
allow the conclusion to be drawn that x^! is of class C! as a function 
of x. It follows that left multiplication is of class C1. Only minor use 
is made of the theory of differential equations. 

We are indebted to D. Montgomery for highly suggestive conversa- 
tions about the foundations of the theory of Lie groups. 

The following theorem is valid for functions and manifolds of class 
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C* (k =1) with an almost unchanged proof, but we state it for the case 
k=1 only. 


THEOREM 1. Let G be a topological group which is a manifold of class 
C', and such that xa as a function of x on G is of class C1, for every fixed 
à in G. Then ax is likewise of class C1. 


Suppose that f and g are (real-valued) functions of class C! on G 
which vanish except on a compact set. Then it is clear that the func- 
tion h defined by: 


(1) h(a) = J OO 


is also of class C1, dy being left-invariant Haar measure, and it is: 
easy to see that 


(2) | ham) = J Seid, 


showing that h(x-!) is of class C! as a function of x, also. It is first 
shown (Lemma 1), using properties of Haar measure, that the collec- 
tion of functions having the form (1) has the property that for any 
two given points of the group there exists a function in the collection 
which assumes different values at the points. It then follows (Lemma 
2), by a method applicable to a general manifold, that x-! is of class 
C! as a function of x. Noting that: 


ax = (xa), 


the conclusion follows from the fact that functional composition of 
functions of class C! results in a function of class CL 

Since xa is a function of x of class C! we lose no generality by assum- 
ing now that if (x| y): denotes the ith coordinate of the point x with 
respect to the local system at y @=1, - - - ,r), then (x | SAM (xy71| e); 
here e is the identity in G, x and y are elements of G, and r is the di- 
mension of G. We also assume that (e| €)* —0. 


LEMMA 1. Let D be the collection of functions on G of the form 
Jof (y)g(y)dy, where f and g are real-valued functions on G of class C}, 
which vanish except on compact sets. Then for every two points of G there 
exists an element of F which assumes different values at the points. 


The proof is indirect: suppose that y(a) =y(b) for allyET, where 


? We are indebted to C. Chevalley and S. Eilenberg for suggesting a modification 
in the proof of the lemma which resulted in a considerably more elementary proof. 
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ab. Clearly, if h(x) is a function of class C! on G, then the same is 
true of the function k(xa), for every fixed a in G. It follows that 


(3) J Aalen: Í „nV, 


where f and g are general functions of class C! vanishing except on 
compact sets. Putting h, and # for the functions defined respectively 
by (Alte) = (h) (7x) and (I) (x) =p(x)(h)(x71), where da^! = p(x)dx, 
(3) can be written in the following form: 


(4) f* ga = f* gp. 


Here zez, for general complex-valued functions r and s, denotes the 
function defined by: 


(«30 = f 6732», 


provided the integral exists. We now show that (4) is valid if f and g 
are integrable functions vanishing outside of any right translations 
of a certain neighborhood R of the identity. 

Specifically, let P be the neighborhood of the identity defined by 
the inequalities | (æl e] <a (i=1,:::,7r), where a is chosen sufh- 
ciently small so that the closure of P is compact; let Q be the same 
with a replaced by 2/2, and let R be a neighborhood of the identity 
such that R?CO. If k is a continuous function which vanishes out- 
side of Qd, then, putting Gel dii =x, and A*(xi - * * *,)=A(x) in the 
present sentence, we define k, by 


zr+e rte 
he (x) = co f nn. Í hx (i, AL" t,)dhh, AIL dÉ 
2,—0 21-6 


It is clear that if 0 <e <1/2a, h. is defined, of class C!, and converges 
uniformly to k on Pd as e—0. If we set ||r|| for the Lı norm of 7 (that 
is, the integral of the absolute value of r with respect to Haar meas- 
ure), it is plain that h,—h||0 as e—0. Since the operators hh, 
and A4 are linear and isometric on Lı, it follows that (3) is valid 
if f and g are continuous and vanish outside right translations 
of Q. Now if h is integrable and vanishes outside Rd, and if 
ug(x) — (m(S))"1fs(x), where m is Haar measure, S is a neighbor- 
hood of the identity, and fs is the characteristic function of S, it is 
easy to verify that us» h vanishes outside S Rd. On the other hand, for 
any positive number e there exists such an S contained in R and such 
that lass k— || <e. It follows that (3) is valid if f and e are integrable 
and vanish outside a right translation of R. 
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Now let T be a neighborhood of the identity such that T'=T-1, 
TCR, a TaCR, and a~ 0 is not contained in T3. Let f and g be the 
characteristic functions of T and a~'T respectively. It is easy to verify 
that: 


(fx ga)(x) = ma TN a Tx), : 
(Fs gs)(x) = m(bAT CY a Tx), 


Clearly f» ga and f* gy are continuous functions, and it is easy to see 
that the first function is not zero at the identity and that the second 
function vanishes in T. Hence f+g.#f+g, a contradiction.* 


LEMMA 2. Let M be a manifold of class C! and dimension r. Let ® 
be a collection of functions of class C! on M, with the property that for 
any two given points of M there exists a function in ® which assumes 
different values at the points. Then there exists a point of M and r 
elements of ® whose Jacobian with respect to local coordinates at p, 
evaluated at p, 1s nol zero. 


Again our proof is indirect: assume that the Jacobian of any r ele- 
ments of ® with respect to local coordinates at x, evaluated at x, 
vanishes for every x € M. Let s be the maximum rank of the matrices 
of all such Jacobians, let 2 be a point at which the rank is attained, 


and let fi, -- > , fa be elements of & involved in a nonvanishing minor 
of order s in a Jacobian matrix at x. For the remainder of the lemma, 
put x;= (x %)*, and then re-index the coordinates so that xi, * - - , x, 


are the coordinates involved in the nonvanishing minor just men- 
tioned. Then bordering this minor by adding any f € and any local 
coordinate around # not yet involved in the minor, say x,,1, the re- 
sulting minor of order s--1 vanishes in a neighborhood of z, clearly. 
Expanding the minor as a sum of products of row elements involving 
f with the corresponding cofactors, we obtain an equation of the form 


T 


of 
2: EECHER » X) = 0, 
j=1 OX; 


where the A; are continuous functions and independent of f, with 
A,=0forj>s+1,and Á. (0, - - - , 0) #0. Now let Ho } be a solu- 
tion in a neighborhood of ¢=0 of the system of equations: 

dx; 


di 





= Á £u, x), x,(0) = 0 (£21,::*,f). 


t It is interesting to note that the set of functions of class C! which vanish outside 
compact sets is Lı-dense in Lı. This fact could be proved, and the proof of the lemma 
shortened, by using theorems due to H. Whitney. 


M 
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Plainly, in no neighborhood of 7-0 do all x,(¢) vanish identically. 
On the other hand, it is clear from the partial differential equation 
in f that f(x(t)) 2f(x), where x(t) is the point whose coordinates are 
(x(t), - - ell, for all ¢ in some neighborhood of 4-0. This equa- 
tion clearly contradicts the hypothesis that ® contains a function 
assuming different values at any two given points. 

To conclude the proof of Theorem 1, let M be an arbitrary open 
set in G, set T 2 d, and let p be a point of M at which there exist r 
elements {¢,} of T which have a nonvanishing Jacobian; by Lemmas 
1 and 2, p and {¢,} exist, evidently. By the theory of implicit func- 
tions, { (x|)‘} isa function of {¢,(x)} of class C! in a neighborhood 
of 5, say 


(5) (Glo = Filla), >, (x) (i=1,---,7). 
Putting x 2^1, a =b7!, (5) becomes: 
(6) (y71| 5735 = Fió.(73), + ++, 972) (i9 1, 457). 


Recalling that ¢;(y—1) is of class C! as a function of y, it is clear from 
(6) that y! is of class C! as a function of y, for y in a neighborhood 
of b. Since M is an arbitrary open set, the set S of points at which 
there exists a set of r elements of ® with a nonvanishing Jacobian 
is dense in G; hence the same is true of the set AT, and therefore G is 
covered by neighborhoods in which y^! is of class Cl as a function of y. 

Theorem 1 (which is a result in the large) is now combined with 
an existing result in the theory of local Lie groups, to obtain a condi- 
tion that a group be a Lie group. At the same time we show that in 
order for right multiplication to be of class C! on a group which is.a 
manifold of class C!, it is sufficient for the first-order derivatives of 
right multiplication to exist, and be continuous at one point. 


THEOREM 2. Let G be a connected topological group. Let there exist a 
neighborhood N of the identity in G which is a manifold. of class C! and 
dimension r, and a neighborhood of the identity P such that P =P, 
P*C N, and the first-order derivatives of { (xal ya);i—1,---,r] with 
respect to f (xl y); Zeil, see, r} exist for every fixed a and y in P, 
ai x =y, and for one value of y and all values of a in P are continuous; 
here {(x|y)';i=1, - - - , r] are the local coordinates at y of x. Then G 
ts a Lie group. 


Let f(s) be a real-valued function whose derivative (by derivative 
we mean first-order derivative in the following) exists for s in an 
interval which includes the range of values of the real-valued func- 
tion g(t), as ¿ ranges over an interval containing the point fo in its 
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interior; assume also that the derivative of g(t) exists for ¢ in such 
an interval, and that the derivative of f(s) is continuous at s= g(to). 
Then it is easy to conclude from the mean value theorem of the differ- 
ential calculus that the derivative cf f(g(t)) exists at =t and equals 
f'(g(to))g’ (tc). Now the identity transformation on G can clearly be 
obtained by first performing the t-ansformation x—xa "7, and then 
following by the transformation x—«xa. If we put xo for the point at 
which xa has continuous derivatives as a function of x for all a in P, 
then the derivatives of the first transformation exist at x =x a —9,, 
if v,C P; and the derivatives of the second transformation exist and 
are continuous at x=». It follows that: 


j E | mL 
a(x) emo, L O(x) E 

where I is the identity matrix, and [O(xc) are), ;-y Stands for the 
Jacobian matrix of the function xc, with respect to local coordinates 
at y and ye, evaluated at x=y. Since [9 (xa) /8 (x) ]|;,-. is continuous 
at u=% it follows that |8(xa-!)/9x].., is continuous at # =, if 
v4 C P. That is, xa^! as a function of x has continuous derivatives at 
x =Va, if v, C P. Hence xa— as a function of x has continuous deriva- 
tives at +=, if a, b, and va are all in P. Plainly, xoP is an open set 
containing e; therefore there exists a neighborhood Q of e such that 
Q-Q-!, QCxoP. Let R be a neighborhood of e such that R=R!, 
and R?CQ. It is plain that as a ranges over x5 ^R (which is a uber 
of P), va ranges over R, and it is easy to verify that if axo ! R, then 

a 1P^R. It follows that xa is of class C* as a function of x, for x 
and ain R. 

Now let S be a cubical neighborhood of e such that SIS CR. We 
now regard G as a manifold with local coordinates [x| a |: defined to 
be (xa | e) (&21,---,r)in the neighborhood Sa of a. At the iden- 
tity this system of coordinates is the same as the original system, 
in S, and we now show that G is a manifold of class C!. If the neigh- 
borhoods Sa; and Sa, overlap, it is easy to verify that asa; !C R. 
Since the coordinates of x relative to the Sa; system are { (xa; | e)*; 





(EAR rj, with xa;!€ S, and multiplication on the right by the 
element azar! of G is of class C! on N, it follows that the nas]: 
(—1,---,r)areof class C! as functions of the | [x | as ]* a@=1,---,7r). 


Clearly, xa is of class C! as a function of x, at all points of G and for 
all fixed a. 

Then the hypothesis of Theorem 1 is satisfied. If we combine the 
conclusion of the theorem either with Smith's Theorem 12.9 [2] or 
Birkhoff's Corollary 15.7 [1], it fol:ows that G is a Lie group. 
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INSTITUTE FOR ADVANCED STUDY 


A NOTE ON POINTWISE NONWANDERING 
TRANSFORMATIONS 


W. H. GOTTSCHALK 


Let X be a T3-space and let f be a continuous transformation of X 
into X In the terminology of G. D. Birkhoff [1, p. 191],! a point x 
of X is said to be nonwandering under f provided that to each neigh- 
borhood U of x there correspond infinitely many positive integers # 
for which Uf\f"(U) = i ; also, the transformation f is said to be point- 
wise nomwandering provided that each point of X is nonwandering 
under f. 


THEOREM 1. If f is pointwise nonwandering, then so also is f* for 
every positive integer b. | 


Proor. (We make use of a technique employed by Erdés and Stone 
[2, pp. 126-127].) Suppose k is a positive integer, xoc X, and Uy is 
a neighborhood (= open neighborhood) of x». Let #1 be a positive in- 
teger for which Un U) #8. Choose x1€ U, so that f(x) C Uo 
and a neighborhood U; of xı so that UC Uo and fn(U) C Us. Let n 
bea positive integer for which Ui M:( U1) + Ø. Choose x4 € U so that 
f(x) E U1 and a neighborhood Uz of x; so that UC U; and 
f*?(U2) C Ui. Continuing this process, we obtain a sequence ER of 
positive integers and a sequence { U;} of neighborhoods so that 
U;CU;; and f**(U;)CU,1 (-1,2,---). Let v; denote the in- 
teger for which 1 Sr; Ek and n;=r; mod E Infinitely many of the 7; 
are equal to some integer, say r. We may suppose r;=r, U,C U; and 
MU) C Uia (121,2, + - - ). Choose an arbitrary positive integer 5. 
Define n=) Zn; Now n=0 mod k. Choose x C Uhr. Clearly, x € Uo 
and f*(«) € Us. Hence, Uo \f*( Ur) À Qf. Since n = p, the proof is com- 
pleted. 


LEMMA 1. If f(X) =X is a homeomorphism, if A and B are closed 
connected sets for which AUB=X, ANB=xEX and ACY(A) £e 
sé DC LÉI, and if x is nonwandering, then x is fixed. 


Proor. Assume x is not fixed. We may suppose that f(x) CB. Now 
x€f-1(4) for in the contrary case f(x) CA(MB =x. The set f(A) is 
connected and intersects both A and B. Hence, x C f(A). There exists 
a neighborhood U of x such that Uf\f-!(4)=@ and such that 
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UCf(A) for if the latter condition could not be satisfied, x Cf(B) 
and f(x) =f(ANB) =f(A)Nf(B)Dx. Now ACTA) since otherwise 
ANf(B) z gi #BOf(B) whence x Cf(B) and as before f(x) =x. Thus 
ACf*(A) for each integer n 21. We conclude that for each integer 
1n Zz1,f"H(U)V"(A) =Ø and,since also UCf(A) Cf*(A), UND) 
= (f. This contradicts the hypothesis that x is nonwandering. 


THEOREM 2. If X is connected and if f(X) — X ts a pointwise non- 
wandering homeomorphism, then each cut point of X is periodic. 


Proor. Let x be a cut point of X. There exist closed connected sets 
A and B such that AUB =X, AOB =x and A#x#B. The proof is 
into two exhaustive cases. Case I: Either ANfH{A)# (i=1, 

-), or BOS(B)¥O (£1,2, * * - ). Case II: There exist posi- 

d integers m and # such that AN") = Ø and B W"(B) 2 g. 

Suppose Case I occurs. We may assume that AN fi(A) x (:=1, 
2, ***). Since B—x is open, there exists a positive integer k such 
chat B\f*(B) zs gf. By Theorem 1, x is nonwandering under f* and 
by Lemma 1, x is therefore fixed ander Kee 

Suppose Case II occurs. Now BDfr(A) and ADf"(B). Hence 
f2(B) Df "*^(A) and fr(A) Dfrtr(B). It follows that 4 Dfmt*(A) and 
B 5f"*^(B). Thus, f**7(x) =frtr(ANB)=frtr(4)Nfrtr(B) CANB 


=x. (Actually Case II can never occur.) 


COROLLARY 1. If X is a compact connected semi-locally connected 
metric space and if f(X) =X is a pointwise nonwandering homeomor- 
phism, then every cyclic element of X which ts not an end point ts peri- 
odic. 


A theorem [3, p. 242] of Schweigert’s shows that Corollary 1 per- 
mits a weakening of hypothesis from pointwise recurrence (= “point- 
wise almost periodicity” in the sense of Ayres) to pointwise nonwan- 
dering in certain theorems of Ayres and Whyburn on the behavior of 
cyclic elements under a homeomorphism. The reader is referred to 
Schweigert’s paper [3] for complete references to the work of Ayres 
and Whyburn. 
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THE ASANO POSTULATES FOR THE INTEGRAL 
DOMAINS OF A LINEAR ALGEBRA 


FRED KIOKEMEISTER 


1. Introduction. The multiplicative ideal theory for a noncommuta- 
tive ring A as developed by Asano! postulates the existence in A of a 
maximal bounded order R which satisfies the maximal chain condition 
for two-sided R-ideals contained in R and the minimal chain condi- 
tion for one-sided R-ideals in R containing any fixed two-sided 
R-ideal. Let A be a separable algebra over the field P, and let P be 
the quotient field of the domain of integrity g. It has been shown [2, 
pp. 123-126] that if g has a Noether ideal theory, then a maximal 
domain of g-integers exists in A and satisfies the conditions of the 
Asano theory. It is the purpose of this paper to prove that the con- 
dition of separability can be removed from A and that it need only 
be postulated that 4 shall have an identity. 


2. Subgroups of direct sums. Let G,be a commutative group with 
operator domain Q. Let G be the direct sum of the Q-subgroups 
Gi, Go, ee, Da, We shall write G=G,+G.+ ---+G,. The direct 
summand o gives rise to a projection a; which is an endomorphism 
of G on G: if g=gitget -++ +9, HEG; then ag=g; The sum 
itat +++ +a, is the identity operator I. Furthermore the sum 
of any subset of the projections o5, 0s, * - - , Œn is a projection. We 
shall label in particular the operators 0;—9» $œ; Then A son, and 
0, =I. In general 0,412 6; +a. If oC Q, then wa, — o0, and as a re- 
sult wô, = 6,0; that is, a; and 6, are Q-operators. It follows that o; 
and 6;H are Q-subgroups whenever H is an Q-subgroup. 


LEMMA 1. Let the commutative group G=G,+G.+ +--+ +G, contain 
the Q-subgroups H and K. If HDK, then a.HDa;:K, 09,H 22 6,K, and 
ò HOG: D KOG. 


Since HDK, the image a,K of K under the homomorphism of H 
on &;H must be contained in a,H. By the same argument §;H’D6,K, 
and therefore 6, ING; 2 6,K(\G;. 


LEMMA 2. Let the commutative group G-Gi--Gs-- - : - +G, contain 
the Q-subgroups Hand K. If H2 K andifa,H =a:K, à ‚ING, = 6; en 
then H=K. 
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Since A =, and ~H =K, it follows that ôH = 01K. 

We shall assume that ô:H —0;,K and prove that under this as- 
sumption OH = nk e Since Sk = (tai) K = 0,K Hank and 
641K CÓ; 4H, it is obvious that 5; E C (0;K --a K) Nö. On the 
other hand let 6:k1-+ai1k2 be an element of 8,K Lou contained in 
ën, Consider that (6;+@:;1)kı is an element of 9;,4K and therefore 
an element of 84:47. Then Bea contains 8;&:--o aka — (0,4 - 0540) 
=q;i(kz— kı) which lies in Zo ANGin = din K Ween C0; K. It fol- 
lows immediately that ki + @ir1k2 = (6;-- o) kit eaa (Rs — ki) lies in 
Sink, and OE M(0,K- Foi K) = fekt, However, since ôK = 6: 
and ok =QiH , then 6;K +anıK = 6,0 + alt ; and 0; 1 K = Oi LE 
CY(8,;H Local) = ËCH ° 

The lemma follows by finite induction; for 0,7 =H, 0,K —K. 


LEMMA 3. Let the commutative group G=GitGot +++ +G, contain 
the Q-subgroup H. Let y be an automorphism of G contained $n the cen- 
trum of Q. Then HD YH, ol Zoll = (iH), and 0;Hf XG;2 6;(yH) 
NG;=7(6:HNG,). 


The automorphism ¥ lies in the centrum of Q and therefore yH will 
be an Q-subgroup of H. It follows by Lemma 1 that o,H 2o;(yH), 
HD 8;(yH), and 0,H(YG;2 8;(yH)OG;. Since y lies in Q and o; and 
0; are Q-operators, o; (yH) =y(a:H) and 6:(yH) —y(8;H). 

It remains to prove that Sta Hie — y (6:H(YG;). Consider that 
yG;=ya,G=aryG=a,G=G;. Then 6;(yH)AG:= 6, (y H)C yG: — y (672) 
NyG;. Let 8; —ygi; Y is an automorphism, and Geh g.. It follows 
that y(8;:H)WG;2 y(9;:H(YG;). But certainly y (6;H( 1G.) Cy (0;H) 
(\yG; for any operator Y. 


THEOREM 1. Let G be a commutative Q-group, and let € contain an 
automorphism y in its centrum. Let G be the direct sum of the Q-sub- 
groups Gi, Ga, * * * , Ga, and let G contain the Q-subgroup H. If for every 
Q-subgroup A; of G; the Q-group A:/ Y4: satisfies the minimal (maximal) 
chain condition for Q-subgroups of Anda, then the Q-group H/yH sat- 
isfies the minimal (maximal) chain condition for Q-subgroups of H/yH. 


A chain of Q-subgroups 


(A) HDH,DHD-.  DyHA 
implies, by Lemmas 1 and 3, the existence of the 2” chains 
aH D on 2 aHa D+: + D Y(oiH), $;—-1,2,::-,m, 


(B) &H (1G; 2 êH O G: 2 êH AO Gi 
D... Dv(86;H MG), a2=1,2,°°*,%. 
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Lemma 2 implies that if the chain (A) is infinite, at least one of the 
chains (B) must be nontrivially infinite. If the minimal chain condi- 
tion fails in H/yH, it must fail in one of the groups a:H/y(a:H) or 
d. YG;/ y (6;H(YG;) where oi and 8,H(YG; are Q-subgroups of Gi. 

The statement of the theorem for maximal chains follows by the 
same argument. 


3. Chains of g-modules. Let g be a domain of integrity with 
Noether ideal theory. This implies that in g every ideal is the product 
of powers of prime ideals and that a prime ideal is divisorless. If P 
is the quotient field of g, fractional ideals are defined in P. The set 
of all ideals in P forms a group under multiplication. In particular 
if a is an ideal, a^! will exist such that aa”!=g, and if ac= bc, then 
a= b. 

A g-module in P is a set of elements of P which forms a group under 
addition and is closed under multiplication by elements of g. The 
g-module a is an ideal if «a Cg for some element a0 of g. The prod- 
uct of an ideal contained in g and a g-module a is contained in a. If 
a_)b, the group a/b is a g-module (not contained in P). 


LEMMA 4. If g has a Noether ideal theory, and if a is a g-module in 
the quotient field P of g, the g-module-a/aa has a composition series for 
any element a <0 of g. 


Let a be a g-module contained in P, and let & be an element not 
equal to 0 of g. If the principal ideal (o) has the factorization 
Pipe"? - - - Pa™ in g, we shall prove that the chain of g-modules 


aDpaDpaD---DpraDp'paD--- ER 
allows no nontrivial refinement. The series 
a/an 2 pın/aa 2 pia/aa 2... D pi a/aa 
D pi bat/an 2 +--+ D op, a/an 2 (0) 


will include a composition series for aaa. 

Let p be a prime ideal in g, and let b be a g-module contained in P. 
Assume that between b and pb there lies a g-module c equal to neither: 
bc pb. Then there is an element B of b not contained in c and 
an element y of c not contained in 35. We form the chain of ideals 
of P: (B, y) D (v8, Y) Ov(B, y). Since pf C pb Cc and v Ce, (p8, y) Ce. 
But £ is not an element of c, and therefore (pf, y) and (8, y) are dis- 
tinct. Since p(B, y) C pb and y is not an element of pb, p(ß, y) and 
(p8, y) are distinct. It would follow that gD(pß, y)(8, y)-*2» is a 


— 
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chain of distinct ideals in g. However, the prime ideal p is divisorless. 
It follows that aDpa allows no nontrivial refinement. 

If M isa P-module with linearly independent P-basis x1, Xs, * * * , X» 
we shall write M=Pxı+ Pxa+ +--+ + Px,. 


THEOREM 2. Let M=PxitPxot -- - +Px, contain the g-module N. 
Then if y is an element not equal to 0 of g, the g-module N/yN has a 
composition series. 


The module N is a:g-submodule of the direct sum Px1tPxet : : : 
+ Px,. The element y of g is an automorphism of M, and the operator 
domain g is commutative. Lemma 4 assures us that for every g-sub- 
group ax, of Px; the g-module ax;/y(ax;)a/ya has a composition 
series; The conditions of Theorem 1 are satisfied, and the g-module 
N/yN must have a composition series. 


4. Orders of finite linear algebras. We shall again assume that g 
is a domain of integrity with Noether ideal theory and that P is the 
quotient field of g. We consider a linear algebra A with identity e of 
order # over the field P. 

An order R of A which contains g can be defined to be a subring of 
A which contains g and a basis for A [2, p. 124]. We shall consider 
only orders of A which contain g. A left (right) R-ideal of R is a sub- 
module M of R such that RMICM (MRCM) and which contains a 
regular element of A. Then M contains an element y 750 of g and con- 
tains the two-sided ideal yR: every order R is bounded. Since R con- 
tains g, R and every R-ideal of R are g-modules. 


THEOREM 3. Let g be a domain of integrity with Noether ideal theory, 
and let P be the quotient field of g. If A is a linear algebra with identity 
of finite order over P, every order of A which contains g will satisfy the 
maximal condition for any chain of left (right) R-ideals contained in R 
and the minimal condition for any chain of left (right) R-tdeals in R 
containing a fixed left (right) R-1deal. 

We may consider the algebra A to be the P-module Px1+Px2 
+ ...4Px, where xi, %2 * °°, x4 constitute a linearly independent 
basis for A over P, and Rasa g-submodule of A. An R-ideal M of R 
contains an element y#0 of g so that RDMDYR. By Theorem 2 
every chain of g-modules between R and yR must be finite. In par- 
ticular a chain of R-ideals between R and M must be finite since an 
R-ideal is a g-module if R contains g. 

Two orders R and R’ are said to be equivalent if there exist regular 
elements a, b, c, d of A such that aRbCR’, cR'd CR. An order is said 
to be maximal if it is contained in no equivalent order. 
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The Asano treatment of the ideal theory of a class of equivalent 
orders depends on three postulates: 

I. There exists a maximal bounded order R in the class. 

II. The minimal chain condition holds for left R-ideals in R which 
contain a fixed two-sided R-ideal. 

III. The maximal chain condition holds for two-sided R-ideals con- 
tained in R. 

In Theorem 3 we have shown that postulates II and III are satisfied 
by any order of A which contains g. If a maximal order exists, it must 
be bounded since every order is bounded. 

An order of A which contains g and contains only integral elements 
of A is called an integral domain. A maximal integral domain is an 
integral domain which is contained in no other integral domain. 


LEMMA 5. If the order R contains g and is equivalent to the integral 
domain S, then R is an integral domain. 


Since R is equivalent to S there exist regular elements a, 5 such 
that a Rb CS. Since R is an order of A there exists in g an element 
B 740 such that 657! is an element of R. Then b- 1 RC R. Similarly S, 
which is an order of A, must contain «a^! for some element a0 of g, 
and aSa 1C.S. Then 


a [a(8b-* R)b lei C alaRb]a-! C aSa C S, 
il (ab-(aB)R(ba-) C. S. 


Set af =y, ab-!=c; then c(y R)c1C55, and YRCc-1Sc where c is a 
regular element of A. It follows that yR consists only of integral ele- 
ments of A. | 

Let r be an element of R. Let g [r] indicate the polynomial domain 
generated by r with coefficients in g; g[r] is a commutative ring con- 
tained in R. Further yg[r] is a ring of integers. If we consider that 
glr] is a g-module contained in the P-module A = Px;--Pxs-- - - - 
--Px, we may apply Theorem 2 to g|r] and obtain that every chain 
of g-modules between yg [r] and g[r] is finite. If H is the union of g 
and yg[r], H is a ring of integers, and yg|r] CH Cg [r]. Since gC, 
the chain of H-modules ' 


H C Hr € (Hr, Hr) € --- C gir] 


is a chain of g-modules between H and g[r] and must be finite in 
length. It follows that 7 satisfies an equation r* = hyrt! -H hort 2-4- . . . 
+h,r with coefficients in H Then r is g-integral, and R is an integral 
domain [3, p. 90]. 
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COROLLARY. A maximal integral domain S is a maximal order in the 
class of orders equivalent to S. 


We can now establish the existence in A of a maximal order by the 
following argument: Let all integral domains S, of A be well-ordered. 
Construct a chain 


SS CS Ie us 


of domains containing a fixed domain S by choosing S, to be the first 
which contains S, S,, to be the first which contains S,,, and so on. The 
union R of the S,, will be a maximal integral domain and, by the 
above corollary, R is a maximal order. The class of orders equivalent 
to R will satisfy the Asano postulates. 


THEOREM 4. Let g be a domain of integrity with Noether ideal theory, 
and let P be the quotient field of g. Every linear algebra with identity of 
jinite order P contains a nontrivial class of orders which satisfy the 
Asano postulates and which contain only integral elements of the algebra. 
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PURDUE UNIVERSITY 


ON A PROBLEM OF KUROSCH AND JACOBSON 
IRVING KAPLANSKY 


1. Introduction. Let A be an algebraic algebra over a field K, that 
is, an algebra over K each of whose elements satisfies a polynomial 
equation with coefficients in K. In analogy to Burnside’s problem for 
groups, Kurosch! has raised the following question: if A is finitely 
generated, does it necessarily have a finite basis? Jacobson? studied 
the question for the case where the elements of A are of bounded 
degree, and reduced it to the consideration of certain specific nil 
algebras defined as follows: A (r, 2) = F(r) — I(r, n), where F(r) is the 
free algebra generated over K by indeterminates #1, - : +, 4,, and 
I(r, n) is the (two-sided) ideal generated by all mth powers in F(r). 
In this note we shall prove the following theorem. 


THEOREM 1. If K has at least n elements, A(r, n) has a finite basis. 


Thus Kurosch's question for algebraic algebras of bounded degree 
receives an affirmative answer if K is large enough, and in particular 
if it is infinite. 

In §3, by a different method suggested by Kurosch’s treatment of 
n=3, we prove that A(r, 4) has a finite basis over GF(3). In $4 we 
discuss a special case of another question proposed by Jacobson: if the 
dimension dir, n) of A(r, n) is finite, what is its precise value? We 
show that d(2, 3) may be equal to 16 or 17, depending on K. 


2. Proof of Theorem 1. Throughout this section we shall assume 
that the coefficient field K has at least n elements. 

The algebra F(r) consists of all (noncommutative) polynomials in 
the w's with coefficients in K: that is, linear combinations of terms 
Ugugy-** which we shall call monomials. The degree of a monomial , 
is the number of v/s it contains, and a polynomial is homogeneous if 
its monomials all have the same degree. We now prove the following 
. lemma. 


LEMMA 1. T'he 1deal I(r, n) has a basis of homogeneous polynomials. 


Proor. Specifically, [=I(r, n) has a basis consisting of all 
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S(xiyigh ---) where x, y, z,- -- are monomials, z+j7+A+ * * - =n, 
and S denotes (as it will throughout the paper) the sum of products 
taken in all'the #!/zly!k! - - - possible orders. That these polynomials 
generate at least I(r, n) follows from the fact that for any scalars 
a, B, Y,- +, (ax+By+7y2+ ---)* is a linear combination of such 
polynomials. 

We show conversely that every S(x*yiz*---) is in J. We have 
T=(ax+Bßy-+yz+ -:- ) €I for any scalars a, B, y,:::. Let 
T;=T,(œ) be the sum of all terms in the expansion of T which are 
of degree iin x. Then T= » 7? «@'T;(1). Since To and T, are in J, 
the sum from 1 to #—1 is likewise in J. Applying this with z—1 
different nonzero values of a, and multiplying by the minors of the 
resulting Vandermonde determinant, we see that T, CJ. We now set 
oss and let 7,;— 7 ,(8) be the subset of T; containing those terms 
of degree j in y; then T; — D 7-18iT;,(1). We may assume by induc- 
tion on the number of terms x, y, z, ++- that Tool Taking n-i 
different nonzero values for B, we obtain 7,;C€ I. Continuing in this 
fashion, we prove that Tr... = S(xiyigk - - -)crT. 

Any element of F(r) may evidently be written as a unique sum of 
homogeneous polynomials, which we may call its homogeneous parts. 
From Lemma 1 we have at once the following lemma. 


LEMMA 2. Any element of F(r) is in I(r, n) if and only tf each of its 
homogeneous parts is in I(r, n). 


In order to prove Theorem 1 by induction, we prove a stronger 
result. 


Lemma 3. Suppose that B is an ideal in A — A(r, n) generated bya 
finite number of ith powers of elements of À, and that A — B ts nilpotent. 
Then A is nilpotent. 


Proor. Lemma 3 is certainly true for z=”. We make a descending 
induction on 7. Suppose B is generated by yi5,-- - Ym? and that 
(A —B)* 20. Let M be the set of all monomials of degree less than 
k(m+1). Let C be the ideal generated by yı't!, - - - , y4,**!, and by 
all sti, (y-F-ox)*À, where y ranges over y;, x ranges over M, and o 
runs through 7 different nonzero scalars. Use of the Vandermonde 
determinant shows that 


S(yix) = yix-F yt tay +--+ + xyi 


is in C. Right-multiplying by y?, we have y'xy'c C. 
We shall now show that 4 — C is nilpotent, whence by induction 
A is. Lett be any monomial of degree k(m--1). We may write 
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Í—2125 * * * 2m41, With each za monomial of degree k. Since (A —B)*=0 
each z is in B and can be written as a sum of terms aytb; moreover by 
Lemma 2 we may assume that each of these terms ay'b has degree k. 
Now in a product of m-++1 terms, each of the form aytb, at least one 
y must get repeated; hence such a product contains yxy? with x a 
monomial of degree less than k(m-+1). As shown above, y'xy'C C, 
whence./ C C, and 4 — C is nilpotent of index at most k(m+1). 

Theorem 1 is an immediate consequence of Lemma 3. We take the 
case 2—1, B=(m,--+, u) =A. The hypothesis that A—B is nil- 
potent is fulfilled, and we conclude that A is nilpotent and has a 
finite basis. 


3. The case 7 —4. Kurosch gave a direct combinatorial proof that 
A (r, 3) has a finite basis, which, unlike the above proof, is also valid 
over GF(2). We shall show that his argument can be extended so as 
to push the case n —4 nearer completion. 


THEOREM 2. A(r, 4) has a finite basis over GF(3). 
Proor. Define 
f(x, y, 8) = (x + y + z)* — (x + yt — (x + 2) 
— (y + 2! + att y* + ai, 
Then 
x*yx? = xt[f(z, y, x?) + f(— x, y, x?) sëng — x*yx] = 0. 


Hence the (two-sided) ideal generated by x? is nilpotent. More gen- 
erally, any ideal B generated by a finite number of cubes is nilpotent. 
To show that 4 —A(r, 4) is nilpotent it therefore suffices to prove 
A — B nilpotent, that is, we may take any finite number of cubes to 
be zero without loss of generality. 

We may suppose by induction that the subalgebra C generated 
by u, Umi has a finite basis [4], and let us write a for uy. 
Set u®, Lä and (u +1;)5 all equal to zero. Then u#;+ut;u+tiu? =0, 
whence for any x cC 


(1) u*x + uxu + xu? = 0, 
and right-multiplying by u? we have 
(2) u^xu? = Q. 


Using (1) to replace uxu by —u?x—xu? and then using (2), we see 
that any monomial containing four ae vanishes. This proves the 
theorem. 
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4. The order of A(2, 3). In the case 2 —2, we have (x+y)?=0 
and hence xy-— —yx for any x, y. In the case of characteristic 2, 
A(r, 2) is commutative, and its order d(r, 2) is 27—1 as observed by 
Jacobson.’ For characteristic not equal to 2, we have (xy)z = —z(xy) 
but also x(yz) = —x(zy) =2(xy), so that xyz=0. It follows that the 
‘elements u; and 24, (4<j) constitute a basis, that is, d(r, 2) 27--,Cs 
= +10. 

We shall now evaluate d(r, n) in the next simplest case: 7 —2, n —3. 
The result seems to indicate that a complete evaluation of d(r, n) 
will involve formidable combinatorial difficulties. 


THEOREM 3. If the coefficient field is GF(2) or if it has characteristic 3, 
then d(2, 3) =17; otherwise d(2, 3) =16. 


Pnoor. From (x+y)? 20 we obtain 
(3) S(x?y) + S(xy?) = 0, 
and from 


(zd y+ 2)? = (x + y)? + (x + 2)$ + (y + 2)° 


(4) 

+ S(xyz) — x? — y? — gi, 
we have 
(5) , S(xyz) = 0. 


Take x —u, y=v, 2=u? in (5): 
uvu? + wvu = 0. 
Together with 
(6) Su?) + Sief) = 0 
this gives 
(7) S(u?v) and S(wv?) are annihilated by a and v on both left and right. 
Next, by taking x =u, y =v, z —uv in (5) and using (7), we have 
(8) vuvu = u^, 
which implies 
(9) UTUIU = vww = 0. 
From (7), (8), and (9) it is easy to see that 
(10) all monomials of degree = 7 vanish. 


* Loc. cit. p. 707. 
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Finally take x =u, y =v, 2=uvuv in (5) and make repeated use of (7) 
and (9). We find 


(11) 3u*vuv? = 0. 


We now assert that for K =GF(2), (6)-(11) is an exhaustive set of 
relations on u, v; for K#GF(2), (6) and (7) may be strengthened to 


(12) S(u^v) = S(uv?) = 0, 


and (8)-(12) is an exhaustive set of relations. To prove this it suffices 
to assume the relations in question, and show that they ensure the 
evanescence of every cube. For the latter it suffices to prove that the 
cube of any monomial vanishes and that (3) and (5) hold for any 
monomials x, y, z. By (10), there are only a finite number of verifica- 
tions to make; we omit the details of the computation. 

We can now make a list of basis elements. It is convenient to note, 
by systematic use of (7), that candidates for basis elements of degree 
not less than 4 need contain u?(v?) only at the beginning (end). 


Degree 

1: u,v 

2: u?, uv, vu, v? 

3: uv, uvu, vuv, uv? [add vu? for K=GF(2) | 
^4: uty? uvuv, u^vu, vuv? 

5:  u^vuv, uvuv? 

6: uw? [characteristic 3 only |. 


Added in proof: Professor Jacobson has pointed out to me that (by 
89 of his paper) an affirmative answer to Burnside's problem for 
fourth powers would imply that A (r, 4) has a finite basis over GF(2), 
and thus complete the case »=4. Moreover the known affirmative 
answer for the case of two generators shows that d(2, 4) over GF(2) 
is finite, and has the explicit (though probably much too large) upper 
bound of 1024. 
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ABSOLUTE RETRACTS IN GROUP THEORY 
REINHOLD BAER 


The subgroup R of the group G has been termed a retract! of the 
group G whenever there exists an idempotent endomorphism of G 
which maps G upon R. This definition is in strict analogy to the 
topological concept of retract. Thus one may be tempted to define 
absolute retracts in like similarity to topological usage. However, we 
shall prove in the course of the present note that the identity is the 
only group which is a retract of every containing group. Conse- 
quently only modifications of the topological concept will be useful, 
and we shall show that each of the following classes of groups may in 
a certain sense lay claim to the title of absolute retract: the complete 
groups, the abelian groups the orders of whose elements are finite and 
square free, and the free groups. 

The following definition of the concept of retract is equivalent to 
the one given above, but it will be a little bit easier to handle: The 
group R is a retract of the group G if Ris a subgroup of G, and if there 
exists an endomorphism e of G with the following properties: 


GS R and r*—r 
for r in À. 

Complete groups (Carmichael [2, p. 81]) have been defined as 
groups with the following properties: each of their automorphisms is 
an inner automorphism and their center consists of the identity only. 
Thus groups are complete if they are “essentially” identical with their 
group of automorphisms. 


THEOREM 1. The group G is complete if, and only if, it meets the fol- 
lowing requirement: 
(*) If Gis a normal subgroup of the group E, then G is a retract of E. 


Proor. Assume first the validity of condition (*). Consider the 
automorphism o of G. Then there exists (Zassenhaus [1, pp. 93, 94]) 
one and essentially only one group A which is obtained by adjoining 
to G an element ¢ subject to the relations 


[gl = ge 
for g in G. Clearly G is a normal subgroup of A and A/G is an infinite 


Presented to the Society, April 27, 1946; received by the editors January 30, 1946. 

1 See Baer [2, chap. II, §3] for elementary properties of retracts. Many applica- 
tions of the concept of retract may be found there too. Numbers in brackets refer to 
the Bibliography at the end of the paper. 
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cyclic group. Hence there exists by (*) an endomorphism f of A with 
the following properties: 


A8 SG and ge=g 


for g in G. In particular s —/? is an element in G, and this element 
satisfies, for every element g in G, ` 


sigs = (AR = (Pig = gef = ge, 


since g and e belong to G. Thus the automorphism o is induced by 
the element s in G, proving that every automorphism of G is inner. 

Consider next the element z in the center of G. Then there exists , 
(Zassenhaus [1, p. 96, Satz 21 ]) one and essentially only one group Z 
which is obtained by adjoining to G elements x and y subject to the 
following relations: 


X y-dxy =z, w= gx and yg = gy 


for every g in G. Then G is a normal subgroup of Z and Z/G is a free 
abelian group of rank 2. Hence there exists by (*) an endomorphism e 
of Z with the following properties: 


Z*<G and gt=g 
for every g in G. If g is an element in G, then 
wg ge (xg)! = (gx) = grat = gas, 


proving that x* belongs to the center of G, and likewise we show that 
as belongs to the center of G. Consequently 


g = 3t = ety 'xtyt-1. 


Thus we have shown that 1 is the only element in the center of G, 
and this completes the proof of the fact that every group with the 
property (*) is complete. 

Assume conversely that the group G is complete and that G is a 
normal subgroup of the group 7. Denote by S the centralizer of G 
in T (which consists of all those elements in T which commute with 
every element in G). Since every automorphism of G is an inner auto- 
morphism, it follows that T=GS=.SG; and since the identity is the 
only element in the center of G, it follows that 1 is the cross cut of G 
and S. Hence T is the direct product (Carmichael [1, p. 96, no. 10]) 
of Gand S, and this fact clearly implies that G is a retract of T, com- 
pleting the proof. 

Groups containing a given group G as normal subgroups are termed ` 
(Zassenhaus [1, p. 89 ff. |) extensions of G. It may be noted that in the 


` 
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first part of the proof of Theorem 1 we made use only of extensions 
of G by abelian groups. This shows the validity of the following 
proposition: 


COROLLARY 1. The group G is complete if (and only if) it is a retract 
of every extension of G by an abelian group. 


REMARK. Examples of complete groups are provided by all the 
symmetric groups of finite or infinite degree,? not less than 7. This 
shows in particular that every group is a subgroup of a complete 
group and thus a subgroup of a group, meeting requirement (*) of 
Theorem 1. 


THEOREM 2. The identity is the only group which is a retract of every 
containing group. 


PROOF. Suppose that the group G is a retract of every group which 
contains G as a subgroup. Denote by D the direct product of G and 
of a group H isomorphic to G, and denote by 7 a definite isomorphism 
of G upon H. Denote by W the essentially uniquely determined group 
(Zassenhaus [1, pp. 93, 94]) which is obtained by adjoining to D an 
element w subject to the relations: 


. qo? = Í, wgw = g’ 


for g in G. Then the element w of order 2 induces in D the automor- 
phism which interchanges the elements g and g” for g in G. Clearly 
D is a normal subgroup of W and W/D of order 2. Since, therefore, G 
is a subgroup of the group W, there exists an endomorphism ô of W 
with the following properties: 


Wi<G and gi sg 


for g in G. We note next that every element in G commutes with every 
element in H. If x is an element in H, and if g is an element in G, then 


gat = g'a? = (ga)? = (ag)? = ag? = ag, 


proving that x? is in the center of G, since x? belongs to G. Hence H° 
is part of the center of G. 

If g is any element in G, then g” is in H and g® belongs, therefore, 
to the center of G. Hence 


wg = wig! = (wg)? = (grw)? = gw? = wèg, 


since w° is in G too. Consequently g =g", proving that G=H*. Thus 


2 See Baer [1], Schreier and Ulam [1, 2]. 
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G is commutative, since we showed before that H? is part of the center 
of G. 

But G is a retract of each of its extensions, and thus it follows from 
Theorem 1 that the center of G is 1. Hence G=1, as we intended to 
prove. 

REMARK. The situation would be changed considerably if we re- 
stricted the class of admissible groups. We mention in this respect the 
following well known theorem: The abelian group 4 is a retract of 
every abelian group if, and only if, A =A? for every prime number f. 
On the other hand the preceding theorems would not be affected at 
all by restricting oneself to finite groups. 


THEOREM 3. Every subgroup of the group G is a retract of G tf, and 
only if, G is an abelian group the orders of whose elements are finite and 
square free. ' 


Proor. If G is an abelian group the orders of whose elements are 
square free integers, then every subgroup of G is known to be a direct 
factor of G. But direct factors are retracts, proving the sufficiency of 
our condition. 

Assume conversely that every subgroup of G is a retract of G. Then 
there exists to every element g in G an endomorphism e of G with the 
following properties: g*—g and G* is part of the cyclic subgroup gen- 
erated by g. 

Denote by E the kernel of the endomorphism e. Then G/E is a 
cyclic group. This implies in particular that the commutator subgroup 
of Gis part of E. If g1, then g is certainly not in E. Thus it is impos- 
sible that an element, not 1, is in thé commutator subgroup of G. 
Consequently G is abelian. 

Consider an element z in G and a positive integer n. Then there 
exists an endomorphism v of G with the following properties: (z"} =z” 
and G" is part of the cyclic subgroup generated by 2”. 

The element z itself is therefore mapped by » upon a power of z^. 
Hence there exists an integer m=m(n, z) such that ar —z"^. Conse- 
quently we find that 


zn = (2”) = gnmn or g^ ü-mn) = 1. 


Let in particular n =2. Then 1 — 2m (2, z) is an odd number r such that 
g% 51, proving that z is of finite order. Next we take for n any divisor 
of the order of z. Then n and 1—mn(n, z) are relatively prime num- 
bers, and we infer from z*(17»? =1 that the order of z is,square free. 
This completes the proof. 

Dualizing the concept of retract of a group, we say that the quotient 
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group G/N is retractable whenever there exists an idempotent endo- 
morphism of G whose kernel is exactly N. This is equivalent to saying 
that G is a splitting extension of N by G/N. We note the following 
known theorem 3 


The group Fis a free group 1f, and only if, every quotient group, tso- 
morphic to F, 4s retractable. 


This theorem may be considered a dual of either or both Theorems 
1 and 2. In order to find a dual of Theorem 3 one has to determine the 
class of totally retractable groups. Here we term a group totally retract- 
able if each of its quotient groups is retractable. A complete charac- 
terization of this class of groups does not seem to be available as yet. 
Thus the following criteria may be of interest. 


THEOREM A The abelian group A is totally retractable if, and only «f, 
the orders of the elements in A are finite and square free. 


Proor. If the orders of the elements in A are finite and square free, 
then every subgroup of A 1s a direct factor of A. Consequently every 
quotient group is retractable and A is totally retractable. 

Assume conversely that A is totally retractable. Denote by F the 
subgroup A which consists of the elements of finite order in A. If 
FA, then it is possible to construct (in many ways) a subgroup W 
of A such that FS W<A and such that every element in A/W is of 
finite order. But every endomorphism with kernel W would map A 
into F. Such an endomorphism cannot then be idempotent, a contra- 
diction which proves that F=A, that is, that every element in À is 
of finite order. 

Denote by P the subgroup of A which consists of all the elements 
in A whose order is a factor of the given prime number p. Then there 
exists an idempotent endomorphism e of A whose kernel is P. Since 1 
is the cross cut of P and A*, it is impossible that A‘ contains elements 
of order p. Thus 1 is the only element of order a power of p in A‘. 
Since A/P and A‘ are isomorphic groups, it follows that P contains 
all the elements of order a power of p in A, and this fact implies that 
the orders of the elements in A are square free, as we intended to 
prove. 


THEOREM 5. If the group G is totally retractable, then it has the follow- 
ing properties: 

(a) Every quotient group of G is totally retractable. 

(b) Every subgroup of the center of G 1s a direct factor of G. 


3 See, for example, Baer [2, chap. II, $1]. 
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(c) The commutator subgroup G' of G is generated by the commutators 
of the form x"!y"'xy for x in G and y in G’. 


ProoF. Proposition (a) is an almost immediate inference from the 
fact that every normal subgroup of the quotient group G/N has the 
form M/N for M a normal subgroup of G. To prove (b) consider a sub- 
group S of the center of G. Then S is a normal subgroup of G. Hence 
there exists an idempotent endomorphism e of G whose kernel is S. 
Since the elements in S commute with every element in G, it follows 
that G is the direct product of S and G*. To prove (c) denote by G” 
the subgroup generated by the commutators x"!y"!xy for x in G and 
y in G’. Clearly G'' SG’ and G” is a normal subgroup of G. It follows 
from (a) that G/G"' is totally retractable. Since G'/G"' is part of the 
center of G/G"’, it follows from (b) that G'/G"' is a direct factor of 
G/G"'. But G'/G"' is the commutator subgroup of G/G’’, and a com- 
mutator subgroup which is an abelian direct factor is necessarily the 
identity. Hence G’ =G", completing the proof. 

Proposition (b) and (c) of Theorem 5 imply in particular the fact 
that nilpotent, totally retractable groups are always abelian. On the 
other hand already the non-abelian group of order 6 provides an ex- 
ample of a soluble, non-abelian group which is totally retractable. 
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LATTICES, EQUIVALENCE RELATIONS, AND SUBGROUPS 
PHILIP M. WHITMAN 


1. Introduction. A lattice! is a set of elements A, B, - - - together 
with a relation € defined between some or all pairs of the elements 
such that 4 € A for each À: if A SB and BSA then A=B; ıf ASB 
and BSC then A € C; and each pair of elements A and B have a 
least upper bound AUB and a greatest lower bound AOB. 

An equivalence relation? R’ is a relation ~ defined between some or 
all pairs of elements (“points”) of a set © such that p~p for every 
point $; if pq then q~p; if p~q and gr then p~r. If more than 
one relation is under discussion, we may specify the one used at the 
moment by writing “bg in KI? 

It is well known that the collection of all equivalence relations on 
a given set € forms a lattice. Ore [4] has characterized lattices which 
are isomorphic to the lattice %* of all equivalence relations on some 
set €. One could go farther and ask what lattices are isomorphic to 
sublattices of €*. Our answer to this is: any lattice is isomorphic to a 
sublattice of the lattice of all equivalence relations on some set; more 
concisely, any lattice is a lattice of equivalence relations. 

Garrett Birkhoff has shown [1] that any lattice of equivalence rela- 
tions is isomorphic to a lattice of subgroups. Therefore the result 
stated in the previous paragraph implies: any lattice is isomorphic to 
a sublattice of the lattice of all subgroups of a suitable group. 


2. Outline. The first and larger part of the paper relates lattices 
and equivalence relations. Since the formal construction and proof in 
this part are somewhat lengthy and complicated, we first outline the 
main steps and indicate the motivation. 

A lattice £ is given; we wish to show that there is some set ©, and 
some sublattice £’ of the lattice £* of all equivalence relations on ©, 
such that £ and X’ are isomorphic. 


We shall take © as the union of disjoint subsets Y, $8, - - - , one for 
each element A, B, - - - of &. The equivalence relations A’, B', - - - 
corresponding to A, B, - - - must be chosen in such a manner that 


Presented to the Society, February 26, 1944; received by the editors April 25, 1944 
and, in revised form, December 3, 1945. 

1 Sometimes called a structure. For a thorough discussion of lattices, see Birkhoff 
[2]. Numbers in brackets refer to the references cited at the end of the paper. 

2 For a discussion of the relevant properties of equivalence relations (or congruence 
relations as they are sometimes called), see Birkhoff [1], Dubreil and Dubreil-Jacotin 
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AB implies A' EB' and that (AUB)’=A’UB’ and (AMB)’ 
=A’()\B’; this will make g’ a homomorphic image of £. For an iso- 
morphism, A’<B’ must imply A € B. To insure this we propose that 
the subset À shall contain two points, /(A) and r(4), such that 
1(4)-r(4) in B’ if and only if A E B. The notations /(4) and 7(A) 
may be thought of as standing for “left end of X” and “right end of 
A.” Similarly 38 is to contain points /(B) and r(B) which are equiva- 
lent in Z' if and only if BSZ, and so on. However, for simplicity we 
shall devote our attention to A and the points and subsets thereof 
except when it becomes necessary to refer to 3B, and so on. 

One's first thought might be to have À consist merely of /(A) and 
r(A), and define B’ insofar as it concerns points of X by specifying 
‘1(A)~r(A) in B’ if and only if A € B. But suppose A S CJD though 
neither A € C nor A SD; by this definition one would have /(4) and 
r(A) equivalent in (CUD)’ but not in C’ or D’ and so not in C’UD’, 
contradicting C’UD’=(CUD)’. To overcome this difficulty we 
may enlarge À to include another point p(C, D) and specify that 
l(A)~p(C, D) in C’ and in (CUD)' while p(C, D)~r(A) in D’ and 
in (CUD)’; we may think of /(4) and (C, D) as being in this respect 
images of /(C) and r(C) and think of p(C, D) and r(A) as images of 
I(D) and r(D), with some images having been consolidated with each 
other or existing points for simplicity. ` 

Now however we have introduced somewhat the same difficulty 
all over again (one step farther toward the background) for suppose 
l(A)~p(C, D) in C' and CS EU FF. Then necessarily C' € (EU F)' so 
we need 1(A)~p(C, D) in (EU F)'  E'/UF" yet we dare not (for in- 
stance) have this relation automatically hold in E’, for otherwise— 
since P(C, D)~r(A) in D'—we shall get 1(4)~7(A) in KUD’ = 
(EXJD)' by transitivity and yet it need not be true that 4 S EUD. 
So we must in a manner similar to that of the previous paragraph 
introduce a new point between /(4) and (C, D). Evidently we can 
never stop this process at any finite point without having the same 
trouble; we are driven to making an infinite succession of enlarge- 
ments of Wand hoping (or rather, proving) that their set union will 
have the desired properties though no one of them does. 

In the above discussion we put our attention on one pair of ele- 
ments C and D with A € CUD. But of course if ASG\/H then we 
must also introduce a point p(G, H) in a similar manner. But now we 
have difficulty in trying to prove (P/1Q)' zs P'(YQ'. Foritmightbethat 


(1) p(C, D) ~ KA) ~ (G, A) in. P’ 


while 
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(2) PC, D) ~ r(A) ~ pG, H) in Q. 


Thus in P’NO’, p(C, D)~p(G, H) but these need not be equivalent 
to either /(4) or r(A), whereas in (P/YQ)' by definition one or the. 
other of the “paths” (1) or (2) must be followed. This trouble can 
be overcome by having not one but three images of 1(C), r(C), KD), 
and so on. That is, instead of the one new point p(C, D) we have 
DC, D), +=0, 1, 2, 3, 4, 5, 6, where p°(C, D) =1(A) and £*(C, D) 
=r(A) and p’(C, D)~p't!(C, D) in C’ if is even and in D’ if 4 is 
odd. Also of course we must include additional points if C E EU F, 
and so on, as discussed above. With this change, consider again the 
type of situation which was causing trouble; for instance 


PC, D) ~ pC, D) ~ 2 (C, D) ~ KA) 


(3) ; 
~ $!(G, H) ~ ??(G, H) in P 
while 
(4) 2*C, D) ~ pC, D) ~ ?*(C, D) ~ r(A) ~ 2*(G, H) 


~ PG, H) ~ pG, H) ~ pG, H) in Q*. 


We propose to arrange matters so that p'(C, D)e-p*1(C, D) in J’ 
will imply CS J if zis even and DS/J if à is odd. Then for instance 
p°(C, D)~pi(C, D) in Q’ will imply £2(C, D)—2'(C, D) in'Q' while 
pi(C, D)~p*(C, D) in Q’ will imply £?(C, D)~p2(C, D) in Q’ so that 
the possibility of the path (4) in Q' will imply that the equivalences 
(3) also hold in Q’ and so also in P'/Q' as desired. 

We may describe the above construction in the terminology of elec- 
tricity by saying that /(4) and r(A) are connected by several wires 
or paths in parallel, one path for each pair of lattice elements C and 
D with A E CUD. Each path has six filters connected in series, three 
of which pass current (permit equivalence) of frequency (relation) J’ 
if and only if C € J in the lattice, while the other three pass current 
in J' if and only if D € J'. The filters themselves are complex arrange- 
ments of a similar structure. 

This gives a general idea of the procedure necessary; our task is 
now to make the construction precise and prove the existence of the 
properties that the construction is designed to provide. 


3. Construction? of the sets and equivalence relations. A lattice 


8 If the given lattice is finite, Definitions 1-5 involve only finite processes; if the 
lattice is infinite, the word “construction” must be understood in a broader sense. But 
in both cases, Definitions 6-7 involve infinite processes. One hopes that a proof can 
be found which will involve only finite processes if the given lattice is finite. 
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Lis given. We shall suppose that in addition to the lattice relation of 
inclusion, denoted €, there is also a relation of preceding and follow- 
ing which linearly orders all elements of the lattice‘ (if the lattice has 
a finite number of elements, the existence of such a relation is trivial; 
otherwise we must invoke the axiom of choice). In Definitions 1—4 
reference is made to a pair of elements C and D of the lattice; when 
writing the pair in these definitions we shall write first the one which 
“precedes” the other under the relation just discussed. 


DEFINITION 1. If A C$, denote by M, the set of points® pi(C, D) for 
i=0,1,2,3,4, 5, 6 and all pairs C, DEX such that A S CAD, where 


DLC, D) = H(G, H) = KA) 
for all pairs C, D and G, H and likewise 
$*(C, D) = Dis, H) = r(A) 


but otherwise pi(C, D) zép!(G, H) if 4753 or if C, D and G, H are distinct 
pairs. Similarly, all points of A, are distinct from the points of 


$81, G:, eo oe 


DEFINITION 2. The subset of 313 consisting of the two points p*(C, D) 
and piti(C, D) is denoted (C1, Di)‘; the subset of 95 consisting of L(A) 
and r(A) ts denoted Ao. (Co, Do)? s a null set. 


Obviously the subsets in Definition 2 overlap but this causes no 
trouble. 

We now proceed to define by induction sets W;. Suppose that for 
each 4 (0€2«) and each AER there has been defined a set À; in 
such a manner that (for 1Si<z) if A SCUD then A; has subsets 
(Ci, Dy, 7=0, 1,- +., 5, with (Cia, Di)! C(Ci, Dj)! and with the 


points of (C,, D.H in one-to-one correspondence with those of G, 


4 This relation of “preceding” and “following” is not important to the argument 
and is merely for convenience in stating Definitions 1-4. 

5 Strictly speaking, this notation should also include a symbol to indicate that the 
points are in the set corresponding to 4, as distinguished from the sets corresponding 
to B, C, - ++, but to simplify notation we shall fix our attention on the sets related to 
a fixed A and subsets thereof, and on equivalence relations A’, B’, - * * , only so far 
as they concern points of this set, unless otherwise indicated. We arrange that no 
point of the set corresponding to A shall be equivalent to any point of the sets corre- 
sponding to B, C, --*-. It is permitted that C=D, D=A, and so on. It would be 
possible to reduce the number of points in such cases, but the present definition will 
minimize the number of separate cases to be considered in proofs. The symbol — when 
used between names of points means that the names stand for the same point; when 
used between names of lattice elements it means the names stand for the same element 
of the lattice. 
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if j is even and with those of D; if j is odd, and with no overlapping 
except as required by these assumptions and Definition 2. Then for 
171, we have the following definition. 


DEFINITION 3. 90, consists of 9, 4 with each of the latter's subsets 
(Cua, Dn-ı)? augmented by as many points as are in Canı but not in 
Cna (f j is even) or in S, a but not in Daz (if j is odd), the augmented 
subsets being called (Crn, Da)’. 


It is to be observed that X, and M satisfy the hypotheses, and that 
if the hypotheses hold then 9. again has the same properties; thus 
the induction is effective. In view of the one-to-one correspondence 
specified, we may denote by g^ the point of G, 4 or $4.3 correspond- 
ing to 4E (Cr Da)’. Because of the overlapping of the subsets of %4 
and hence of Y,, [p2(C, D) |-!, for instance, may be taken as either 
r(D) or 1(C) depending on whether we are at the moment concerned 
with p?(C, D) as a point of (Ca, D,)! or as a point of (Cn, D,)?. 

Corresponding to each BER, a relation By,’ is next defined so far 
as it concerns points of N. 


DEFINITION 4. pq in Bı’if there is some A ER such that p, q C9 
and. one of (5), (6) or (T) holds. 

(5) For some pair C, DER with ASCUD, p=pi(C, D) and 
g=p**1(C, D) or vice versa, and either 

(5a) tis even and C € B or 

(5b) iis odd and DSB. 


(6) P —q. 
(7) There exist points qi, - + + , qu such that qv — p, qu=q, and for each 
t (1=1,2, - - - ,k—1) gr and qiu satisfy the conditions of (5). 


Suppose that, for 1 Si <n and each BER, equivalence relations B,’ 
have been defined. Then by induction we define B,’: 


DEFINITION 5. pq in B,’ for n>1 if p=q or there exist ACR 
and points qi, Gs, * * , „EN, with =p, qu-q, and for each i 
(—1,---*, k—1) there exist j and C, DER with A SCUD; oe 
dou (Cy, Da)’ and qu giu in B, Al, 


It 1s to be observed that B,’ is an equivalence relation, and that if 
B,_1' is an equivalence relation so is B,’, so the induction is effective. 
Having thus defined relations with subscripts 1, 2, - - - and sets 
with subscripts 0, 1, 2, - - - we now define ones without subscript, 
using >, to denote set union. 


DEFINITION 6. A =) U; € —» ana 20; (C, D)i e Auto, Dj). 
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DEFINITION 7. pq in B! if for some 2, p~q in B,’. 


That B' as thus defined is an equivalence relation will appear 
shortly (Lemma 3). 


DEFINITION 8. A point SE: is between points p, OCH d for some 
Cand D, sc(C, D)', pE(C, Dy, and gE(C, D)* with Jj<i<k or 
k<i<j, or if k=j+1 and s=p*(C, D), or if j=k+1 and s=pi(C, D), 
provided in all cases that p, q, and s are distinct. 


For example, p!(C, D) is between p?(C, D) and £*(C, D), for we 
may take 4—1, j —2, and b — 0. Likewise p*(C, D) is between SL, D) 
and r(A), for we may take i=4, j —3, and k=5 since PPL, D) be: 
longs to (C, D)! as well as to (C, DIS In fact, “between” means just 
what its name implies. One should emphasize the restriction in the 
definition that s must be not only in X but indeed in 95; otherwise 
only a partial ordering would be possible. 


4. Properties of Q’. It is required that the equivalence relations 
A’, B',--- form a lattice Į’ isomorphic to the given lattice X. To 
prove that this requirement is satisfied, we must first examine in some 
detail the consequences of the above definitions, with attention to 
how it is possible to have p~g. 


LEMMA 1. If ASB then l(A)~r(A) in By’. 
PRoor. Take B=C=D in Definitions 1 and 4. Then in By’, 
(4) ~ pC, D) ~ p? (C, D) ~ pXC, D) ~ ?*(C, D) ~ PC, D)  r(4) 
by (5) so /(A)-—r(A) in By’ by (7). 
LEMMA 2. If p~qin B4! then p~q in Bu’ for m Sn and oq in B’, 


PRoor. The case m =n is trivial. 

If m —1 but 21, we proceed by induction on n; suppose the lemma 
is true for n <v and we wish to prove it true for n=». If pq in Bi’ 
then by Definition 4 there exist A C£ and qi, * * +, qs C9 with q =#, 
gu=q, and gg. by (5), or else $ —q. If p —q they are equivalent 
in B,’ by Definition 5, so suppose the other alternative holds. Now 
if qiqi by (5a) then CSB; by Lemma 1, 1(C)~r(C) in Bı’. By 
induction, /(C)~r(C) in B,-;'. By similar reasoning, if the equivalence 
in By’ is by (5b) then 1(D)~r(D) in B.A, so for all 4, qi loq; in 
B,.,/; hence pag in B,’ as desired, by Definition 5. 

If m 1, we proceed by induction on m; suppose p~g in B,'. By 
Definition 5 there exist A EL and qı, * , ga € S, with q, logi 
in Baa’ (as above, the case p=q is trivial). But then by induction 
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on m, ON Lengt in B, Al, for all 7, so by Definition 5, pq in B,’ 
as desired. 
That the equivalence also holds in B’ follows from Definition 7. 


LEMMA 3. B' 4s an equivalence relation. 


PRoor. We must show that B' has the properties stated in $1. 
Suppose first that p =q. Then p and q are in Wand hence in À, for 
some A and z, by Definition 6; by Definition 5, p~g in B,’ so, by 
Definition 7, pg in B’ as desired. Suppose next that p~q in B’; 
then pq in B,’ for some n, by Definition 7; since B,’ is an equiva- 
lence relation, g~ in B,' so gp in B’, as desired. Suppose lastly 
that p~q~s in B’; then f--q in B,’ for some n and gr in Bal for 
some m; by Lemma 2, p~q-~r in Paso, so prvr in that relation 
which is known to be an equivalence relation; hence pr in B’ as 
desired. Thus B' has all the properties required of an equivalence 
relation. 


LEMMA 4. If p~qin B,,’ then there exist A ER and s, Sz, ++ © , Sy C An 
such that ı =d, s,=q, SEM (4 #1, k) and that the set of s, is minimal 
(that is, none can be omitted without violating the requirements placed 
de them) and that either n=1 and sı sin by c for all à (1—1, 

— 1) or else n 1 and s, and zu for all à (£251, - - - , kÁ—1) satis i the 
E Aha imposed on Qi and qii in dne 5. 


Note. By Definitions 4 and 5 there exist points q, with these proper- 
ties except g: CL, 2 #1, k (in those definitions a priori only q. EM), 
and minimality. Minimality can easily be attained since the number 
of q; is finite, but it is more difficult to show that we can take s; Cf; 
171, k; that is, s, — P"(C, D) for some v, C, and D depending on 7. It 
may also be remarked that by virtue of the requirement that s,~s.41 
by (5) or Definition 5—more precisely, by (5) or certain conditions 
stated in Definition 5—it follows that s, and su must be in the same 
subset (C, D)" of X, for both in (5) and Definition 5 this is required. 
For 1 «2£k—2, this fact and the requirement z, CH, à ¥1, k, mean 
that s, — 2"(C, D) and either s,41—2"*!(C, D) or s, £"?(C, D) for 
some p. 

Proor. If n=1, the conclusion follows immediately from Defini- 
tion 4; nina can obviously be attained since only a finite num- 
ber of points enter into (7). 

Now proceed by induction on 2; suppose p~q in B,’ and the lemma 
is known to be true for smaller values of the subscript. By Definition 5 
there exist points q, =s, with all the desired properties except minimal- 
ity and the requirement s; CH, for 11, k. Suppose o, and i1, k; 
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we shall show that g; can be omitted. But now in Definition 5, g; 
and gu must be in the same subset of Y, and g.-!~qi417! in B4 a 
(again omitting the trivial case p =q); likewise q; and g;_ı are in the 
same subset and q:-171=g, lin Bni’. By Definitions 1,2, and 3,q, can 
be in two subsets of W only if g:=p(C, D) for some j, but then q; is 
in M, as desired. Otherwise, q, is in only one subset, and this one 
must also contain g,1 and q;41and q._ı qi Tg; tin B, AT, Hence 
Qai cqui in Ba’ so we may simply omit q; from the set of os 
Thus by omitting some of the points provided by Definition 5 we can 
obtain a set which satisfies the conclusions of the lemma. 


LEMMA 5. (i) If pE(C, D)! and qC(C, D)! and pr~q in B,' and 
ET | <3, then the points ss, - * - , Sri of Lemma 4 may be taken as 
the set of all points of W between p und q. 

(ii) If pi(C, D)~p*(C, D) in B,' then CSB 4f i is even, DEB 
af its odd. 

(iii) If l(A)~r(A) in Ba’ then A SB. 

PROOF. First suppose z —1. 

Suppose the hypotheses of (i) are satisfied. Since n=1, we may by 
Definitions 1 and 2 replace these hyptheses by the following which are 
implied by them: p=p*(C, D), ges 2/(C, D), pq in Bi’, and |i—j] 
<4; by “replace” we mean that one whole set of hypotheses replaces 
the other set, but 4 and j need not have the same meaning in both. 
Indeed, the fact that (C, D)! contains both p7(C, D) and p’t!(C, D) 
is the reason why in the second set we must allow a greater difference 
between 4 and j. Since 2 —1, A, =}, so in Lemma 4, s; Cf; for all k. 
As in previous lemmas, we may ignore the trivial case p =q. 

First consider the case p=p°(C, D). Then by the assumptions, 
g=pi(C, D) with 1 <j <4. The s; of Lemma 4 are all in % for k ¥1, k. 
Moreover, s, and eu must be in the same subset of Y; in particular 
Sx isin the same subset as 54, so s,-ı is either pit! (C, D) or p?^(C, D). 
We shall assume the latter but the same type of proof would apply 
in the former case; likewise we shall assume j odd but a similar argu- 
ment would hold if 7 were even. In Lemma 4, pri D)~pi(C, D) 
in Bı’ implies by (5) that CSB since if j is odd then 7 —1 is even. If 
j—1=0 then p=54 1 and (i) holds, the set referred to being vacuous; 
otherwise s;.» exists. Both ss_2=g and 5x-2=5% 1 are prohibited by 
minimality, so by Lemma 4 and (5), s4.3— DI LC, D) and DSB. Thus 
both DSB and CSB. Then by (5), #(C, D)»p’t!(C, D) in B,' for 
all v by (5), so that if we take sa, - - - , Sz as the set of points of 9f; 
between f and q, they will have all the properties required of them 
by Lemma 4; obviously they are minimal, since only successive 
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2'(C, D) can be equivalent by (5). Thus we have disposed of the 
case p — DÉI, D). 

Now consider the case p=p1(C, D). If g=p°(C, D), the previous 
paragraph applies in view of the symmetry of our definitions as far 
as p and q are concerned. Otherwise, g=p’(C, D) with 2575. Either 
$5 1— $7 1(C, D) or Sk- =p! (C, D). In the former case the argument 
of the previous paragraph is still applicable; in the latter case the 
argument fails if j+1=6. But then DSB by Lemma 4 and (5) since 
f (C, D)--*(C, D); also, either ss=p°(C, D) or ss—-?*(C, D). If 
$5 — P" (C, D) then by the same reasoning, CSB; since we already have 
found D € B, then as in the previous paragraph, p’(C, D)~p’*1(C, D) 
for all » and (i) holds. If on the other hand ss — 2?(C, D) then either 
sx=q and the desired result (i) holds immediately, or s; — 2*(C, D) by 
minimality and so by Lemma 4 and (5), C S B and then just as in the 
last sentence (i) holds. Thus the case p=1(C, D) is disposed of. 

If p=p(C, D) for 2-5 or i=6, the situation is symmetric to the 
cases ¿= 1 and 4 =0 of the last two paragraphs. If 2—2, 3, 4, the same 
argument as with 2=0 may be used if p and q are interchanged, for 
the essential part of that argument was that p was between g and 
one end of À and that q was far enough from the other end. 

Thus for #=1, (i) holds in all cases. 

Now suppose the hypothesis of (ii) holds, with still  —1. By (i) 
which has been proved for this value of n, we then have p'(C, D) 
~p*t1(C, D) by (5); and (5) gives precisely the desired conclusion, 
proving (ii) for z=1. 

Now suppose the hypothesis of (iii) holds, with still n=1. By 
Lemma 4, s; — f, s» 2!(C, D) for some C and D, and, by (5), CX B. 
By minimality s=p?(C, D) so DSB. Thus A SCUD SB and (ii) 
holds. 

For n>1 we proceed by induction; suppose the lemma has been 
proved for all smaller values of , and that the hypotheses of (i) hold. 
For the moment let us suppose also that neither p nor q is in M, and 
consider the s; of Lemma 4. Both se and Sz are in Aı. If we consider 
these two points in the role of p and g, then the same argument as 
for n=1 may be applied, except that when there we appealed to (5), 
now we must look to Definition 5 as the way to have s,~s,41 in B,’. 

Consider the case s; — DÉI, D). Then sz-1=p7(C, D), where just as 
with n =1, jis not necessarily the j of the statement of the lemma, but 
1<j<4. Then s,» must be in the same subset of À as sı_ı, SO 51-2 is 
either pi#1(C, D) or £**(C, D); we shall assume that it is the latter 
and that j is odd. By Lemma 4 and Definition 5, 277 (C, D) ~p7(C, D) 
in B,' implies 1(C)~r(C) in Baa’. If j—1=0 then ss— 542 and (i) 
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holds as applied to zs and e A: ctherwise za exists and by minimality 
it is not $ so sıza =p "LC D), and by the same argument as in the 
previous sentence, /(D)~r(D) in Ba’. Hence if we take 55, - - - , Sz 
as the set of points of ?[; between s» and sz, they will have all the 
properties required for Lemma 4, for sp! and zu) will be either 
1(C) and-r(C) or (OD) and (D) or vice versa, and these have been 
shown equivalent. 

Now consider the case s; — P! (C, D). If si a3 — £?(C, D), the previous 
paragraph applies by symmetry. Otherwise sja-— (C, D) with 
25785. Either sy à p^ (C, D) or sy s— 7" (C, D). In the former 
case the argument of the previous paragraph is still applicable; in the 
latter case the argument fails if 7+1=6. But then by Lemma 4 and 
Definition 5 we have /(D)~r(D) in B4 4'. Also, either s;=p°(C, D) 
or sa — £*(C, D). If ss=p°(C, D) then by the same reasoning 1(C)~r(C) 
in Ba’; since we already found /(D)~r(D), then as in the previous 
paragraph, (i) holds as applied to sə and s,_1. If on the other hand 
54 — £?(C, D) then either s =s, and the desired result holds immedi- 
ately, or "ëss DÉI, D) by minimality and so from s~s, we have 
(Ont) in BA and just as in the last sentence (i) holds as ap- 
plied to s» and Spi. 

If s3— (C, D) for i>1, the proof may be referred to the cases 
1 —0 and 2—1 above, just as was done for n=1. Thus (i) holds in all 
cases, as applied to s» and sa now we must show that (i) holds as 
applied to p and q. 

Since we assumed that neither p nor q was in 9[;, s must be in 
. the same subset of À as p by the conditions of Lemma 4, and s, 1 in 
the same subset as g. Then by Definition 8, 53, - - - , 5x a (which by the 
above may be taken between s» and zx Al will be between p and q. 
Suppose however that s» is not between p and q though s; is. In view 
of the conditions imposed on the s, in Lemma 4, sa and s; must then 
both be in the same subset of Y as p; p t~s t~s! so p-lessg-! 
and ss may be omitted. Likewise if 54.1 is not between p and q it 
may be omitted. Thus (i) holds if neither p nor q is in %1; the argu- 
ment can readily be modified to take care of the possibility that one 
or both is in 9f;. 

Now suppose the hypothesis of (ii) holds. By (i), p*(C, D) 
cp" (C, D) in BA implies that their antecedents are equivalent in 
B, 4; that is, 1(C)~r(C) or 1(D)~r(D) in Ba’ as 4 is even or odd. 
But by (iii), which is assumed already proved for B,.;', this implies 
CSB or DSB as£is even or odd, so (ii) holds. 

Now suppose the hypothesis of (iii) holds. In Lemma 4, 1 =p — (A); 
$5 = DLC, D) for some C and D since s» C Yi and sz must be in the same 
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subset as sı. But by (i), KA) »p!(C, D) in B,’ implies CSB. Also 
5,— DÉI, D) by minimality so similarly DSB. Then A SCUD SB 
so (iii) holds. 


LEMMA 6. Suppose p~q in Ba’, pE(C, D): CA, and qc (E, F)! CY, 
where C, D and E, F are distinct paars. 

(i) If $1 then p~r(A) in Br’. 

(ii) If4«4 then p~l(A) in Bx’. 

(iit) If 7>1 then q~r(A) in Ba’. 

(iv) If j «4 then q~l(A) in B,'.- 


PRoor. Suppose the hypothesis of (i) holds: z>1. By Lemma 4 
there exist points sa with the properties specified there; in particular, 
$4 € 9; for h¥~1, k. We shall suppose that f is not in AL; the necessary 
modifications if GC will be obvious. By Definition 2, either 
Soss PIC, D) or ss — p**!(C, D); we shall first suppose the latter. If 
$9 — r(A), that is, 2—5, then the conclusion of (i) holds immediately; 
otherwise by minimality s;=p't?(C, D). If ss=r(A) then (i) holds; 
otherwise s4— $***(C, D). But p+}! (C, D)--p***(C, D) ~p*(C, D) in 
B,' imply CSB and DSB by Lemma 5 (ii), so ?"(C, D) ~p’t(C, D) 
for all y, and se~r(A) in B,’. Since ps: we have p~r(A) as desired. 

If aas bit, D) the same type of argument applies; the hypothesis 
4>1 insures that we shall get both C € B and DSB. 

Thus (i) holds. The proofs of (ii), (iii), and (iv) are similar. 


5. Proof of isomorphism. Having developed some tools in the pre- 
vious section, we now proceed to prove that the partially ordered 
system of equivalence relations of Definition 7 is a lattice (a sublattice 
of the lattice of all equivalence relations on ©) and is isomorphic to 
the given lattice €. Using the natural ordering among equivalence 
relations, we write B' SG’ if and only if p~gq in B'implies p~g in G’. 


LEMMA 7. If B EG then B' SG’. 


Pnoor. From Definition 4 it is obvious that B<G implies Bi! € Gi". 
By Definition 5 and induction it follows that then B„’<G„’, so by 
Definition 7, B' € G'. 

Thus Lemma 7 holds; this proves that there is an order-homomor- 
phism between the lattices. To prove it a lattice-homomorphism we 
need the next two lemmas. 

Any two equivalence relations, G’ and H’, havef a greatest lower 
bound, G'(MT', as equivalence relations—namely, p~q in G'(MT' if 
and only if p~q in both G’ and H'—though it is not apparent a priori 


* See for instance Birkhoff [1], or the other references cited in footnote 2. 


H 
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that this new equivalence relation is one of those which we have con- 
structed to correspond to the elements of the given lattice. Likewise 
G' and ZH’ have a least upper bound G’UH’—p-~q in GUHA’ if and 
only if there exist 71, 2, © © * , rą with 11-5, r,=q, and for each 2, 
ricr,41in G’ or in H'— which need not a priori correspond to an ele- 
ment of the given lattice, but we proceed to show that it is in fact 
identical with the relation constructed to correspond to GU. 


Lemma 8. (GUUH)' G'JH'. 


Proor. GSGUH so, by Lemma 7, G' S(GUH)'; similarly H’ 
€ (GU H)'; hence G'UH' S (GU H)' since G'UR” is the least upper 
bound of G’ and H' as equivalence relations. As for the converse, 
we propose to prove by induction on z that | 


(G U Hi, = Gas’ U Haa . 


Suppose 2 =1. If p~gin (GU#)1’ then by Lemma there exist the 
usual points s; with s,7«s;41 by (5). Suppose it is the alternative (5a) 
which holds; then for an even 4, s;— £*(C, D), s;13— p** (C, D) or 
vice versa, and C<GUH. Now consider the set Gi; it has subsets 
(G, HP since CSGUH, and #(G, H)~p’t(G, H) in Gi’ if v is even 
and in Hı’ if v is odd, by Definition 4. By Definition 5 the images of 
these points in X, are equivalent in Ge’ or Hy’ as the case may be; 
if the prefix J denotes their images, then 


s; = $(C,D) = IP (G, Hie fait, H) ~. -~ Ig*(G, H) ~ IEp*(G, H) 
T pe, D) = SH 


in Ge". Thus for each j, s~s; in G? UH so p~q in Gs" UH?’ 
as desired. 

If 11, we proceed by induction. If p-g in (GJ, then by 
Lemma 4 there exist the usual s, with s t~s 1! in (GUA) n-1’ by 
Definition 5. By induction, sj^!—-s;41? in G,' H,'. By the nature 
of the least upper bound, there exist 71, : : * , 7, in € or in D with 
=s, re= Sj, tioin in G,’ or in H,’. By Definition 5, their 
images in Y are equivalent: I7r;~Ir.i1 in Grp’ or in Hai’. Hence 


S; = I m In = $41 in Ga41 U Hs) 


for each 7. Hence pg in Gagi/U Hay’, as desired. 
Thus for all s, (GUH), €G444 Van”. But Gay’ SG’ and 
Haa! SH’ so 
GU BH)!’ S Gua U Bad SGU FH”. 


If p~qin (GUH)’ then p~q in (GU H),' for some n by Definition 7, 
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and then by the above inclusion relations, pq in G'UUH'. This proves 
Lemma 8. 


LEMMA 9. (GMT)! -G'CWMH'. 


Proor. By Lemma 7, (GMT)' €G' and (GMT)! SH’, so (GNH)’ 
<G'(\H’. For the converse, suppose p-~g in G'NH’. Then prvg in 
G' and in H’. By Definition 7, p~q in Gel and in Hm’ for some n 
and m; suppose for instance n =m; then p~qin G,' and in H,'. It will 
therefore prove the lemma if we can show that prog in G,’ and in 
IT," imply p~q in (GT VTT, which we proceed to do by induction. 

Suppose z — 1. 

Case 1. p=pi(C, D), gess pit, D), |i—j| €3. Now prgq in Gy’ and 
in Hy’. By Lemma 5 (i), the sa of Lemma 4 for both Gi’ and Ay’ 
may be taken as the set of points of Y, between p and g, and sy say 
by (5a) or (5b), depending on whether the index is even or odd. Hence 
CSG and CSH, or DSG and D H—depending on whether it is 
(Sa) or (Sb) that applies—so C<GN\H or D€G( MH. Hence by (5), 
SPS in (GÜMT);'. This holds for each k, so p~q in (GMH);’ as 
desired. 

Case 2. p=p*(C, D), gq=pi(C, D), li—jl >3. We may ássume i<j. 
By Lemma 4 there exist the usual s, with sis in Gn’ by (5). Ther 
4=0 or ëss DI, D) or ss- p**(C, D). 

Case 2a. s» — p* (C, D). Suppose for instance £ is even; then by (5), 
CSG. Also s3=5, and s3=s2 are excluded by minimality, and zs zg 
and s; —q are excluded by EH) >3, so s3=p't?(C, D) and DEG bv 
(5). Hence using (5) in the opposite direction, p’(C, D)~p’t!(C, D) 
for all v; and 5, /(A), r(A), and q are all equivalent in G,'. Before 
proceeding, we bring the other subcases of Case 2 to a corresponding 
situation. | 

Case 2b. s, — p*1(C, D). If i=1, we have immediately ?"(C, D) 
~p'(C, D) and CSG. Otherwise i=2, since 2>2 is excluded by 
|¢—j| >3. But by minimality, 


Ss; = NIC, D) = A) 


and CSG and D €G from 553 and 5160. 

Case 2c. 2-0. Here p=1(A). 

Thus in all subcases of Case 2, if #(C, D) and £**!(C, D) are both 
between p and /(4) then CSG or D £G as v is even or odd. Similarly 
CSH or DSH, so CSGMI or DSGNH, and £*(C, D)c-pr(C, D) 
in (GMT), so p~1(A) in (GM), as well as in G’ and H,’. Simi- 
larly g~r(A) in Gi’, in Ay’, and in (GMT, Then 
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l(A)--p-q--r(A) in Gi andin Hi; 


by Lemma 5 (iii), À Gand A <H. Hence A SGOH, so by Lemma 1, 
1(A)~7(A) in (Gr VI Thus 


$e (A) ~r) oq in GOB) 


as desired. 

Case 3. bc (C, D)*, qc (E, F)i with C, D and E, F distinct pairs. 
This breaks up into four overlapping subcases. 

Case 3a. $51, j 51. By Lemma 6, p-r(A)-4 in Gi’ and in Ay’. 
By Cases 1 and 2, p~r(A)-~g in (GMH)1’ so pq in (GMT) as 
desired. 

Case 3b. i>1,j<4. By Lemma 6, p~r(A) and g~/(A) in Gi’ and 
in Hy’; hence r(A)I(A) in Gi’ and in Ay’. By Lemma 5 (iii), ASG 
and A <H so A SGOH and by Lemma 1, /(A)~7(A) in (GAH). 
By Cases 1 and 2, p~r(A) and g~I(A) in (GA VI, so by transitivity 
p~q in (GAH) as desired. 

Cases 3c and 3d.1<4, j 51 or j «4. Similar to Cases 3a and 3b. 

This concludes the proof for n 21. If 4? 1, we proceed by induction. 

Case 1. pE(C, D), gE(C, D}, |i—j| €3. By Lemma 5 (i), the sa 
of Lemma 4 for both G,’ and H,' may be taken as the points of 9f, 
between p and q. But seg in Gs a' and in D, A and (by induc- 
tion) in (GMT), al, for all k. By Definition 5, p~g in (GM H),’. 

Case 2. pE(C, D)', gE(C, DY, [i=j] >3. We may suppose 1 <j. 
Let us also suppose that neither p nor q is in 35; the modifications 
otherwise necessary will be apparent. By Lemma 4 the usual s; 
exist, with Sk vs pr | in Gr, and $2 C (C, D)’ but sE(C, D): by 
minimality. Also s, EM for #1, k. Then s; C (C, D)**1 or sc (C, D) 5?! 
or iz, 

Case 2a. sE(C, D)**1, Then s»—$'(C, D) and s; — **1(C, D) is 
impossible, for this would put si, sz, and ss in the same (C, D)* con- 
trary to minimality. Hence, 52=p"#1(C, D) and ss—$***(C, D). If, 
say, 4 is even, then ss t~s! implies 1(D)~r(D) in Gam’. Likewise 
sa=p"#(C, D) and 1(C)~r(C) in Gam’. Also p-!~s2 and by transi- 
tivity p-!~1(C) in G,a'; if à were odd this last would be p-!~1(D) 
in Gal. ` 

Case 2b. sE(C, D)*. In a similar manner, if p’(C, D) and 
~’+1(C, D) are between p and /(A) then 1(C)~r(C) or KD)r(D) in 
G,-1', as v is even or odd, and p-!~1(C) or Brell in Gr’. 

Case 2c. i=0. In a similar manner, the same conclusion holds as 
in Case 2b. 

Thus in all subcases of Case 2, if £'(C, D) and p’t!(C, D) are be- 
tween f and 1(A) then 1(C)~r(C)-or I(D)-r(D) in Gra’ as v is even 
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or odd, and p--~1(C) or p-!~1(D) in Ga’ as is even or odd. Simi- 
larly these equivalences hold in H,’ and so by induction in 
(GCWT), a^; hence p~1(A) in Gr’, in-H,’, and in (G/\H)„’. Similarly 
g~r(A) in Ga’, in Z7,', and in (GCWMT),'. Then 


KA)mpmgmrA) in Gr andin Hj; 


by Lemma 5 (iii), ASG and ASH so A EG(MI and by Lemmas 1 
and 2,/(4)r(4) in (Gr VIe, Thus . 


pmUA)mrA)mg in GO), 


as desired. 

Case 3. 5C (C, D)*, qC (E, Fy?. The same argument as for n=1 may 
be used. 

Thus Lemma 9 1s proved. This shows that we have a lattice-homo- 
morphism. To prove this an isomorphism we need the following 
lemma. 


LEMMA 10. Jf B’SG’ then BSG. 


Proor. By Lemma 1, /(B)~r(B) in B’, so by hypothesis /(B) ~r(B) 
in G’. By Definition 7, 1(B)-~r(B) in Ga’ for some x. By Lemma 5 
(i1), BSG as desired. 

From Lemmas 7-10, the equivalence relations which were con- 
structed form a lattice isomorphic to the given lattice. Hence we have 
the main result: 


THEOREM 1. Any lattice is isomorphic to a sublattice of the lattice of 
all equivalence relations on some set. 


COROLLARY 1. If a lattice identity holds in the lattice of all equiva- 
lence relations on the set ©, for every ©, then this identity holds in every 
lattice. 


6. Connection with groups. Birkhoff has shown [1] that any sub- 
lattice of the lattice of all equivalence relations on a set is isomorphic 
to a sublattice of the lattice of all subgroups of some group.” In view 
of Theorem 1, we immediately have the following theorem. 


THEOREM 2. Any lattice 1s isomorphic to a sublattice of the lattice of 
all subgroups of some group. 


COROLLARY 2. If a lattice identity holds in the lattice of all subgroups 
of the group ©, for every ©, then ihis identity holds in every lattice. 


7 The converse is better known; Birkhoff [1] has a proof of it as well as references. 
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since Birkhoff gives only an indication of the proof of his result, 
it is perhaps worth giving a proof here. We are given a lattice of 
equivalence relations on a set ©. If B is one of these relations, let B* 
be the group of all permutations P: p—f(p) of the points p of € such 
.that | 

(8) for each p, f(p)p in B, and | 

(9) P leaves unchanged all but a finite number of the points of ©. 

Evidently B* is a subgroup of the group of all permutations of ©. 

Then B*NC*=(BNC)*, for any permutation which satisfies (9) 
and has f(p)-p in B and in C also has f(p) ~~ in BAC and con- 
versely. i 

Also B* WU C* =(BUC)*. For certainly B* < (BU C)* and 
C* < (BU C)*; on the other hand suppose PE(BUC)*; that is, P is 
a permutation which involves only a finite number of points and in 
which f(p)-p in BUC. By definition of join of equivalence relations, 
there exist for each p affected a finite number of points i, - * + , wz 
with w =p, w; —f(p), and w:~w; in B or in C. Consider, for a given 
p, the permutation which is the following product: 


(wiwa) (wzw) (1504) + (Wr aou) ops, or 1) (005 ag ai... (ww). 


We observe that this product equals (wıw;); that is, it simply trans- 
poses p and f(p). On the other hand each factor (w.w:;,:1) is a member 
of B* or C* according as w;~wi41 in B or in C. Thus any transposition 
(wwz) of points equivalent under BUC is a member of B*U/C*. But 
by (9), any member of (BUC)* affects only a finite number of points 
of €, and hence is the product of a finite number of transpositions 
(pq); it is evident that these transpositions can be so chosen that 
p~q in BUC; by the above argument each of these transpositions 
(and so also their product) is in B*UC*, so (BUC)* < B*UC*, Then 
by the first part of this paragraph, (BU C)* — B*UC*. Thus the given 
lattice of equivalence relations bas an isomorphic lattice of subgroups 
as asserted. 
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ON THE COMMUTATIVITY OF CERTAIN RINGS 
ALEXANDRA FORSYTHE AND NEAL H. McCOY 


1. Introduction. In his fundamental paper [5]! on Boolean rings, 
Stone showed that a Boolean ring, that is, a ring R with the property 
that a?=a for every element a of R, is necessarily commutative. Re- 
cently, Kaplansky [3] announced that this result can be extended 
and that, under certain rather strong conditions on the positive in- 
teger n, a ring R is commutative if a” =a for every element a of R. 
Furthermore, Jacobson [2] has now shown that this is true without 
restriction on n. In fact, he has established the following more general 
result: 


THEOREM 1 (Jacosson). If for each element a of a ring R there exists 
an integer n(a)>1, depending on a, such that a" ® =a, then R is com- 
mutative. 


A simple calculation [2, p. 702] shows that every element of a ring 
satisfying the hypothesis of this theorem has finite additive order. 
Thus if a division ring satisfies the hypothesis, its prime field is neces- 
sarily finite. Theorem 8 of [2] then furnishes a short and elegant 
proof of Theorem 1 for the case of division rings. The proof of the 
theorem can then be completed by obtaining a *reduction to division 
rings," that is, a proof that the theorem is true for all rings if it is 
true for all division rings. Jacobson accomplishes this by use of some 
rather deep results on algebraic algebras. The principal purpose of the 
présent note is to present a simple reduction to division rings which 
was obtained independently by the present authors. This, coupled 
with Jacobson's proof of the result for division rings, furnishes a short 
and simple proof of Theorem 1. 

We shall give, in $3, an entirely elementary proof of this theorem 
for the special case in which R is of prime characteristic p and a? =a 
for every element a of R. Such a ring is a p-ring [4], which is perhaps 
the simplest and most natural generalization of a Boolean ring. 


2. The reduction to division rings. We shall, in fact, treat a some- 
what more general case which may be of some interest in itself. 

We recall that, according to Birkhoff [1], a ring R is subdirectly 
irreducible if the intersection of all nonzero two-sided ideals in R is a 
nonzero ideal. The following fundamental theorem is essential for our 
purpose: 


Received by the editors January 7, 1946. 
1 Numbers in brackets refer to the references cited at the end of the paper. 
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THEOREM 2 (BIRKHOFF). Any ring is isomorphic to a subdirect sum 
of subdirectly irreducible rings. 


We shall begin by proving the following lemma: 


LEMMA 1. In a ring S without nonzero nilpotent elements, every tdem- 
potent 4s in the center. 


Let e be an idempotent in the ring S, and x an arbitrary element 
of S. Then 


(exe — ex)? = exexe — exex — exexe + exex = 0. 


Thus exe = ex, and a similar calculation shows that also exe —xe. Hence 
ex —xe, and e is in the center. 


LEMMA 2. If S is a subdirectly irreducible ring without nonzero nil- 
potent elements, then the only idempotents in S are the zero and the unit 
element in case S has a unit element. 


To prove this, let us assume that e is an idempotent in S, neither 
0 nor 1, and show that S is not subdirectly irreducible. By Lemma 1, 
e is in the center of S and thus the set of all elements of the form 
x —ex, x€ S, is a two-sided ideal a in SS. Furthermore, a is not (0) 
since otherwise e would be the unit element, contrary to hypothesis. 
Let b be the two-sided ideal in S consisting of those elements of the 
form ex, x € S. Then b= (0) since it contains e? =e~0. Now ab = (0), 
for if x —ex—ey, multiplication by e shows that ey —0. Hence S can 
not be subdirectly irreducible. — . 

A ring R is a regular ring |6] if for each element a of R there exists 
an element x such that 


(1) axa = a. 


We do not assume the existence of a unit element. From (1), it fol- 
lows that ax is idempotent. If R has no nonzero nilpotent elements, 
Lemma 1 shows that ax is in the center of R, and hence (1) may be 
written in the form a?x =a. Conversely, if a0, the existence of an x 
such that a?x =a certainly implies that a is not nilpotent. We have 
thus established the following lemma: 


LEMMA 3. A regular ring R has no nonzero nilpotent elements d and 
only if for each element a of R there is an element x such that a?x =a. 


We may now easily complete the proof of the following theorem 
which is the principal result of this note: 


_ 
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THEOREM 3. A regular ring R is isomorphic to a subdirect sum of 
division rings if and only if R has no nonzero nilpotent elements. 


The necessity of the condition is obvious. To prove the sufficiency, 
we consider a regular ring R without nonzero nilpotents which, by 
Theorem 2, is isomorphic to a subdirect sum of subdirectly irreducible 
rings R.. Now each R; is a homomorphic image of R and therefore a 
regular ring and, by use of Lemma 3, we see that no R, has nonzero 
nilpotent elements. Thus, by Lemma 2, R; can have no idempotents 
other than the zero and the unit element. Now if a; 1s any nonzero 
element of R; there is an x; such that a,x,a,=a,. Thus gea, 0 and is 
idempotent. It follows that a; is the unit element of R; and, by a 
similar argument, x;a; is also seen to be the unit element. Since every 
nonzero element of R; has an inverse, R, is a division ring. 

Theorem 3 clearly contains, as a special case, the desired reduction 
of Theorem 1. For a ring R satisfying the condition of Theorem 1 is 
obviously regular and has no nonzero nilpotents. Hence such a ring 
is isomorphic to a subdirect sum of division rings each of which satis- 
fies the condition of the theorem. 

We are indebted to the referee for the following remark. If a is 
any nonzero element of an algebraic algebra without nonzero nil- 
potent elements, the subalgebra generated by a is of finite order and 
semi-simple. It is therefore a full direct sum of a finite number of 
fields and thus the equation axa —a has a solution. Such an algebra 
is therefore regular and we have another proof of the following result 
due to Jacobson [2, Corollary to Theorem 6]: 


COROLLARY. An algebraic algebra without nonzero nilpotent elements 
is tsomorphic to a subdirect sum of division algebras. 


3. A special case. We now let R be a ring of prime characteristic p 
with the further property that a” =a for every element a of R, and 
shall give an elementary proof that R is commutative.’ 

If a and b are any two elements of R, we must have 


(a+b)? = a4-b = ar + [er] + [art] +... 


2 

( ) ER [ab7-1| + b», 

where 

(3) [a-15] = a7-1b + a? ha + ++. + abar? + bar, 


and, in general, [a‘b7] is a sum of products of elements a and b, in 


2 Professor Jacobson has informed us that he has also obtained a simple proof in 
this case. 
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each term of which a appears z times and b appears j times. Since 
a? =a, b? =b, we see from (2) that 


(4) [arb] + [arb] +... + [abr] = 0. 


Now (4) is true for all elements a and b, hence we may replace b in 
turn by 2b, 35, - - - , (p—1)b, thus getting the following system of 
equations, the first of which is merely equation (4): 


[a?715] + [ar73] +--+ + [ab] = 0, 


(5) 2 |a»-!5] + 22[az5?] +... + 27 [abr] = 0, 


(p — 1) [a7] + (p — Dar] + + (p — 1) lab] = 0. 
Now let m denote the Vandermonde determinant E (2, 7 —1, 2, d 
p—1i), and m1, ma, - + - , Mp the cofactors of the elements of the first 
column of m. If we multiply the equations (5) by mi, s, +++, moa, 
respectively, and add, we get m|a?-15] 0. Now m is known to be 
a product of positive integers less than p, hence is prime to p; thus 


we must have [a?-1b]=0. A simple calculation, using the explicit 
formula (3), and making use of a? =a, shows that 


= alar!5] — [a»-15]a = ab — ba. 


Since a and b are arbitrary elements of R, this proves that R is com- 
mutative. 
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VASSAR COLLEGE AND 
SMITH COLLEGE 


SOME REMARKS ABOUT ADDITIVE AND 
MULTIPLICATIVE FUNCTIONS 


P. ERDOS 


The present paper contains some results about the classical multi- 
plicative functions $(2), e(n) and also about general additive and 
multiplicative functions. 

(1) It is well known that 2/¢(m) and o(n)/n have a distribution 
function.! Denote these functions by fi(x) and f(x). (fi(x) denotes the 
density of integers for which »/$(») €x.) It is known that both fi(x) 
and f(x) are strictly incrtasing and purely singular.! We propose to 
investigate fi(x) and f(x); we shall give details only in case of fi(x). 
First we prove the following theorem. 


THEOREM 1. We have for every e and sufficiently large x 
(1) exp (— exp [(1 + 9a]) < 1 — f(x) < exp (— exp [(1 — dax) 
where a =exp(—"7), y Euler's constant. 


We shall prove a stronger result. Put A-=[ be, pi consecutive 
primes. Define Ax by Ax/6(Ax) 2x » Ax a/ó(Ax3). Then we have 


(2) . 1/An € 1 — ai < 1/4 


First of all it is easy to see that Theorem 1 follows from (2), since 
from the prime number theorem we easily obtain that log log 4; 
— (1-F-o(1))ax, which shows that (1) follows from (2). 

(2) means that the density of integers with $(») X(1/x)n is be- 
tween 1/4; and 1/41". 

We evidently have for every n=0 (mod Ax), n/@(n) 2x, which 


proves 
1/Ax Ss 1 — fi(x). 


To get rid of the equality sign, it will be sufficient to observe that 
there exist integers u with u/p(u) zx, (u, Ax) =1, and that the density 
of the integers n=0 (mod x), 240 (mod Ax) is positive. This proves 
the first part of (2). The proof of the second part will be much harder. 
We split the integers satisfying n/p(n) 2x into two classes. In the 
first class are the integers which have more than [(1— «,)k|=7 prime 
factors not greater than Bpr, where B —B(e) is a large number. In 


Received by the editors June 22, 1945, and, in revised form, January 28, 1946. 
1 These results are due to Schonberg and Davenport. For a more general result see 
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927 


528 P. ERDOS [June 


the second class are the other integers satisfying n/D(n) 2x. It is easy 
to see that the number of integers of the first class does not exceed 
(3) ee EE teg ue 
since (Bf) —o(px) (m(x) denotes the number of primes not greater 
than x), and from the prime number theorem log 4,» (1— e); if e 
is small. 

Let now # be any integer of the second class. A simple argument 


shows that " | 
1 : 1 C 
II(: - —)« II (1-—)<1- = 
pin D bul pr log px 
The prime indicates that the product is extended over the nz Bp. 
The first inequality follows from the definition of Ar, and from the 


fact that n is of the second class, the second inequality follows from 
the prime number theorem. Thus we have 





C1€1 





1 
(4) KE . 
pin P$: log px 
Denote now by J; the interval (B'p,, Bit, i=1, 2, - - - . It follows 
from (4) that for every integer of the second class there exists some ¢ 
such that 


1 
5 oe 
Š ARTT 


where in 3 e the summation is extended over the primes in J;. Thus 
for some £, n must-divide more than 


(6) cye1(.B4/2")(px/log px) = B, 


primes in J;. The density of the integers satisfying (6), that is, the 
density of the integers of the second class, is less than 


(D ^ GI 2 Ly indt «quu eme 
ton] pind? p [Bi]! Ax 


that is, >>» ins, 1/p<1 for large enough k (B is independent of E), if 
B —B(«&) is large enough. Theorem 1 now follows from (3) and (7). 
From Theorem 1 we easily obtain that 


€1 


luc em 


H Z— o Ke nal 


exists. In fact we can also prove that for « <a 
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1 z 
lim — 2; exp (exp (¢(n)) 


exists. For &>a the limit is infinite. 
‘THEOREM 2. 
0A. St =D UE 
We omit the proof since it is very similar to that of Theorem 1. 
THEOREM 3. Let e—0, then 
Al +e = (1+ 0(1))a/loge, (+ = (1 + 0(1))a/log e. 


We prove only the first statement since the proof of the second is 
essentially the same. Let # be an integer with n/&(n) € 1 4- e. Clearly n 
does not divide any prime p « (1 — (1-- e) )71 = e-1-- O(1). Thus 


(8) A(1 +) < (1 + o(1))a/log ei, 
Denote by J; the interval 
ar — (1 + 977, datt — (1 + 97975. 


lf an integer n#0 (mod $;), p,<(1—(1+e)-1)-1, does not satisfy 
n/o(n) S1--e, then a simple computation shows that for some f it 
must have at least ¢ prime factors in J; Thus the number of these 
integers does not exceed 


(+o) ——X( X —) [= «aftog ©), 


log €! 121 \ pin J, 





which together with (8) proves Theorem 3. 

It follows from Theorem 3 that ff (1) = œ. It would be easy to 
show that fi (n/p(n)) = © for every n. 
— Denote by fit and fa* the distribution functions of 


1 wmd 
D: _ >) and > a a> 0. 








pin din Q^ 
THEOREM 4. 
(a) aa (a) Qa 
h (0-49 = (1+o(1)) » fa = (Foi 
log €^! log e! 


We omit the proof since it is very similar to that of Theorem 3. 
Let us denote by F,(x), «0, the distribution function of 
[LG = 1/log $2), o zU. 
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THEOREM 5. 
Fi(1 +e) = (1 + o(1))be, 


that is, Fi (1) =b. Also F4 (1) =0 for & <1 and F1 (1) — © fora>1. 


We do not give the details of the proof since it would be long and 
similar to that of Theorem 3. We just make the following remarks: 
If » satisfies 





site 
pin log p 


then n does not divide any prime pSexp(1/e). Thus FY(1+e) 
<(1+0(1))ae. But here (unlike in Theorem 3) we have Fi(i+e) 
=(1+0(1))b, b «a. We obtain analogous results if we consider the 
additive function 3 sin 1/log p. It is possible that F? (x) exists for 
every 1 Ex, but this we can not prove. 

(2) The following results are well known: 


2, (m) (m) 
=(1+ am = = (i+ o(1)) = — à 
mæl M mæl M 
The density of integers for which e(n+1)/(n+1) >o(n)/n is 1/2, also 
the density of integers for which d&(n+1)/(n+1)>d(n)/n is 1/2.? 
Now we prove the following theorem. 


THEOREM 6. Let g(n) /log log log n— ». Then we have 


' nto(n) dí, 

(i) 2 ER = Go) = — go). 

(ii) The number of integers m in (n, n+g(n)) which satisfy 
o(m+1)/(m+1) » é(m)/m equals (1+o(1))g(r)/2. 
. (üi) The number of integers m in (n, n+g(n)) which satisfy 
m/o(m) Sc equals (1-Ho(1))g(n)fılc). In other words the distribution 
function of d(m)/m in (n, n+g(n)) is the same as the distribution fwzc- 
tion of p(m)/m. 

All these results are best possible; they become false if for infinitely 
many n, g(n) <c log log log n. ` 

We prove only (i); the proof of (ii) and (iii) are similar. Let 
A =A(n) tend to infinity sufficiently slowly. Put 


: m) = Dı(m)D.(m), 


2 P, Erdós, Proc. Cambridge Philos, Soc, vol, 32 (1936) pp. 530-540, 
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Di(m) = JY’ D — =), Dam) = ]J (1 (: = eil 


pim pim 


The prime indicates that p S4, the two primes that p>A. We evi- 
dently have 


n+g(n) n+o(n) a 
> ue <È Dim = X" ears 





mn 


(9) 1 T? 
= (1+ oDe TT (: E si = (1 + o) = gto) 


where the three primes indicate that the prime factors of d are not 
greater than A, and (g(n)/d) denotes the number of multiples of d 
in (n, n+g(n)). Now we show that for sufficiently large A the num- 
ber of integers in (n, n+g(n)) which satisfy 


is o(g(n)). It will be sufficient to show that 
(11) II Dem) > (1 — 9 


for every 7 70, the product over m runs in (n, n+g(n)). We evidently 


have MM 
IT 2.) > IT. -) II. (1-7) 


where, in IT, À <p € g(z), and in Il» p runs through the prime fac- 
tors greater than g(m) of n(n+1) - - - (n+g(n)). Clearly 


a(n) 
Ih> II (: = =) > (1 — mo, 
p>A 
From the prime number theorem we have [[,<.9 <e”. Thus 
1 C 
ll: II (: -— =) Se 
pS2y ? log y 
where y —log [n(2--1) - - - (n+g(n))]. Hence using g(n)/log log log z 
— ©, we obtain by a simple calculation that 
ll: > LU — na) 


which proves (11) and therefore (10). From (9) and (10) we obtain by 
a simple argument that 
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ntg(n) "m pim) r? 
(12) 2% — > (1 — ei b» is (1 + o(1))g() — 


men man 


(i) now follows from 9 and (12).3 

Now we are going to prove that (i) is best possible. Put g(N) 
=ç log log log N, n/2<N<n. Further let A, 245-:--, A, 
r = [271 log log log n] be relatively prime integers all of whose prime 
factors are less than 27! log n and for which 


1/4 < (43/4; < 1/2, i212,--,r. 


This is obviously possible since 


1 C 1 \ (log log log 2)/ 2 
E baie i wee 
p< (log n)/2 ? log log n 4 


Now choose 2/2 <N «n so that N+j=0 (mod A,), j &r. This is pos- 
sible since by the prime number theorem 41-42 - - : A,<n/2. (In all 
cases where we refer to the prime number theorem a more elementary 
result would be sufficient.) Clearly 


NT (log log log n) /2 dia) log log log n 





m=N-+1 m 4 
From (9) we have 
NTeUD em) 6 log log log # 
(13) Kä ——- « (1 + o(1)) — (em — DEUX) 
N-+H(log log log n)/2 M T A 


Thus finally from (10) and (11) we obtain e a simple calculation 
m=N m 
which shows that (i) is best possible.‘ 


THEOREM 7. Let gi(n)/log log n>». Then we have 


nta) g 
(i) KS m (1 + o(1)) — po). 


(ii) Let go(n)/log log log n— 9». The number of integers m in 
(n, n+g2(n)) which satisfy o(n+1)/(n+1) >a(n)/n equals (1+0(1)) 
:g(n)/2. 

8 This proof is similar to a proof in P. Erdös, J. London Math. Soc. vol. 10 (1935) 
pp. 128-131. 


4 This proof is similar to a proof of Chowla and Pillai, J. London Math. Soc. vol. 5 
(1930) pp. 95-101. 
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(iii) The number of integers m in (n, n+g(n)) which satisfy o(m)/m 
<c equals (1+0(1)) g(n) fa(c)5 All these results are best possible. 


We omit the proof of Theorem 7, since it is similar to that of Theo- 
rem 6. We must allow g1(7)/log log n— «, since it is well known that 
for somex <n, o(m) >c log log n (for example, m =] ges m P). 

Let f(x. <1 and F(n)21 be multiplicative functions with 


" rl... and 2 eo 


Then we have: 


THEOREM 8. Let À —A(n) tend to infinity arbitrarily slowly, then 


1 n+A 1 n 
7 2; fm) < (1 + (o(1)) P A. f(m) 


mal 


and T e 
p > F(m) > (1 + o(1)) 2, F(m). 


The proof is quite trivial; it is similar to that of (9). It can be shown 
that lim (1/2)5 2- f(m) and lim (1/2) 5.., F(m) exist. 

Denote by V(r) the number of prime factors of n and by d(x) the 
number of divisors of #. We can prove analogs to Theorem 6 for these 
functions. But the results are very unsatisfactory since for v(n) we 
have to choose g(n) =n% l7 and for d(n), g(n) =n° for some suit- 
able c. 'These results are probably very far from best possible. 

(3) Let n = pipet? - - - pet, pit eben +++ fekt Put (He) 
zs DEI. We prove the following theorem. 


THEOREM 9. Let 1 «x, then for almost all n the number of b’s greater 


than x equals 
ci log log n + o(log log n). 

REMARK. We immediately obtain that every interval (x, x- e) 
contains (1+0(1)) (e/x(x-- e)) log log n bis, 

We are going to give only an outline of the proof. First of all we can 
assume that all the a’s are 1, since for large r the number of integers 
not greater than n for which r or more of the a’s is greater than 1 
is less than ez, since the number of these integers is clearly less than 


(= 5) /n«« 


5 This result has been stated previously, see footnote 4. 
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Denote by F(n) the number of prime factors p of n such that no prime 
q in (p, p?) divides n. F(n) is thus the number of b's not less than x. 
We have 


1 
(14) Y F(m) = — „ log log n + o(log log n). 
mal 
We now give a sketch of the proof. Clearly 


S Fm) = D Lei 


me] 


where f,(n) denotes the number of integers m Sn, with m=0 (mod p) 
and m#0 (mod q), p «q € ?*. It is easy to see that for p <n‘ 


fn) = (1 + 0(1))n/px (p large), 
fn) S n/p. 


Also for all p 


Thus 
YF) => d > Ss o(log log n) 


mml pant DX ntc Den 


I 
= (1+ o(1)) ET, 


which proves (14). Now we have to Tor that 
F(m) = (1 + o(1))(log log n)/x 


for almost all m € n. We use Turán's method. We have 


Y (rm -- — = log log d 


mal 
log 1 2 
= S Fm) — Z log log n Y^ F(m) +n ed! 
X 


Now mal mel 
n u 1 1 2 
(15) 2; Fin) = D + ste (ER) 


We omit the proof of (15), it is similar to the proof of (14). Thus 
: 1 
y (r (m) — — ; 108 log n) = o(n(log log n)?) 
mæl 

which proves Theorem 9. 


6 P, Turán, J. London Math. Soc. vol. 9 (1934) pp. 274-276. 
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THEOREM 10. For almosi all n we have 
(O25 b; = (1 + o(1)) log log log log log n. 


Pln 
THEOREM 11. Let 1 <x be any number. For almost all n there exist 
intervals (m, m”), m? Sn, such that for every m Sy Sm”, n#0 (mod y). 


We omit the proofs of Theorems 10 and 11. They are similar to that 
of Theorem 9. i 

For some time I have not been able to decide the following ques- 
tion: Is it true that almost all integers n have divisors dı and dz, such 
that dı « ds < 2dı. 

(4) Let f(z) be an additive function which has a distribution func- 
tion. Then it is well known that’ 





(16) „iD, ©, >, Er. 
p p À 
F) «f(2) if |f(p)| S1 and f(p)' «1 if |f(p)| >1. Assume now that 


If(pe)| € C (f(n) is assumed to be real valued). We prove the follow- 
ing theorem. 


p 


THEOREM 12. Let | fëll <c. Denote by F(x) the distribution func- 
tion of f(x). We have 
F(x) > 1 — exp (- cz), 


for every c and sufficiently large x. In other words the density of integers 
with f(n) zx is less than exp( — cx). 


Put g(z) =exp(2cf(n)), g(n) is multiplicative and clearly has a dis- 


tribution function. Define “ 
fin) = 2 fO» x(n) = exp (2cfz(n)). 


For sake of simplicity we assume that f(p*) =f(p). It is well known 
that the distribution function F(x) of f(n) converges to F(x), thus 
the distribution function G;(x) of g.(x) converges to G(x) (G(x) is the 
distribution function of g(x)). Suppose now that Theorem 12 is false, 
then there exists a constant c and infinitely many x, with x,— and 


F(x) > 1 — exp (— cx). 
Therefore for any r there exists a k so large that 


F(x) > 1 — exp (— cx). 


7 P. Erdós and A. Wintner, Amer. J. Math. vol. 61 (1939) pp. 713-721. 
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Thus the density of integers with g:(#) >exp(2cx,) is greater than 
exp(—cx,) and hence 


Die > (1 — el exp (ce): 


for n sufficiently large. Thus for any A there exists k and ze, such that 
for all 12 1 


(17) 3. gem) > An. 
On the other hand ES 
Y gum) = X ILet = D IL G + GU) — D). 


min m=1 pim mal pim 


Put gx(p) —1=hr(p). Clearly 


È nn) = Ila 40» =D 4 Méi 


mæl p|m 


where (d) =] [pi aks(p). Thus 


2 Did hy 
S eT ee D e nT (1+ PN, 


m=l d d p 





From the fact that g(n) has a distribution function and that f(p*) is | 


bounded, it easily follows that (we shall give the details in the proof of 
Theorem 13) 


h h(p))? 
Y Fea. Le. h(p) = g(2) — 1. 
Thus finally 


S go) < cm [I (: + "7 < cn, 
ml p p 

which contradicts (17), and this contradiction establishes the theo- 

rem. 

It is easy to see that Theorem 12 is best possible. Let (x) 
tend to infinity arbitrarily slowly; then there exists an additive 
function f(z) such that its distribution function F(x) satisfies 
F(x) «1—exp(—4(x)x.) for an infinite sequence x: with x,— o. 
We omit the proof. 


THEOREM 13. Let g(n) Z0 be multiplicative. Then the necessary and 
sufficient condition for the existence of a distribution function 4s that 


D 
t 
d 
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(18) y EB a, ET a 


where (g(p)—1)'=g(p) —1 4f | g(p) 1| S1 and 1 otherwise. 


The proof follows very easily from (16). Put log(g(z)) —f(»). g(n) 
has a distribution function if and only if f(x) has a distribution func- 
tion. Thus from (16) 


5 (log us EE. ((log cT en 


Now it follows from (19) that if we neglect a sequence of primes q with 
$1/g« © that |g(p)—1| «1/2. Thus 


log g(p) = log (1 + (g(2) — 1)) = Ed) — 1 + (1/2)(g(p) — 1} +.. 


Also simple computation shows that (log g(p))!» (1/4)(g(p) —1)*. 
Thus from (19) 


(19) 


5 SCH 1)? P 


and 


22 ((1/2)(g(p) — 1)? + (gp) — 1) +.) < o. 


Thus »^,(g(5) —1)/p< o, which shows that (18) is necessary. 
If the two series in (18) converge, then clearly 


p Y 
> log ei äi THE Ur )<e 


? ? 


? p 
and 


y (log ve 263 SCH 1)? See 


which shows that f(n), and therefore g(r), has a distribution function. 
Thus (18) is necessary, which completes the proof of Theorem 13. 

= These results suggest that if g(n) is multiplicative, satisfies (18), 
Letz! «c, then g(m) has a mean value, that is, lim(1/x)? 2. ,f(n) 
exists. I have not yet been able to prove this. 
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TWO NONEXISTENCE THEOREMS ON PARTITIONS 
D. H. LEHMER 


The theory of partitions contains a number of theorems which as- 
sert that the number of partitions of a given number irito parts sub- 
jected to a certain restriction is the same as the number of partitions 
restricted in some other way. À common type of restricted partition 
is one in which all parts are distinct. We have for example the famous 
theorem of Euler! (1748): 


\ 


EULER's THEOREM. The number of partitions of n into distinct parts 
1s the same as the number of partitions of n into odd parts. 


The notion of distinctness of parts may be altered in two directions. 
One may relax it to some extent and admit partitions in which no 
part is repeated more than a given number of times. In this case we 
have the beautiful theorem of Glaisher? (1883). 


GLAISHER’S THEOREM. The number of partitions of n in which no 
part 4s repeated more than r —1 times is the same as the number of parti- 
tions of m into parts not divisible by r. 


This theorem obviously becomes Euler’s theorem when r=2. 

On the other hand the notion of distinctness may be further re- 
stricted so as to include only those partitions in which the parts 
differ by d or more. For d=0, we have completely unrestricted parti- 
tions. For d=2 we have a celebrated and difficult theorem discovered 
independently by Rogers? (1894), Schur* (1917) and Ramanujan® 
(1919). 


ROGERS’ THEOREM. The number of partitions of n into parts differing 
by 2 or more ts the same as the number of partitions of n into parts taken 
from the set 1, 4, 6, 9, 11, 14, 16, - - - , (5k+-1, 4), : - -. 


Attempting to go further in this direction, Schur® later (1926) 
proved the following theorem: 


Presented to the Society, February 23, 1946; received by the editors December 
15,1945. ` 

1 L. Euler, Introductio analysin infinilorum, vol. 1, Lausanne, 1748, pp. 253-275. 

2 J. W. L. Glaisher, Messenger of Mathematics vol. 12 (1883) pp. 158-170. 

3 L. J. Rogers, Proc. London Math. Soc. (1) vol. 25 (1894) pp. 328—329. 

4 1. Schur, Akademie der Wissenschaften, Berlin, Sitzungsberichte (1917) pp. 302- 
321. 

$ S. Ramanujan, Proc. Cambridge Philos. Soc. vol. 19 (1919) pp. 211—216. 

* I. Schur, Akademie der Wissenschaften, Berlin, Sitzungsberichte (1926) pp. 488- 
495. See also W. Gleissberg , Math. Zeit. vol. 28 (1928) pp. 372-382. 
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SCHUR's THEOREM. The number of partitions of n into parts which 
ifer by 3 or more, and such that parts divisible by 3 differ by at least 6, 
s the same as the number of partitions of n into parts taken from the set 
, 7, 13, 19, 25, 31, 37, - - - , (6k+1), +--> 


The above theorems have corresponding analytical formulations. 
we denote by gata) the number of partitions of z into parts differing 
d or more, then Euler's and Rogers’ theorems can be written: 


oo yes (s+1)/2 


Y ode = 3 


n=0 s=0 (1 = æ)(1 m x?) NUT (1 = x?) 


= Du - =)= TT + 2) 


yo] 


oo co x 
Lune = Gao A 


-[[(1t-ax5(1-— x93. 

y=0 
As a matter of fact, (1) and (2) include rather more than is stated in 
the theorems, namely the facts that gı(n) and q{(#) are generated by 
the sums over s. They suggest also the well known? case due to Euler 
. in which d=0, so that qo(2) = p(n), the number of unrestricted parti- 
tions of n: 


` iS à S — gr\-1 
(3) ema Zu eee Ila ids 


The first parts of (1), (2) and (3) are special cases of a general gen- 
erating identity 
oo yatda (a—1)/2 


(4) Xe =D 


es d caosa er eed) 


which 1s proved in Theorem 1. As for the products in (1), (2), and 
(3), we show in Theorems 2 and 3 that no further examples exist; 
that is, that neither of the identities 


> gana" = [J (1 — 2)! (d = 0, 1, 2), 
yal 


? See for instance Hardy and Wright, Introduction to the theory of numbers, Oxford, 
. 1938, Snap. 19, where also can be found proofs of Euler's and Rogers' theorems. 
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25 galn)a® = [1 (1 + 2) (d = 1) 
purl i 

can hold, no matter what set of distinct a's is chosen. In particula 
this means that no more theorems like those of Euler and Rogers ai 
possible. In commenting on (2), P. A. MacMahon? points out tha 
qa(n) is also the number of partitions of n in which each part is a 
least equal to the number of parts. For the general d there exists 
corresponding second interpretation of q(n). If d is even, qa(n) 
the number of partitions of n into parts greater than (s—1)d/2, whe 
s is the number of parts. For d odd, ga(n) is the number of partitio; 
of 2n into parts greater than 1-- (s — 1)d and having the same parit 
as s—1. The case d —2 is certainly the most elegant one. Howeve 
for d 0 such sets of parts depend on s and so such partitions ar 
not of the kinds considered in Theorems 2 and 3. 


THEOREM 1. Let ga(n) denote the number of partitions of n into parts 
differing by d or more; then 


= Y aet ds (s—1) I2 
ang” = | 
n=0 : 8230 (1 LE æ)(1 ES x?) dät (1 — x) 


Proor. The following graphical proof may be given. Any partition 
of the sort enumerated by gata) may be represented graphically by 
a series of rows of dots or “nodes,” each row representing a part. Thus 
the following figure represents the case of the partition 15 +10+5+2 ° 
of 32 into parts differing by three or more. 





A line passing just below the last node in the first column having a 
slope of 1/d divides the graph into a triangle or “head” and an ir- + 
regular *tail." Graphs of this kind may be classified by the number 

of their rows or parts. It is clear that the number of nodes in the 
head of a graph of s rows is the polygonal number 


s--d(s—1)-4-d(s—2) t---- Fd sd d(s — 1)s/2 


of order d+2. The 2 — [s--ds(s — 1)/2] nodes in the tail may be trans- 
lated to the right so as to form a "regular" graph which, when read , 
by columns, gives a partition of n— [s--ds(s —1)/2] into parts not 


s P. A. MacMahon, Combinatorial analysis, vol. 2, Cambridge, 1916. 
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exceeding s. Conversely, one may start with a graph of such a parti- 
‘on and, by translating the rth row (r—1)d spaces to the left for 


t=1, 2, : - -, s and affixing the head of s rows, produce a graph of a 
Îrtition of z into parts differing by d or more. Hence we may write 
D qala) = D p(n — s — ds(s — 1)/2) 

s=0 


ere p,(m) denotes the number of partitions of m into parts not 
ater than s, po(m) =0 for m>0, 5,(0) —1. If we define palm) to 
zero for m <0 we have, as is well known,’ the generatin g function 


O , 
Ët 7 me reer” wan ome à 


„ultiplying (5) by x" and summing over n we have, in view of (6): 


' eo co 

2 galn) x” Si > qi da (à—1) [2 > b(n — s — ds(s — 1) /2) x»-:-d«G-0 /2 

«0 fall n=l 

2 > qt de (5—1)/2 
——— 


amt (1 — x)(1 — #7): (1 — ei 


rhich proves the theorem. 
We now proceed to prove two nonexistence theorems. 


THEOREM 2. The number ga(n) of partitions of n into parts differing 
by d or more is not equal to the number of partitions of n into parts taken 
from any set S of integers whatsoever, except when d=0, 1, or 2. 


REMARKS. The exceptional case d =0 is trivial since S is in this case 
the set of all integers. For d —1, the set S may be taken to be the set 
of all odd integers, giving us Euler's theorem. For d —2 the set S con- 
sists of ali numbers of the form 5x 4-1, 4 (x 20, 1, 2, ... ), giving us 
Rogers’ theorem. Hence we may suppose that d>3 in what follows. 

PROOF. Suppose that the theorem is false and that there exists such 





a set S of integers a1« a5 <a; < - -- for d>3;then by Theorem 1 we 
would have 
co co xstds(s—1)7/2 
— «X0py)j—1 — ———— EE 
Ia gë EE Te pepe 
1 x dt? 
(7) = 


1 — "LET — x)(1 — zx?) 
„3d+3 


Pea c 
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Therefore a4 =1. Multiplying (7) by 1—x we have 








IT gdr2 xsd+3 
8 1— xw9)121-- — + — —_ 4: 
3 ÄM ) 1-2 (1— x2)(1— x) 
Hence az=d-+2. Multiplying (8) by (1—x2*?) we have 

eo att? x2dtá 

II (1 — iss 1 — dt? + = 

yond 1— x 1— «x 
(9) Qin 


taü-od-s 


If d is odd the coefficient of x?4** on the right of (9) is seen to be —1. 
This contradicts the fact that the product on the left, when expanded 


in powers of x, has non-negative coefficients. Hence d must be even. | 


In this case the right-hand member of (9) simplifies so that we have 


Il (1 T pi? = 1-4 g air... + «2d? L äi 
om ^" 
dog... 
Hence a5 =d-+4, and since a,-+a, >2a3=2d-+8 we can conclude that 
us d Lë, as=d+8, - ++, Gaps 2d--2. Multiplying both sides of 
(10) by the corresponding factors we have 


d4-2 
II (1-259522 II (1 — x*P)(1 + atte 4p x49 pe. 
(11) ara MA 


= x24+2 + x3dt8 + q3dt5 + 434+0 + RER ). 


We now consider the coefficient of x?4** on both sides of (11). Since d 
is even, 3d--3 22d. 4-8 and d Z4, so that 2d+8 « 3d 4-5. 'Therefore the 
coefficient of x?4*3 on the right of (11) is —1. As before this contra- 
dicts the fact that the coefficients on the left are non-negative. Hence 
we have the theorem. 


- 


+ 
+ 


THEOREM 3. The number qa(n) of partitions of n into parts differing , 


by d or more is not equal to the number of partitions of n into distinct 
parts taken from any set S of integers whatsoever, except when d=1. 


REMARKS. ‚The theorem for d—0 is obvious since the first men- 
tioned partitions are, in this case, unrestricted and hence more nu- 


merous than any other kind of partition. For d —1, the exception is 


of course necessary but trivia] since in this case S may be taken as 
the set of all integers. Hence we are interested in proving the theo- 
rem for dei, 


re 
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Proor. Suppose the theorei: to be false and let S exist consisting 
of the integers @ı <az <a: < - * -. Then comparing the generating 
functions of the two kinds of partitions described in the theorem we 
have, by Theorem 1, 


1 xd? 
1 ay 2 = ———————— 
IG + De 
(12) 
| sd 


"non ona 
- Therefore o —1. Multiplying both sides of (12) by 1—x we have 



















get? y3d+3 
f13) (1 — #) IT a + sn = 1 a NEA PE 
-et À be defined by 
(14) 2r-1<d+2<2, 


Since the coefficients of x* on the right of (13) vanish for 0 <k «d--2 
we must have a —2, a3=2?, y=?%°, ^ ++, aa Ah, Hence (13) may 
. be written 
d+2 | ETE 


= 9k ay) — E UA EE Ge e 
(15) (1 — x IT G ++ pe adt E + 
We now separate two cases: 

Case 1. dis even. Let us compare the coefficient of zf on both sides 
of (15). Since 344-3 »2* by (14), the coefficient of x? on the right 
of (15) is clearly +1. Since the sum of any two a's occurring in (15) 
į s greater than 224 —2^, the coefficient of x? on the left of (15) is 
ither 0 or —1, according as one of the a, has the value 2* or not. 
n either case a contradiction exists disposing of Case 1. 

Case 2. d is odd and greater than or equal to 3. In this case the 
were of x occurring on the right of (15) are the odd powers from 
ét to 3342. Hence x” does not appear on the right. Since the sum 
/£ two a’s on the left exceeds 2^, one of these e's must be 2%. Setting 
he corresponding factor 1 +x% outside the product sign and develop- 
ig the rest in powers of -x we have 


(1 — Séit + mt 3 tup. ) 


y» a pend up», apré 2A Ge 
+2 x3d 3 


ioe a 


16) 
= + 


SÉ 
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Comparing the early powers of x we. see that @41=d+2,, 
O@rxne=d+4,---, so that a, ta, > 03414-03422: 2d+6: Hence the os 

in (16) are the successive odd numbers beginning with d+2 and ex- 
tending at least as far as 2d+5 since this latter number is less than 
2* on the one hand (in view of (14)) and 34+3 on the other, since 

d>3. We now consider the coefficient of x?4?*? on both sides of. (16). 

Since 3d -- 6 is odd, it is not the sum of two a’s, since the a's are odd, 


. nor is 34+6 the sum of three or more de, since such a sum woul i 
‘exceed 3a441—3d--6. Hence any contribution to the coefficient o 
x348 on the left of (16) must arise from the multiplication of (1 TS) 


by $x% and so is either +1 or 0. However it is clear that ‘the coeffi- 
cient of x34** on the right of (16) is precisely 2. This contradiction 
proves the theorem. P SCH i 
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ane TRIAN GULATION PROBLEM/AN D ITS ROLE 
\ IN ANALYSIS ~ 
4. 


STEWART S. CAIRNS à M 


1. inire dueton The triangulation problem is fundame tal in the 
topology of manifolds and is closely related to certain methods em-, 
ployed in analysis. The results to date are, perhaps, of greater interest 
from the viewpoint of connections between topology and differential 
geometry (onothef. branches of analysis) than from a purely topologi- 
cal viewpoint..Most of khe published work on this problem has ap- 
peared during approximately the last fifteen years, save for well 
known resultsin two diniensions. A brief discussion of a 2- dimensional 
result and its.role in proving a theorem of analysis (adapted from 
Osgood's Fuuktiönentheorie [31]!) may throw light on the problem 
anda certain class of applications. > 

Let B denote a sintple closed curve in the (x, y)-plane, and let R 
denote'its interior. It will 'be e adsmed that B is differentiable in the 
sense that seme neighborhood of any point on B can be represented 
by giving y (or £) as a single- ve function of x (or y) with a con- 
tinuous first derivative. Let the entire (x, y)-plane be subdivided into 
squares by the lines \ 


(1.1) m does y = nô, m n=0, +1, +2,---, 


where 6 is a positive number so small that a circle of radius 36 about 
any point of B cuts from B a sing e arc, any two tangents to which 
form an angle less than 7/6. If, in|or on the boundary of one of the 
squares determined by (1.1), B is |(1) parallel at some point to an 
axial direction and (2) meets an edge, 8, parallel to that same direc- 
tion, then let the two squares incidemt with 8 be amalgamated into a 
single rectangular region. The amajgamated region cuts from B a 
single arc with end points on the sidles perpendicular to B. This arc 


wdivides the rectangle into two parts, |one in R and one outside. The : 


part inside R will be a 2-cell of the subldivision of (R+B). Each of the 
ssquares which meets (R+B) and is mot involved in such an amal- 
gamation has in its interior just a 2-kell of R, to be reckoned as a 
2-cell of the subdivision. The 1-cells off the subdivision consist of (1). 
the edges entirely in R of the squares \determined by (1.1), (2) the” 

An address delivered before the New York eeting of the Society: on April 26, 
1946, by invitation of the Committee to Select Haus Speakers for Eastern Sectional 


Meetings; received by the editors May 2, 1946. 
1 Numbers in brackets refer to the Bibliography at the end of the paper.. 
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segments in R of those edges which are met b B, and (3) the arcs 
cut from B by amalgamated rectangles and by unmodified squares of 
the set (1.1). The 0-cells are, of course, the end points of the 1-cells 
just defined. 

Osgood employed the above subdivision to prove UM among 
other results, the 2-dimensional case of Green's Theorem, which can 
be expressed in the form 


1 e OTN ie — X r+ Y sin 7)d 
(1.2) HL ei EE 


where (1) (X, Y) isa vector field with continuous first partial deriva- 
tives, (2) B is oriented counterclockwise, and (3) 7 is the inclination 
of the directed tangent line to B. The theorem is invariant under 
euclidean transformations of coordinates. After a suitable rotation of 
axes, it is easy to prove it for a typical 2-cell of the subdivision. This 
gives the result in the small. Its proof in the large is obtained by sum- 
ming the identities for all the 2-cells lof the subdivisions. Each inner 
. 1-cell is common to the boundaries (of two 2-cells and is oppositely 

oriented on these boundaries. Hence the contributions from all inner 

1-cells add up to zero, and the desired result follows. 

. Kellogg [28] directly generalized;the above procedure to three di- 

mensions, and the writer [5, 18] eed through such a generaliza- 
tion in z dimensions. 
The word triangulation suggests/a subdivision of a curved surface, 
- or a plane region, into (curvilinear) triangles. However, cellular sub- 
' divisions of the sort just described are also referred to as triangula- 
tions, as are the higher-dimensional generalizations defined in $4. 

The above work reveals a celllular subdivision as a useful tool in 
proving a theorem of analysis. I/n general, such applications require 
not merely a knowledge of the ttriangulability of the region or locus 
in question, but require a subdlivision thereof into cells possessing 
special properties. 





2. Manifolds of various classjes. Intrinsic definition. The most fun- 
damental and interesting trianfgulation problems relate to manifolds. 
A topological m-manifold is a donnected topological space which can 
be covered by a denumerabl¢ set of neighborhoods, called m-cells, 
each of which is homeomorplhic to the interior of an (m—1)-dimen- 
sional hypersphere in euclidegan m-space. 

The manifolds of differentfial geometry and analysis are subject to 
differentiability conditions, And the most general triangulation theo- 
rems to date have been pro ed only with the aid of such conditions. 


